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Abstract—The major objective of this article is to establish a new function called , G¢™ () which
is generalization of the generalized hypergeometric function and Mittag-Leffler function and obtain
its properties particular differential property, integral representation, derivative formula and some
integral transform, Euler transform, Laplace transform, Whittaker transform. We also derived the
relations that exist between ,G-¢™¢(z) function with well known special functions. This article
also deals with some fractional integral properties of the pGZ’C’m75(z) function using the Riemann—
Liouville fractional integrals and derivatives operators.
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1. INTRODUCTION AND PRELIMINARIES

In 2008, Sharma [1] has introduced M -series and discussed its properties including fractional
integration and fractional differentiation as follows
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where n € C such that ®(n) > 0 and (u;); and (vj)g, i = 1,..p, j = 1, ...q are the Pochammer symbols.

Later Sharma and Jain [2], continuation of their previous research [1], have further generalized the
M -series and studied generalized M -series in connection with the Fox’s H-function and generalized
hypergeometric function as follows
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where 7, ¢ € C such that (n), R®(¢) > 0 and (u;), and (vj)g, i =1,..p, j = 1,...q are the Pochammer
symbols.
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2270 CESARANO et al.

In the sequence, Sharma [3] has introduced a new function called as K-function and obtained
the connections that exists between the K-function and Riemann—Liouville fractional integrals and
derivatives operators as follows

> k
pirq (ub y Upy U1y eeey Vg W ) k§:0 (nk+C) k! ) (3)

where 7, (,¢ € C such that R(n), R(¢), R(§) > 0 and (u;)r and (vj)g, i =1,..p, j =1,...q are the
Pochammer symbols.

Motivated and inspired by the above work [1—3], here, we introduce following pGZ7C7m7f(a, b; z)
function and its associated function.

Definition 1. A new pGZ’C’m’S(w) function with w € C is defined by

pG27C7m7£ ('UJ) = PGZ’C’mé (ula s up7 ULy eny Uq? U))

R S L AR ) I o~ () (up)k (E)mr - wP A
. [w vl,...,vq] kzz;)(“l) (Uq)kr(nk‘+C) k!’ (4)

where 7, (, ¢ € C such that R(n), R(¢), R(§) >0, m € (0,1) UN and (u;), and (vj)g, i=1,..p, j =
1, ...q are the Pochammer symbols.

Remark 1. The above series (4), is valid when none of the denominator parameter vg; Vk = 1,2, .., q,
is a zero or nonnegative integer. If any numerator parameter ug; Yk = 1,2, .., p, zero or nonnegative
integer, then the series (4), reduces to polynomial in one variable w with certain degree.

For series (4), the following below are the convergence conditions:

I p < g+ 1, the series (4) converges for V finite w.

If p=q+ 1, the series (4) diverges for |w| > 1 and converges V |w| < 1.

[ip > g+ 1, the series (4) diverges for w # 0.

When p = g+ 1 and |w| = 1, the series (4) can divergent on conditions depending on parameters
and absolutely convergent on the circle |w| = 1, if R(£>°F_, vp — >of_, ug) > 0.

Remark 2. (i) If we substitute { = £ = 1 and m = 1, then series (4), reduced to M -series defined in
(1) as follows: , G2 (w) = , M (w);

(i) If we put £ =1 and m =1, then series (4), reduced to M-series defined in (2) as follows:
pGI 1 (w) = M (w);

(iii) IT we consider m =1, then series (4), reduced to K-function given in (3) as follows:
pGI W) = KPS ().

2. SPECIAL CASES

Many well known special functions can be obtained from pGZ’C’m’S(w) function with the above

mentioned convergence conditions. Here, we derive relations that exist between pGZ’C’m’S(z) function
with well known special functions like generalised hypergeometric function, Mittag-Leffler functions
and Wright hypergeometric function and Fox H-function.
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ON A NEW CLASS OF HYPERGEOMETRIC FUNCTION 2271

2.1. Relation to Generalised Hypergeometric Function

Assume n =1=( =& and m = 1, then series (4) reduced to generalized hypergeometric function
defined in [4]

pG;l’Ll(w) = pGg’C’m’g(ul, ey Upy V1, ooy Ugy W)

(W) () (W wF | e
(01)---(vg)kD(k +1) Kt — P71 .

(5)

k=0 U1y .y Vg

From (5) we can say that pGZ7C7m7§(w) function (4), is the extension of generalised hypergeometric
function , F(w).

2.1.1. Relation to Gauss hypergeometric function. Consider jw| < 1,p =2 and ¢ = 1, then (5),
reduced to Gauss hypergeometric function o 7 (w) given in [5]

1,1,1,1 AL LN - (u1)r(u2)k(1)r w
2G1 (w) - 2G]_ (U]_,UQ,'U:L,'LU) - kZ:O ('U]_)kr(k + 1) k'

k
= o F(u1, ug, v1;w).

2.1.2. Relation to confluent hypergeometric function. Let p =1 and ¢ = 1, then (5), reduced
to confluent hypergeometric function ®1 (w) studied in [5]

> u1)(1 wk
G ) = 61 i) = 3 BREE T 0,
o \V1)k :

2.2. Relation to Mittag-Leffler Functions
We can also noticed that pGZ’C’m’g(u}) function is also generalization of Mittag-Leffler functions
studied in [6—9].

Consider p = 0 = ¢, then (4), reduce to four parameter Mittag-Lefiler function Eg?(w) defined and
studied by Shukla and Prajapati in [9]

00
§m

7,6,m,¢ 77Cm§ .
oGy (w) = oGy B ank—i—( El g (w).
=0

In addition with above conditions, if we put m = 1, then (4), becomes three parameter Mittag-Leffler
function Eic(w) studied by Prabhakar [§]

oG (w) = oG (= —w) = ) F(n(/-c)j o 1 = Pace)

If we further substitute £ = 1, we get Wiman’s function E,, - (w) defined in [7] as follows
o (D W

177<7171 177<7171
OGO (w) OGO ( ) ,'LU) —~ F(”I]k + C) A %C(w)

Likewise if put ¢ = 1, then (4), reduce to classical Mittag—Lefﬂer function E,(w) given in [6]
wh
17717171 /17717171 —

In the sequence if we taking n = 1, then (4) becomes exponential function e as follows

1,1,1,1 1,1,1,1 S (D w” w
Gy (w) = oGy (_’_;w)ZI‘k+1) R
k=0 ’
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2272 CESARANO et al.
2.3. Relation to Wright Hypergeometric Function

From the definition of pGZ’C’m’g(w) function with the convergence condition, we can observe that it
is closely related to Wright hypergeometric function given [10] as follows

(u171)7"' 7(up7 1)7(§7m)]
(1)1,1),"' 7(UQ71)7(C777)

pGZ’g’m’g(w) = pGZ’C’m’S(ul, ey Up, U, ooy Vg5 W) = Q1 W {w

— F(U )7"'7F(U )
where Q = F(ui)’m ,F(ui)

2.4. Relation to Fox H-Function

ConsiderpGZ’c’m’g(w) function with the convergence condition, we can found that it is related to Fox
H-function defined in[11] as follows

pGZ’C’m’f(w) =) GZ’C’m’g(ul, ey Up, V4 ooy Vg W) = €,

Hl,p+1 (1_u171)7'-'7(1_uml)’(l_g’m)
ptlg+2 | W )
(0’ 1) ) (1 — U1, 1) PIREES) (1 — Vg, 1) 5 (1 - C,U)

I'(v1),,T'(vq
where ) = F((uig ’Fgup)).

2.5. Some Properties of pGZ’C’m’g(w)

Theorem 1. The following integral representation for pGZ’C’m’g(w) function holds true

['(v1)
GO (.. ooy Vg W) =
PYq (u17 , Up, U1, ,vq,w) F(Ul)r(vl _Ul)

1
X /t“l_l(l — t)”l_“l_lpGZ’C’m’g(u% ey Up, V2, .y Vg W)L,
0

where 1,(, & € C such that R(n),R((),R(&) > 0 and (w;), and (vj)g, i =1,..p, j =1,...q are the
Pochammer symbols.
Proof. From the properties of Pochammer symbol given in [4], we have

(ul)n N F(Ul + n)F(vl) i F(Ul + n)F(vl)F(vl — ul)

(vl)n F('Ul + n)F(ul) F(’Ul + n)F(ul)F(vl — ul) '
By using the relation between beta and gamma function, we get

(u1)n _ I'(v1) B(uy +n,v1 —uy),

(vl)n F(ul)F(vl — ul)
where R(v1) > R(uq). Then, using the integral representation of beta function [4], we have
1

(Ul)n o F(Ul) ui+n—1/7 _ p\vi—ui—1
(01)n  T(u)T(v1 —w) O/t (1-1) dt.

Substituting the value of (“1)" in definition of ,GI¢™* (w) function (4), we get

(v1)n
¢ m,€ . _ - (u2)n(up)n(£)mn
i DRSNS

n=0
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1
w™
% tul—i-n 1 v1 UL — 1dt .
{F( vy —up) / n!

0

On interchanging order of summation and integration with some calculation, we have
1

56,1, . — “ 1 v o
pGY sty o) = e et
0

ad (u2)n(Up)n (E)mn  (wit)"
X dt.
(nz:;] (V2)ne-(Vg)n (M + () n!
By the definition oprZ’C’m’g(w) function (4), we get our desired result

I'(v1)

O U V1 U3 0) = )

1
X /t“l_l(l - t)vl_ul_lpGZ’C’m’g(ug, ey Up, V2, ..y Vgs W)L
0

Theorem 2. For pGZ’C’m’g(w) function the following derivative formula holds true

<dw> pGZva 7£(w) = <dw> pG27<7 & w . — \I].pGZ,C"er, 4+ m’
1

sy Ug

U +m,...,up +m
u )
v+ m,...,vg +m

_ (@)mee(up)m (&) rm
where U = (vl)m..f(uq)m .

Proof. From the definition oprZ’C’k’g(w), we have

d m ko€ w) = d m 0 (ul)n(up)n(g)nk u)”
<dw> pGg™ o w) (dz) ;:O(zzl)n...(vq)nf(nn—kﬁ) n!

n—m

- ’LL1 up) (g)nk: w
S (01)n Uq) L(nmm +¢) (n —m)!
Then, replace n by n + m, we get

d\" - (W)n+me-(Up)ntm (E)nk+hm — u”
GHORE () — P .
() o35 DI N S W ey

By using the property of Pochammer symbol (a),+m = (a)m(a + m),, we have

dw

By using the equation (4) and substitute ¥ = (1 2 ( () )()

d m
(dw> SGIEHE (1 ( > GanEw‘ul’ Sy, - ’Uq]
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— n,¢+nm,k,E+km
= V.,Gy , |u

UL+ My .eny Up + m]

v+ m,...,vg +m
Corollary 1. For ,G“™ (w) function the result holds true

d ULy eeny U Up... U up+ 1,0, +1
pGohs [w b ] = (f)kpGZvC-H?,k,E-i-k {w 1 p ] .

d 77<k§
qu’ w (w) dz v ()
L----Yq ’U1—|—1,...,Uq—|-1

dw

Theorem 3. The following differential property holds true

d
pGZ’C’k’g(w) — CPGZ,CH,k,S(w) + nw pGZ’CH’k’f(w).

dw
Proof. From the above Theorem 2, we have

n

I crtner S @) (O w
nwdprZC+1k5(w) _nzjo( l)n- ( )nr(nn+<+1)

o~ (114 ¢ = O-(wn)neee () () kn
Z (01 (vg)n T+ €+ 1) u
¢

nn+< > ) 0" ) () 0"
‘}% (v1)n---(vg)u (im0 + ¢+ 1) ! Z<>n< Jal(m +C+1) il

n=

Then, using the equation (4), we have

d (-1 4+ C)-(u1)n-(up)n () on w" CHLE,
dw Gnc+1k5( ) = nzjo (Ul)n...(vq)nr(nn—fC—Fl) ol —C,pGZCHkS(w).

On re—arranging the terms, we get

G77 ,C+1,Ek, 5( ) 4 C'pGZ7<+1’k7£(w) — i (77’" + C)(ul)n(up)n(f)kn w

dw = (V)n-(Vg)nl (i + ¢+ 1) nl )

By using the definition of pGZ’C’k’S(w) function, we get our desired result

d
k
pGIORE (W) = GRS (w) + ndepGZ’CH’k’g(w)-

2.6. Integral Transforms of ,G*"™* (w)

Theorem 4. The Euler beta transform for pGZ’C’k’g(w) is given by
1
/w“_l(l - w)b_lpGg’C’k’g(a, b; zw?)dw
0

_ T(B)I(w)...I(
DD (uy)...T(

(ul’l)v"' ,(up,l),(g,k:),(a,a)
Ulyl)f" 7(’0(171)7(4‘,77)7(&"1'1)70)

Proof. Apply the definition of Euler beta transform to pGZ’C’k’S(w) defined in [12], we have
1

/wa_l(l - w)b_lpGZ’C’k’g(a, b; zw?)dw
0

Vg)

NG
up) p+2¥q+2 {HC (
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1

a=1(] _ gp)o-1 (u1)n Jn(Enk (zw?)"
= dw.
/ v Z (v1)n (nn +¢) n! v
0
On interchanging order of summation and integration, we have
1
/w“_1(1 - w)b_lpGZ’C’k’g(a, b; zw?)dw
0

1
. ) (g)nk (a;.)n witTn=1(1 _ b—1 w
2; ) J (1 —w)" Ldw.

AL+ ¢

Then, by definition of classical Euler beta function defined in [4], we get

1
w11 — w)-1 CRE (0 b 2w dw — = (U)o (Up)n (E)nre ()" a4 on
0/ (1 —w)*~ ', GPM (a, b zw?)d ;(m)n...(vq)nf(nnJrC) o Blataonb).

By using the results of Pochammer symbol and gamma function given in [4], we have
1
/w“_l(l — w)b_lpGg’C’k’g(a, b; zw? )dw
0
_ L) (v1)...T'(vg) i F(ug +n)..I(up +n)I'(E+ kn)l(a+on) (z)"
LT (u)..T(up) = T(v1 +n)..T(vg+n)L(C+nn)l(a+b+on) nl

By using the definition of Wright hypergeometric function [10], we get our result of Theorem 4
1

/w“_1(1 - w)b_lpGZ’C’k’g(a, b; zw?)dw

0
O @) (1) (68, (0) |
DT ()T (up) "1 (01, 1), (vg, 1), (C,m) , (a + b, o)

Theorem 5. The Laplace transform for pGZ’C’k’g(w) is given by

oo

/ w“_le_sprZ’C’k’g(a, b; zw?)dw =
0

57T (vy1)...IN(vy)
P(E)T (). T (uty)

T
X pr2¥q1 [30

(uh 1) P 7(up7 1) ) (gak) 5 ((I, U)
(vla 1) y Ty (UQ7 1) ) (C;TI)
Proof. Apply the definition of Laplace transform to pGZ’C’k’g(w), we have

0o 1

/wa—lwa—le—sprZ,C,kf(a’ b; xwo)du) = / a—1,—sw Z v ul (77(75)+k<) (:m:i' ) dw.
l !

0 0

On interchanging order of summation and integration, we have

[ee] %)

1
a—1_—sw CokyE . o _ (ul)ﬂ(u )n(é)nk (x)n at+on—1_—sw
/w e pGEETN (a, by zw” ) dw = Z (Ul)n---(vq)r}(nn+0 /w + e dw.

0 n=0
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Then, by definition of Laplace transform given in [12], we get

T a—1, a—1_—sw NGNS . o _ S S_Q(ul)n“”(u )n(g)”kr(a—i_an) (smg)n
/w w e, Gl (a, by zw?”)dw —nZ::O (vl)n...(qu)nf(nwr() n!

0
By using the results of Pochammer symbol and gamma function given in [4] and definition of Wright

hypergeometric function [10], we get our desired result

/ w“_le_sprg’C’k’g(a, b; zw? )dw
0
57T (v1)...T(vg) x

= )p+2‘1fq+1 LU

(u17 1)7' o 7(up7 1) ) (§7k) ) (CL,O’)
(O (uy)...T(uy '

(Ulal)v"' ’(Uq’1)7(<777)

O
Theorem 6. The Whittaker transform for pGZ’C’k’g(z) is given by
/ 2 le 7y W,\,u(bz)pGZ’C’k’f(a, b;wz’)dz
0
_ b_ar(vl)’”r(vq) +3‘I’ +2 w (ulv 1) P (upv 1) ) (57 k) ) (% + M + a, 5) (6)
= p+3¥q 5 :
PO (w).-T () Plon1) 01 (G, (L= A+ a,0)
Proof. Consider the L.H.S of the equation (6), and using (4), we have
/ 2 le s WA,u(bz)pGZ’C’k’g(a, b; wz%)dz
0
a1 bz > (U)neee - (Up)n (E)nke (wz0)™
= [ 2% e 2 W) ,(bz dz.
O/ nal )nz:% (V) ner-(Vg)n D +¢) 7!
Then, substituting bz = v in the above equation and re-arranging the terms, we get
/ 20 le 7y W,\,u(bz)pGZ’C’k’f(a, b;wz’)dz
0
_ 7 Wy e S 0@ (50
) H = (V1) (vg)nl (M + C)  n! .
On interchanging order of summation and integration, we have
/ 20 le s WA,u(bz)pGZ’C’k’f(a, b;wz%)dz
0
s () ()" 7 P
- nz::() (V). (vg)nl'(nn + ) nl ° @2 Waplo)dv "
To get our result, we use the following integral
7 — Fr+p+a+om)T( —pu+a+on)
at+dn—1 _ 2 2
/U ¢ 2 Wap(v)dv = T'(1—A+a+dn) ' (8)
0
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Then, by using above result (8) in the equation (7), we get

[e.e]

/ 2 le s WA,u(bz)pGZ’C’k’g(a, b; wz%)dz
0
Y Z u1 up)n(©nk (35)" T+ p+a+n)T(; = p+a+dn)
(V1)n L +¢) n! I'l—XA+a+on)

By using the results of Pochammer symbol and gamma function given in [4] and definition of Wright
hypergeometric function [10], we get our desired result

[e.e]

/ 20 le s WA,u(bz)pGZ’C’hf(a, b; wz%)dz
0
07T (v1)..I'(vg) o w
T T(E)T (). T(uy) P70 | o

(ul,l),”' 7(up71)7(€7k)7(5iu+a’5):| )
(Ulal)v"' ,(Uq,l),(C,n),(l—)\Jraﬁ)

2.7. Fractional Integral and Derivative of ,GI**"™* (w)
Theorem 7. Consider uw > 0 and n,(,§ € C such that R(n),R(¢),R(&) >0, k € (0,1) UN, then

following result holds true
ULy ey Up w* 0,CokLE
= 1G w
vl,...,vq] } F(u+1)p+ a+1 [

It {pGZ’C’k7§ {w

where I be the Riemann fractional integral operator defined in [13].
Proof. Consider the L.H.S of the equation (9) and using definition oprZ’C’k7§(w) (4), we get

" | ULy ooy U ] = (W) () (e w™
Ly {PGZ’C’k7£ w| ’ } =Ty {Z (vl)i,..(vq)nzi“(nn —i—kC) n! }

'Ul,...,Uq n=0

ul,...,up,l :| ’ (9)

U1y Ug, U+ 1

Interchanging order of integration and summation, we have

I, {pGZ7C7k’§ w oty }z:o(vgz;i) (v ()up)(77(7§+< nl w{ n} (10)

U1y ..y Ug

Then, using the following result, we have
F(’I’L + 1) n+u

T(n+1+u)”
Then, using the above result (2.2.7), in the equation (10), we get
" Gk ULy oeey Up _ > (i) (up)n(E)ne 1 T'(n+1) _—
T {qu {“’ ) ] } 2 0)ner-(0)n D+ O T+ 1+ u) "

n=0

Iff){w”} =

By using the results of Pochammer symbol and gamma function given in [4] and Definition 1, we get our

desired result
ULy .y Up w +1Gn<k£ ULy eeey Up,y 1
- p q+1 .
.. [(u+1) U1y, Ug, U+ 1

Ig} {pGZ:C:kvg w
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O

Theorem 8. Consider w > 0 and n,(,& € C such that R(n), R(¢), R(&) >0, k€ (0,1) UN, then
following result holds true
u ik, Uy eeey U ow Okt ULy eeey Up, 1
DY ,GrekE | ) P —r(l—u)p“GZ“ w i’_ : (11)
1y -5 Vg U1y ey VUgy u

where D be the Riemann fractional derivative operator defined in [13].
Proof. With same parallel line of proof of Theorem 7,we get our result of Theorem 8. O
Remark 3. From above Theorems 7 and 8, we notice that Riemann fractional integral and derivative
oprZ7C7m7£(w) function is again the same function with indices p + 1 and ¢ 4 1.

3. CONCLUSIONS
In this paper, firstly we have defined a new class of hypergeometric function which is called

pGZ’C’m’g(z). Then, we have discussed several basic properties like differential property, integral
representation, derivative formula and some integral transforms, Euler transforms, Laplace transforms,

Whittaker transforms etc and also derived the relations that exist between pGZ7C7m7§(z) function with
classical functions. Finally we have obtained Riemann—Liouville fractional integrals and derivatives

operators of the pGZ’C’m’g(z) function. We can also use our results for further investigations of the
following results given in the papers [14—16].
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