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1 | INTRODUCTION

Hilger [1] proposed the theory of dynamic equations on time scales to unify continuous and discrete analysis. Various
time scales may be employed in a variety of applications. The theory of dynamic equations consists of classical theories
for differential equations and difference equations, as well as other cases that fall between these classical cases. The
g—difference equations, which have significant applications in quantum theory (see Kac & Chueng [2]), can be considered
whenT = g™ := {g* : 1 € Ny forq > 1}, as well as other time scales, such T = hN, T= N2, and T = T,,, where T,, is the
set of the harmonic numbers. See earlier studies [3-5] for additional details on the calculus of time scales.

Advanced dynamic equations have been established based on various practical domains where the rates of change
are influenced by both present and future conditions. To incorporate the impact of potential future variables on the
decision-making process, it is necessary to introduce a sophisticated term into the equation. Disciplines such as popu-
lation dynamics, economic issues, and mechanical control engineering are commonly characterized by the influence of
future factors on the growth of the dynamical component. We refer the reader to sources [6-9] for further details.

Oscillation has garnered significant attention among researchers in applied fields due to its origins in mechanical
vibrations and its extensive applications in the realms of science and engineering. In order to denote the dependence of
solutions on temporal contexts, oscillation models occasionally incorporate delays or advanced terms. Extensive research
has been conducted on the topic of oscillation in delay equations, as shown by the works of earlier studies [10-21].
However, there is a scarcity of studies focusing on advanced oscillation, as indicated by the limited number of works such
as [22-27].
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Various models in real-world applications involve oscillation phenomena. For instance, in the field of mathematical
biology, certain models incorporate oscillation and/or delay effects through the utilization of cross-diffusion terms. For
further exploration of this topic, please refer to the papers [28-35]. This work encompasses the examination of differential
equations due to their relevance in addressing various real-world phenomena, such as non-Newtonian fluid theory and
the turbulent flow of a polytrophic gas in a porous media. For additional details, those interested may refer to the papers
[36-44]. As a result, we study advanced dynamic equations of second-order half-linear form

[r (&) (" ()] Y +q© 0 E©) =0, (1.1)

on an arbitrary time scale T which is assumed to be unbounded above, where & € [&, co)r 1= [£),0)NT, & > 0,& € T,
,o(u) = |u|7_1u, y > 0,r,q :T— (0, ) are rd-continuous functions such that

AN
R(é).:/éfo rlT(t)_)oo as £ - oo,

and g : T — T is an rd-continuous nondecreasing function satisfying g (§) > £ on [&, co)1 and lim;_,,g(£) = .

By a solution of Equation (1.1), we mean a nontrivial real-valued function y € C} 1L Ty» o)1, Ty € [0, 00)r such that
re(y™) (&) € C: 4L Ty, 00)7 and y satisfies (1.1) on [Ty, co)T, where C,q is the set of rd-continuous functions.

If a solution y of (1.1) is neither eventually positive nor eventually negative, we call it oscillatory; otherwise, we refer to
it as nonoscillatory. The solutions that vanish in some infinity will be excluded from consideration. It is said that (1.1) is
oscillatory if all of its solutions are oscillatory.

We start by reviewing oscillation results for differential equations related to Equation (1.1). Hille [45] examined the
oscillatory behavior of solutions of the ordinary differential equation

V'@ +q&)y@&) =0 (1.2)
and proved that if
. ® 1
11?_1)}’£1f§/.f q(Hdt > T (1.3)

then Equation (1.2) is oscillatory. Erbe [46] generalized the Hille-type condition (1.3) to the delay differential equation

V(&) +q©)yEg©) =0, (1.4)
where g(&) < € and showed that if
. * g 1
hgr_l)glff/g Tq(t)dt > T (1.5)

then Equation (1.4) is oscillatory. For the case

[
o V(l')_ ’

the Hille-type criterion for the Sturm-Liouville linear equation

(r©y ©) +q@y©=0 (1.6)
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has been established and proved that if

4 )
.. dt 1
1 f —_ - 1.
1?_1&1 {/50 0 ), q(t)dt} > 7 1.7)

then Equation (1.6) is oscillatory; see, for example, Agarval et al. [47, Chap. 2]. These criteria have been extended to the
ordinary half-linear differential equation

(r@ et/ @) +q© ey ©)=0 (1.8)

/ ©dt
_a
5 o

lim inf Soar \ e d y?
pary </: rl/y(t>> /g A R 9

then Equation (1.8) is oscillatory; see Dosly and Rehak [48, Sec 3.1.1]. For further Hille-type criteria of some advanced
differential equations that are related to Equation (1.1), see the papers [49-51].

In relation to second-order advanced dynamic equations, previous works [52-59] established several Hille-type
oscillation criteria for different forms of second-order dynamic equations under some various restrictive conditions, which
ensure that the solutions are oscillatory; see also previous research [Conclusions Section ,58, 59] for a good comparison
between these results. Some of these results are as follows:

and obtained that if

and

Theorem 1.1 (see Hassan et al. [58]). Equation (1.1) is oscillatory if

(1) 0<y<1,8¢) >0(),and

) ) o }’y
)4 - <
llgr_l)glf {R (5)/§ q(t) At} > FaG T (1.10)

(2) y>1,8& >¢,and

) ) 0 y}/
Y - o
hgriglf{R (cf)/§ q(t)At} > Lo T (1.11)

R©®)
R(e(&)

where | = liminf;_

All of the results mentioned [52-59] have in common that the advanced argument g (£) is not included in the Hille-type
criteria mentioned (1.10) and (1.11); these criteria fit better with the ordinary dynamic equation

[r (& o (ff))]A +q3@@) (&) =0

and do not disclose how the oscillation is dependent on the advanced argument. Moreover, these works did not discuss
the cases of

.. o y?

This means that, more specifically, Theorem 1.1 fails to work if condition (1.12) holds.
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The goal of this paper is to come up with new Hille-type criteria that can be easily and practically applied to the
advanced dynamic Equation (1.1) , including a role for the advanced function g (¢), and that are also workable when the
condition (1.12) is satisfied. The reader is pointed to papers about Hille-type criteria [60-64] and the sources listed therein.

2 | MAIN RESULTS
In this section, the key findings will be demonstrated and without loss of generality, all improper integrals are assumed

to be convergent. If not, we find that Equation (1.1) is oscillatory, as shown in Fite [65]. This section begins with the
following preliminary lemmas.

Lemma 2.1 (see Erbe et al. [66]). Suppose y (£) is an eventually positive solution of Equation (1.1). Then

YA© > 0and [r& e (y*©)]" <0 2.1)

eventually.

In the following, we introduce a sequence {f,} ey, defined by

o = (Rgy)
Pri1 .—11g£f {Ry (é)/g <R—(t)> q(t)At},neNo, (2.2)

with fp = 0. It is important to note that the sequence {f,},cy, is nondecreasing. The following lemma improves and
extends Lemma 2.1.

Lemma 2.2. Ify (&) is an eventually positive solution of Equation (1.1), then for any n € N,
A
BRGNS I (2.3)
RYP (&)
eventually.

Proof. Without loss of generality, let (&) > 0 on [&, o), and according to Lemma 2.1, yA(¢§) > 0 and
[r (&) o™ (&))] % < 0 on [&, oo)r. Therefore, (2.3) holds if there is an n € Ny such that §, = 0. Hence, in the follow-
ing, we assume that f; > 0, so f, > 0 for any n € N since {f,},cy i @ nondecreasing sequence. Now, we show by
mathematical induction that for arbitrary but fixed k, € (0, 1)

A
(&)
>0 24
<Rkn a (:))

eventually. By using the fact that [r (&) ¢ (y* (&))] & < 00on[&, o), we get

ol [rme (y* )]
y(t§)>y(§)—y(§o)—/§0 Y

>0 [r@ o (42 ©)] / T _At
& ri/y (t)

=o' [r® e (y*®)|R©®);

that is,
RE M &)y &) < y(©). (2.5)
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Since y* (£) > 0 on[&, oo)r, from Equation (1.1), we have that

r(& (" (&) > / q(t) o(y (g (1)))AL
¢
> / q (D) ey (t)At
¢

2oy (&) / q (@ At
¢
Let gy € (0, 1) be arbitrary but fixed. It follows from the definition (2.2) of #; that

e Oﬂl
/‘s 10A2 2

for sufficiently large £. Substituting (2.7) into (2.6), we get

RE M7 @)y ©) 2 ki{/pry (@),

where k; := </§ € (0,1). By the quotient rule, we get

, A
< @ >A=RkIVE(:)yA@)—(RWT(s)) y©

Rk VP (g) R/ (&) R (6 (¢))

From (2.5) and (2.8), we have k;{/f; < 1 and then from the P6tzsche chain rule, we arrive at

(R @) = rll/z/(; [(1 = R + AR (@) " dn

Rl ﬂl—l(é:)
ri/r (&)

= 1 l

Using (2.10) in (2.9) , we have

y© \ L RO @ © -l i/hy©
RaVPL(E)) — P @ORERYE (@)

By means of (2.8), we find that

A
vy > 0.
RaiPig) )

Then (2.4) holds for n = 1. Assume that (2.4) holds for some n € {0,1, ... ,m}. Then

A
y ()
_— > 0 eventually.
<RWﬂ7 (e:)) ’

WILEY—

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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This together with (1.1) shows that

(&) e (€)= / q (1) ey ()AL
¢

00 R Yanﬁ—n
> / ( (g“”> o(y (0)q (1) At
é

R(0)
= (RE@) )™

—_— At.

Z(p(y(f))/f < RO ) gt

Let 0 < €, &, < 1 be arbitrary but fixed. It follows from definition (2.2) of §,4; that for sufficiently large &,

0 }’VZ
/ <R(g(t))> q(t) At > EnPni1
13

R() TR ($)
and
RO
R@Eg®) ~
where
A :=liminf R() ,0<4<
£~ R(g())
Therefore,
© (Rt
r© e(* ©) 2 4y P gy (&) / (%) q (0 At
4
14
> eq(ed) VKD p, <%> ,
which implies that
REM @) y* ) 2 @(eA)V”_"(l"‘")Wnﬂy(f) 2.11)
=kn1V/ Prr1y (),
where k., satisfies
0 < kns1 1= {/en(ed) Vh(1=kn) < 1.
Hence,
, . A
R B @04 @ - (R V70 @) y©
y() = : (2.12)
Rk {/Puy (&) Rk $/Pust (&) Rkwn VPt (5 (&)
Again, from (2.5) and (2.11) , we have k,,11{/fn1 < 1 and then by the Pétzsche chain rule, we obtain
A ‘ Rk {/Bra=1(£)
kn+1 ﬂn+1 _—
(R V_(f)) < kn1¥/ Puna e (2.13)
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Using (2.13) in (2.12) , we have

y@ L ROM @O @~k t/Bry®
Reatha)) ~  Pr@OROR Py

This demonstrates that (2.4) holds for n + 1. Hence, (2.4) holds for all n € N,. From (2.2) and (2.11) , thereisax > 1
such that

RE) (&) Y (©) 2 knp1 3/ Prsry () > kn+1K(W_"_</m></EY(§)-
({/E—(/K)' Thus,

Since 0 < kj41 < 1is arbitrary, we can take k,41 > 1/«

R@ 7 (©) ™ ©) > /Bay (©).

Thus,
o \° RWT(&)yA@)—(RW_n@))Ay(:)
<RW7<5>> RV (&) RV: (5 (&)
L RO @@ - By © o
T @©RE RV (6 (9)
This illustrates that (2.3) holds for n € N. O

Theorem 2.1. Ifl > 0 and there exists n € N, such that

. © 'Rg@)\ V" v

R
R(a(&)’

wherel 1= liminf,_

then Equation (1.1) is oscillatory.

Proof. Assume y is a nonoscillatory solution of (1.1) on [&, o). Then, without loss of generality, let y(£) > 0

on[&, oo)7. According to Lemma 2.2, there exists a & € [&, oo)r such that - Ky/%)(é) is strictly increasing on [£;, o) for

any n € Ny. Define

HOeGA )
e p(y(©) 219
Hence,
A
o [M©00" @) A < 1 >A

FO=—5m T Ireet O ZHa
_ e @®) o ey @ 216
=T 0@ 9T e W (216

(REDV e
: < RE© ) 10- 00 @y FO

(I) 0 <y <1.The result of applying Ptzsche chain rule is

(G >y< ¥(&) >1‘yyA(¢)
e @ ~T\ye@/) ¥®

& ' (x@\Y @17
=y<y(6(§))> (75)) '
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By using the facts that y (&) > 0 and [r(&)p(3* (£))] 4 <0, we get

y (&) 2@y ©R©),

and so

ye y(©) S 1 _ RO _ R©

- A = © © R ’
y@(@) y&O+u@yr¢ 1+r1/y’:€)R(§) R(5)+r5y<¢> (o (&)

Hence, (2.17) becomes

oGy @N1° 2y< R() >H<)@>w_ (2.18)
e@) “\R@@)/ \r@

Using (2.18) in (2.16) , we get for & € [&, o0)T,

R e\ oy <R(§) >1‘Y y
X < - < f (§)> 10- w5 Re) *ExEE. (2.19)

which yields that x* < 0. By integrating (2.19) from ¢ to v, we infer that

R(®)
/” y ( R(b) ) 1y
- — ) x"()x(c(t)) At.
3

v3/B.
x(v)—x@s—/ <R(g(t”> q(t) At
13

ri/7(t) \R (o (1)

Considering that x > 0 and passing the limit as v — oo, we find that

R (g(t s
x@®) < - /5 (;ﬁ;”) q(0) At

3 R 1-y
_/5 rl/);(t)<R(a(?t))> Ol as

that is,

T

R

x> / ( Igg((tt)))> q(t) At
¢

A RO\ (2.20)
4 1/r
+ /5 =V <R(U (t))> XM (Dx (o (1)) At.
Now, for any € € (0, 1), there exists a &, € [£;, oo)r such that for & € [&;, o),
R(g)) huri  R()
1) At > el, d R > eR,, 2.21
/5 < 0 > 1082 @ Re@) 2 M R @x© e (2:21)
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where

R, := ligninfRy &xE),0<r. <1

In view of (2.20) and (2.21) , we have

x(&) > b (R, / 4 At
R7 (§) ¢ r/7OR (OR (0 (D)
> Efn1 2Ty iy RIVY /°° Y A
R7(§) ¢ TYI(ORMGR (o(1)
N . (2.22)
> 5ﬁn+1 + 62_y+1/y ll_yRi+1/y / < -1 > At
R (&) ¢ \R@®
— 8ﬂn+1 + 82—y+1/y - Rl+1/7 1 ,
R7 (§) R7 (§)
since by the quotient and P6tzsche chain rule
-1\ ®w* y
Rr (1) R ()R (o (1) ~ r'/7(OR(t)R? (o (1))
By multiplying (2.22) by R” (£), we conclude that
RY (£)X(&) > £fnpr + eV RV,
Taking the lim inf as & — oo, we get
R, > efps1 + €27 Hr oy RIFY,
Since 0 < € < 1 is arbitrary, we find that
Pus1 < R, — 7RIV
Let
A=1, B=01"7, and u =R,.
Using the inequality
v y+1
Au—Buttr < L AT poy (2.23)
v+ 1+ By
we see that

’)/y
< — &
ﬁn+1 — 17(1_7)(}/ + 1)}’+1 s
which contradicts (2.14) with 0 < y < 1.
(II) y > 1. Again, applying Potzsche chain rule, we have

o @1 | @ _ y(:@ >”Y
@ ~ye \re) -
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Hence, (2.16) becomes

R(g(£)
R(©)

(@) < —q (&) I X (Ex (o)) . (2.24)
=1 rl/y(é) '

By integrating (2.24) from ¢ to v and letting v — oo, we deduce that

©  (R@EW) ANy
X() 2 /5 ()< R(f)) A+ /5 _1/ X ox e AL (2.25)

Using (2.21) in (2.25) , we get

e At
R7 (&) r'/Y(OR (O R? (o (1)

> €Pns1 4 g7 H/r 1 RlH/y /°° Y At
R (&) ¢ TY/T(OR (HR (o (1)

o A
2eﬂn+1 +67+1/},ly_1R1+1/y/ < -1 ) At
R (&) ¢ \R(@®

5ﬂn+1 +e y+1/y - 1R1+1/7 1

TR O R(&)

X&) > ﬁn+1+(R)l+1/y/°° 14
¢

since by the quotient and P6tzsche chain rule

-1\ ®w y
Rr (1) R (R (6 (1) ~ r/1(R" ()R (o (1))
The rest of the proof is similar to Part (I) and is therefore omitted.
Example 2.1. Consider the second-order half-linear advanced dynamic equation
485

A
< 55 (5* &) sgny? (é)) + 78 sgny(28) =0, £ € [1,0), (2.26)

where r (&) = 9—; y=2,q&) = 455, and g (&) = 2¢. Now

5 ri/r (t) 6

and
9. . 2 (21 (a2 -1\ v’
= —liminf(&2 -1 — , —————— =0.148148.
ﬂn+1 16 i (5 ) /; tS ( t2 -1 > lyly—ll(}, + 1)y+1
Therefore,
) 2 2v/By Y
p = —liminf(e2-1)* [ L(2E=1) " dr=0140625 < — L
16 oo e B\ -1 W=t (y + D+t
and
© 2 _ 2\/ﬂ—1 v
b = inm inf(52 — 1)2 1(a-1 dt = 0.397747 > —r
16 ¢-o0 e P\ 2-1 Irlr=1(y 4+ 1)r+1
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Then, by Theorem 2.1, Equation (2.26) is oscillatory. Clearly, Theorem 1.1 is not applicable to Equation (2.26) since

. . a }/y
y o
hgglf{zz Q) /5 q () A"‘} = b+ 1y

3 | DISCUSSION AND CONCLUSIONS

1) In this paper, Hille-type iterative criteria are given including a role for g(¢) that can be applied to Equation (1.1) and
are valid for a variety of time scales, suchas T = R, T = Z, T = hZ with h > 0, T = g™ with g > 1, etc. (see [4]).
Moreover, Theorem 2.1 improves Theorem 1.1 because of

. R\ V" .
v St
hgn inf {R (5)/5 < 0 ) q(t) At} > hgn inf {RV (f)/.»; q(t) At} .

2) The result of Theorem 2.1 not only enhances but also expands Theorem 1.1. In particular, if (2.14) is satisfied with

n>1and

v i =0,1 1 and v
m,l— ,1, ...,n—=1 and fpq > W,
then by Theorem 2.1, we know that Equation (1.1) is oscillatory, but Theorem 1.1 cannot be applied.

3) It would be intriguing to find a Hille-type condition for Equation (1.1) in the case when f§0°° rl/Ayt(,)
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