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Abstract

In this paper, we use the homotopy analysis method to obtain an analytical solution for the
fractional coupled Burgers’ equation. This method yields an approximate solution that exhibits
convergence across a range of values for both the convergence control parameter, denoted as £,
and the parameter a. Optimal A value, which minimizes the error determined by the residual,
is identified. We subsequently conducted a comparative analysis of the results obtained through
this method with solutions obtained from diverse numerical approach.

Keywords: Burgers’ Equation; Numerical Solution; Homotopy Analysis Method.

1. INTRODUCTION

Differential equations have played an important role
in science over time as interactions occur in real
life such as medicine, epidemiology, flow, engineer-
ing, etc., and can be modeled into differential equa-
tions of any “ordinary, to partial derivatives, delay,
stochastics, etc.”. It is normal for many mathe-
matical researchers and scientists have tried to find
the best method to solve this type of equation,
to better understand and master these phenom-
ena, for the coupled fractional Burgers’ equation we
found the fractional natural decomposition method
used by Prakasha et all' Bahgat et al. used both

of the Laplace—~Adomian decomposition method,
Laplace-variational iteration method and reduced
differential transform method,? we have also the
(G'/G,1/G) expansion method using by Inc et al®
and Nurul Islam and Ali Akbar# the Hahn polyno-
mials method by Heydari and Avazzadeh? Safari
and Chen used the semi-analytical method to solve
the space-time fractional Burgers’ equations® Hus-
sein used in Ref. [7l the weak Galerkin finite element
method, and both of B-spline and shifted Jacobi
spectral collocation techniques by Hadhoud et al.®
Ahmad et al. applied modified variational itera-
tion algorithm® for the following coupled Burgers’
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equation:
62 ou uv
up— a1g g+ B, 15, T B, 2 =0
tel0,T], z¢€ [a,b],
: 1)
a ov 8 uv
ve—a2g g+ B2, 25, T Bo1—5— =0
te[0,T], =€ [a,b]
with 1.C:

8
m
£}
>

{U(ﬂfao) = ¢1(x
v(z,0) = ¢pa(x) x € [a,b]

and B.C:
{U(GJ) =Y1(t) u(bt) =va(t) = €la,bl,
v(a,t) = 3(t) v(b,t) =u(t) =z € la,b].

The Homotopy Analysis Method (HAM) is a signif-
icant numerical technique for solving fractional dif-
ferential equations, HAM is a semi-analytic method
created by Liact?12 in 1992 in his Ph.D. The orig-
inal method has known several improvements due
to the same author. Sunil® and Alomari et all?
used the homotopy analysis method combined with
the Laplace operator. This method is known as
the “Laplace Homotopy Analysis Method” and is
employed to solve fractional differential equations.

In this paper, we utilize the Laplace Homotopy
Analysis Method (LHAM) to address the fractional
coupled Burgers’ equation and assess the method’s
effectiveness and accuracy’®

3)

(Dfu—alg%;+ﬁ1 1a +ﬁ128uv 0
€0, 7], x € [a,b],
8 82 v U )
Djv — a2y +522 +521 =0
€0, 7], z € [a, b]
the I.C:

{u(x,()) = ¢i(x) € fab],
v(z,0) = ¢o(z) x € [a,b]

and B.C:
{u(a,t) = (t) ulbt) =1s(t) =z €lab],
U<avt) = ¢3(t) ’U(b, t) = 7vb4(t) WS [av b],

where D® represents the fractional derivative oper-
ator of order a in the Caputo sens, and ay
and «g are the positive viscosity parameters, and

(6)

Numerical Solution of Coupled Fractional Burgers’ Equation

B1,1, 51,2, P21, and B2 are the constants of the
Stokes velocity.

2. FRACTIONAL CALCULUS

In this section, we provide fundamental definitions
from the theory of fractional calculus, which are uti-
lized in this paper

Definition 1. The Riemann-Liouville fractional
operator of order a > 0, of a function f € Cy,a >
—1 is defined as®

1of(t) = F(la) /0 (t — s)@D

X f(s)ds,
I°F(t) = f(t)
and for a, 3 >0, n € N:
1P f(t) = 1P £ (1),
117 f(t) = I°1° f (1),

I'(n+1) satn
MNa+n+1)

w>0, t>0,

Iamn —

Definition 2. The fractional Caputo derivative of
f, f € C™ is characterized as

L [ g,
0

I'(m—a«

D&f(1) =

where m — 1 < a <m, m € N, and for h € C},
u>—-1,m—-1<a<m,méeN we have

Z k'h(k 0+

Definition 3. The Laplace transform operator
applies to the Caputo fractional derivative of f(¢)°

n—1
=Y stamke1) §l0) ),
k=0

n—1<a<n.

(7)

(1°D*) (1) =

LD f(t)] = s*Lf(1)]

3. THE HOMOTOPY ANALYSIS
METHOD

To describe some of basic ideas of HAM briefly, let’s
consider the following;:

D?h(l‘at) + Sh(l‘,t) + ‘Ih(l‘at) = f(l’,t),
O<a<l, (8)
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where Df*h(x,t) denotes the Caputo derivative of
h(z,t), £ and T represent the linear and nonlin-
ear operators, respectively, and f(x,t) stands as the
source term. Initially, by subjecting Eq. to the
Laplace transform L, we get

sL{h(z,t)] — s* 1 h(z,0)
+ L[&h(x,t)] + L[Zh(z,t)]
=L[f(z,t)], 0<a<l. 9)

Upon simplification, we have the following:

L{h(z,t)] = %h(:c, 0)

+ (L, 0)] ~ Ligh(, 1]

— L[Zh(z,t)]), 0<a<1l (10)

using HAM M2 we define the nonlinear operator
as follows:

Nlg(a,t,0)] = Lio(a, t,0)] = Lh(z,0)

— L (Llf (@) + LSRR, 1)

+ L[0h(z, t)]). (11)

Let ¢(t, q) be a real-valued function of ¢t with ¢ rang-
ing from 0 to 1. The zeroth-order deformation is

(1 - Q)$[¢($7tv Q) - hO(xvt)]
= th[qf)(.I, t Q)], (12)

where f is a nonzero convergent control parameter,
ho(x,t) represents the initial guess, N stands for
the nonlinear operator, and .Z serves as an injec-
tive linear operator. In this paper, we select the lin-
ear operator as the Laplace operator, denoted by
Z = L. It is evident that ¢(x,t,0) = ug(x,t) and
o(x,t,1) = h(z,t).

We proceed to expand ¢(x,t,q) in a Taylor series
with respect to ¢ and t,

¢($ataQ) = Ui(:Z:?t)qia
=0
where
1 om¢(,t,q)
’Z)Z‘(.’Il'7t) = maqim’qZOJ (13)

the mth-order deformation equation is
L{vy(z,t) — bpvm—1(z,1)]
= hH (z,t) Ry (vm—1(z, t)). (14)

By upon applying the inverse operator L~! to Eq.

, we obtain

O (2,1) = bipvm—1(z,t) + RL 7 R (01 (z, 1))],
(15)

where

’ 0, m<1,
"1, mo> 1.

For our problem , we define the system
Nl [QS(J’, ta Q)v w(l‘a ta Q)]
9*¢(,t,q)

Ox?

DD

:ngf)(l',t,Q) — o1

8 7t7
+ 51,1¢(2x q)

Nl kb(xvta Q)a ¢($a tv Q)]
= D/th(xvlLWQ) — Q2

+@2&%;}@+ﬂﬂam@ugfm¢@x

\ te€[0,T], € [a,b] and ¢ € [0,1].
(16)

O*P(x,t,q)
ox?

For more details, see the following examples.

4. APPLICATION
Test Example 1:

First, let’s consider the following problem:
0%u ou ouv

B () g
0z? 8x+(0 )8x 0

t>0, ze[-10,10],
0% ov ouv
Dlv— 2= —2— 4 (0.3)— =
t? 0z2 Oz +(0.3) Oz 0

( t>0, z€[-10,10]

Di'u

(17)

with

u(z,0) = K(1 — tanh(x))
v(z,0) = K <§Eg?;:i — tanh(Ba:))
z € [~10,10].
The zeroth-order deformation is as follows:

(1 - Q)gl [¢>(9Ca ta q) - ho(.’B, t)]
= hqul [QS(:U? t7 Q)v TIZ)(IE, t7 Q)]7

(1 - Q)XZ[w(ajv t) Q) - hO(xa t)]
- thNQ[(b(wv t7 Q)7 w(% ta Q)],

x € [-10,10],
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where 4 = % = Dy, and

we have successfully obtained the first-term approx-

imation of the approach solution for a; = a1 = 1,

(Nl[Qb(ﬂf,t,Q),w(l' t C.I)]
e 82¢> 0p(x,t, q) 8¢¢ and B =
N2[¢(x7t7Q)7¢(x t Q)] ul(aj?t) =
3211) 3¢ opp
By 2%
| T DY G T2, T 035
The mth-order deformation equation is as follows:
(21 (Um - Xmumfl) UQ(xv t)
@ 62um71 U1
= Dyt = or2 2 oz
m—1 auz . % |
Um 1—14 Oz Um—1—i |

z:0

32 ('Um - XmUm—l)

2
B 0*Um—1 OVp—1
= Drvm—1 = or2 2 ox
ml <é?uZ ov; >
Um—1—i + 5~ Um—1—i |
Oz
z:O
where
uo(z,0) = K (1 — tanh(Bz)), and
2091 — 1
vo(x, 0 :K<7—tanh Bz )
(z,0) 2Brs—1 (Bz)
By applying the inverse operator ,,2”1_1 = ,,2’2_1 =
1% and “The fractional Riemann operator”, we
obtain

va(z,t)

Um = XmUm—1 T I

0 Uy Oy, —
% (D?Um—l_ Um—1 _9 Um—1

0x2 oz

m—1
ou; ov;
+ (01) < oz Um—1—i T axumll) ) 3

2540278-5

V1 (a:, t) =

P11 = Pao = =2, P12 =0.1,51 = 0.3, K = 0.05,
K(4B2,1—1) .
2(2p1,2—1) °

—7.031249.. ..
I'a+1)

x 1070h¢% (1. tanh(0.00625)

— 88.5556)sech?(0.00625z),

1
T+ )T (2a + 1)

x (AT (a 4 1)t%sech?(0.00625x)

x (—3.871838... x 1075 tanh(0.00625x)
+sech(0.00625x)(8.739013 . . .

x 1078 cosh(0.01875x) — 3.877673. ..

x 107% sinh(0.01875x)) — 2.621704. ..
x1077) + T'(2c + 1)((7.031249 . ...

x 10757 4-7.031249 ... x 1079)

hit®sech?(0.00625z)

x tanh(0.00625x) — 6.22656 x 10~
—6.22656 x 1074))

—(ht*(1.3281
(o 1yt (1:32813

x 1075 tanh(0.006252) — 6.17969 x 10~%)

x sech?(0.00625x))

1
I'a+1)
x ((1.32813 x 107°% + 1.32813 x 107°)

(ht“sech?(0.00625)

1

1
(20 + 1)

x (h?t**sech(0.00625z)
x (—3.806372. ..
+sech(0.00625x) x (1.645141 ... x 1077
x cosh(0.01875x) — 3.820214... x 1079
x sinh(0.01875x)) 4 1.645141 ... x 1077)).

x (—6.17969 x 10~*h)

x 1079 tanh(0.006252)
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Test Example 2:

Let us consider the second fractional coupled Burg-
ers’ equation

o 0%u ou ouv
t >0, ze[-20,20],

3 9% Ov Juv (18)
t>0, ze[-20,20]

with the initial conditions:
3
u(z,0) = K <1 — tanh <2Kx>> x € [—20,20],

3
v(z,0) =K <1 — tanh <2K:B>> x € [—20, 20].
Here, the first-order terms of the homotopy series
solution of the problem are

1
I'a+1)

x sech?(0.15z)),

1
Fa+1)

x ((0.003h + 0.003) tanh(0.15z)

+0.0225h + 0.0225)

1
(20 +1)

x (sech?(0.15x)(0.00135

—0.00009 tanh(0.15x)) + tanh(0.15x)
x (—0.00018 tanh?(0.15z)

—0.0027 tanh(0.15z) — 0.010125))

up(z,t) = (0.0037t*(1. tanh(0.15z) 4 7.5)

ug(z,t) = ht*(sech?(0.15z)

(h?t**sech?(0.152)

and

vi(x,t) = (At“(0.003 tanh(0.15z)

M(a+1)
+0.0225) sech?(0.15z)),
1
INa+1)
+0.003) tanh(0.15z) + 0.0225h + 0.0225))
1
I'2a+1)
X (2.48625 x 1073 tanh(0.15z)

va(z,t) = (ht®sech?(0.15x)((0.003h

(R*t**sech®(0.15z)

+sech(0.152)(2.57625 x 10~ 3sinh(0.45x))
+6.75 x 10~ cosh(0.45z))
—2.025 x 1073).

Test Example 3:

Pu_ou Ow _
0z2 or Oz

t>0, z€[-mmn],
2
8 o0“v ov  Ouv
D=2 "%t or
t>0, z€[-mmn]

Dfu —

=0

with the initial conditions:
u(z,0) = v(z,0) = sin(z).

Here, the first-order terms of the homotopy series
solution of the problem are

_ htsin(x)
up(z,t) = Tt
= R(h+ 1)t%sin(z)  h***sin(x)
u2(@,1) = =5 r2a+1)’
_ B(h41)*t*sin(z)  B*(h+ 1)t**sin(z)
(@) = = T(2a + 1)
R2t%*sin(x) ((h + 1)T'(3a + 1)
+ Al (2a + 1)t%)
I2a + 1)(3a + 1)
and
_ ht*sin(x)
vi(z,t) = Tat1)
= A(h+ D)t“sin(z) = A?t**sin(z)
va(:t) = = T T2a+1)
= R(h+ 1)%t"sin(z)  2h2(h + 1)t*@sin(z)
v ) = ——F D T(2a +1)
P339 sin(z)
I'Ba+1)

and the solution series of the problem is
h(h3 + 4h? + 6h + 4)t* sin(z)
INa+1)
R2(h? + 3R + 3)t2@sin(x)
I'2a+1)

u(z,t) = sin(x) +

2540278-6
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Error Error

~0.0000616f - 000888(5);?3 ] '
—0.00006165} —0 Fo0ais

—0.0000617 ¢ =0. i
—0.00006175} —0.0000518 .

—0.0000618¢F —0.00005185¢
—0.00006185¢ —0.0000519}

—0.00005195¢
-10 5 10 -10 -5 0 5 10
X
(a) (b)
Error Error
: : : , 0.000924 ,

0.0000543 ¢ /\ 0.000923F
0.0000542¢ ] 0.000922F
0.0000541} — a=08 1 0000921t — a=0f7

0.000054} 1 0.000920f

10 -5 0 5 10 10 -5 0 5 10
X X
(c) (d)

Fig. 1 The error for t = 0.1 and different values of « for u(z,t) of Eq. .

Error Error
—0.0000611} —0.00005125
—0.00006115¢ - a=l -0.0000513
—0.0000612} —0.00005135
—0.00006125¢ ~0.0000514 — a=09
—0.0000613 ¢ —-0.00005145
-0.00006135 ~0.0000515 \/
—0.0000614" ) ) ) —0.00005155L - ) E
-10 -5 0 5 10 -10 -5 0 5 10
X
(a) (b)
Error Error
0.00005395 f /\ 00009178
0.0000539 ]
0.00005385 | ] 0.000916
0.0000538 — =08 ] 1
0.00005375¢ ] 0.000915
0.0000537¢ 1 0.000914}
0.00005365F ]
-10 -5 0 5 10 -10 -5 0 5 10
X X
(c) (d)

Fig. 2 The error for t = 0.1 and different values of « for v(z,t) of Eq. .
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Error Error
0.0000F ' ' ' ' E 0.0000 F ' ' '

~0.0001f

00002t ~0.0001}

~0.0003} —a=1 1 -0.0002}

—0.0004}

000051 —0.0003}

~0.0006} A A A A 4 —0.0004}

00 02 04 06 08 1.0 0.0
X X
(a) (b)
Error Error

0.00035F ' ' ' ; ' ' ' '
0.00030 0.004}

0.00025

0.00020f 0.003¢

0.00015} 0.002}

0.00010}

0.00005 0.001

0.00000 A A A A ] 0.000

00 02 04 06 08 1.0 0.0
X X
(c) (d)

Fig. 3 The error for x = 1 and different values of a of u(x,t) Eq. .

Error Error
0.0000F ' ' ' ' ] 0.0000F ' ' '
—-0.0001F — a=1
—0.0002} —0.0001} — =09
—0.0003F i -0.0002f
—0.0004}
—0.00051 | —0.0003}
—0.0006} i -0.0004f
00 02 04 06 08 1.0 00 02 04 06 08 1.0
X X
() (b)
Error Error
0.00035F ' ' ' ' ' '
0.00030¢ 0.004}
0.00025
0.000201 0.003¢
0.00015} 0.002}
0.00010§
0.00005 0.001
0.00000 ‘ ‘ ‘ ‘ ] 0.000
00 02 04 06 08 1.0 0.0
X X
(c) (d)

Fig. 4 The error for z = 1 and different values of « of v(z,t) Eq. .
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+ h2t2% sin

3

@) ((h +1)(2h+ 3)

I'2a+1)

h+4

it <F(3a +1)

+I‘(4ch—:—1)>>+“"

R(h3 + 4h? 4 6h + 4)t* sin(z)

v(x,t) = sin(z) +

Numerical Solution of Coupled Fractional Burgers’ Equation

5. NUMERICAL RESULT AND
DISCUSSION

In this section, we first plot the numerical solution
of the test examples 1-3 for different values of «,
Figs.[IJand [2] present the error at ¢ = 0.1 for different
values of o, and at = 1 in Figs. [3| and [4] we plot

Ila+1) also the error for u(x,t) and v(z,t). In Tables|l|and
K2 (352 + 8h + 6)¢2 sin(z) we give the approximate solutions to the problem
(17) for different value of a.
I'2a+1) : .
For v(z,t), we obtain and show the approximate
R3(3h + 4)t3 sin(x) A4 sin(z) solution for problems (|18 and (|19) for different val-
I'3a+1) I'(4a+1) ues of o in Tables and for the problem ((19)
+ ..
Table 1 The Approximate Solution of the Problem (17]).
T t Exact u(zx, t) a=1 a=0.9 a = 0.8
—20 0.1 0.043782 0.043843 0.043862 0.043886
—20 0.2 0.043783 0.043905 0.043932 0.043964
—15 0.1 0.045326 0.045388 0.045407 0.045431
—15 0.2 0.045327 0.045449 0.045477 0.045509
—10 0.1 0.046879 0.046941 0.046960 0.046984
—10 0.2 0.046879 0.047003 0.047030 0.047063
-5 0.1 0.048438 0.048500 0.048519 0.048543
-5 0.2 0.048438 0.048562 0.048590 0.048622
5 0.1 0.051562 0.051624 0.051643 0.051667
5 0.2 0.051562 0.051686 0.051713 0.051746
10 0.1 0.053121 0.053182 0.053202 0.053226
10 0.2 0.053121 0.053244 0.053272 0.053304
15 0.1 0.054674 0.054735 0.054754 0.054778
15 0.2 0.054674 0.054797 0.054824 0.054856
20 0.1 0.056218 0.056278 0.056297 0.056321
20 0.2 0.056218 0.056340 0.056367 0.056398

Table 2 The Approximate Solution of the Problem ((17]).

T t Exact v(z, t) a=1 a=0.9 a=0.8
—20 0.1 0.018782 0.018843 0.018862 0.018886
—20 0.2 0.018783 0.018904 0.018931 0.018963
—15 0.1 0.020326 0.020387 0.020406 0.020430
—15 0.2 0.020327 0.020449 0.020476 0.020508
—10 0.1 0.021879 0.021940 0.021959 0.021984
-10 0.2 0.021879 0.022002 0.022029 0.022061

-5 0.1 0.023438 0.023499 0.023518 0.023543

-5 0.2 0.023438 0.023561 0.023588 0.023621

5 0.1 0.026562 0.026623 0.026642 0.026667
5 0.2 0.026562 0.026685 0.026712 0.026744

10 0.1 0.028121 0.028182 0.028201 0.028225

10 0.2 0.028121 0.028243 0.028271 0.028303

15 0.1 0.029674 0.029734 0.029753 0.029777

15 0.2 0.029674 0.029796 0.029823 0.029854

20 0.1 0.031218 0.031278 0.031297 0.031320

20 0.2 0.031218 0.031339 0.031365 0.031397
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Table 3 The Approximate Solution for Different Values of .

T t Exact u(z,t) a=1 a=20.9 a =0.8
—20 0.1 0.095267 0.095143 0.095107 0.095061
—20 0.2 0.095277 0.095027 0.094974 0.094910
-15 0.1 0.090484 0.090246 0.090178 0.090089
—15 0.2 0.090503 0.090024 0.089922 0.089800
—10 0.1 0.081791 0.081376 0.081257 0.081104
—10 0.2 0.081824 0.080989 0.080814 0.080605

-5 0.1 0.067966 0.067354 0.067178 0.066954
-5 0.2 0.068015 0.066785 0.066530 0.066227

5 0.1 0.032131 0.031500 0.031322 0.031097
5 0.2 0.032180 0.030924 0.030672 0.030379

10 0.1 0.018276 0.017840 0.017717 0.017563

10 0.2 0.018309 0.017444 0.017273 0.017075

15 0.1 0.009554 0.009300 0.009229 0.009140

15 0.2 0.009573 0.009071 0.008973 0.008859

20 0.1 0.004752 0.004619 0.004582 0.004535

20 0.2 0.004762 0.004499 0.004447 0.004389

Table 4 The Approximate Solution for Different Values of a.

T t Exact v(z,t) a=1 a=0.9 a=0.8
-20 0.1 0.095267 0.095143 0.095107 0.095061
-20 0.2 0.095277 0.095027 0.094974 0.094910
-15 0.1 0.090484 0.090246 0.090178 0.090089
-15 0.2 0.090503 0.090024 0.089922 0.089800
—10 0.1 0.081791 0.081376 0.081257 0.081104
—10 0.2 0.081824 0.080989 0.080814 0.080605

-5 0.1 0.067966 0.067354 0.067178 0.066954
-5 0.2 0.068015 0.066785 0.066530 0.066227

5 0.1 0.032131 0.031500 0.031322 0.031097
5 0.2 0.032180 0.030924 0.030672 0.030379

10 0.1 0.018276 0.017840 0.017717 0.017563

10 0.2 0.018309 0.017444 0.017717 0.017075

15 0.1 0.009554 0.009300 0.009229 0.009140

15 0.2 0.009573 0.009071 0.009229 0.008859

20 0.1 0.004752 0.004619 0.004582 0.004535

20 0.2 0.004762 0.004499 0.004447 0.004389

Table 5 The Approximate Solution of the Problem ((17)).

T t Exact a=1 a=20.9 a=0.8
-7 0.1 0 0 0
—m 0.2 0 0 0 0
—-1.5 0.1 —0.902571 —0.902571 —0.875896 —0.844027
-1.5 0.2 —0.816679 —0.816679 —0.783794 —0.748745

0 0.1 0 0 0 0

0 0.2 0 0 0 0
1.5 0.1 0.902571 0.902571 0.875896 0.844027
1.5 0.2 0.816679 0.816679 0.783794 0.748745

ks 0.1 0 0 0 0

m 0.2 0 0 0 0
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6. CONCLUSION

In conclusion, the Homotopy Analysis Method
(HAM) has demonstrated its effectiveness and
promise in tackling fractional coupled Burgers’
equations, as demonstrated earlier. It presents a
flexible approach for resolving these intricate equa-
tions, yielding precise approximations and numeri-
cal solutions. The method’s proficiency in managing
fractional coupled Burgers’ equations can make a
substantial contribution to the comprehension and
modeling of diverse physical phenomena, establish-
ing it as a valuable asset for researchers and pro-
fessionals in the field. Future investigations and the
continued application of HAM in this context have
the potential to generate further insights and inno-
vations in the years to come.

ACKNOWLEDGMENTS

The authors are grateful for the support received
in the publication of the article MUR - Ministero
dell’Universita e della Ricerca, Italia, grant num-
bers: Project PRIN2022, Prot. 20222AW3JL, D.D.
n.901 21/06/2023, prot.1016.07-07-2023.

ORCID

Praveen Agarwal
https://orcid.org/0000-0001-7556-8942

Youssouf Massoun
https://orcid.org/0000-0001-8466-4581

Clemente Cesarano
https://orcid.org/0000-0002-1694-7907

Mohamed Elamine Talbi
https://orcid.org/0000-0002-3986-2500

Shilpi Jain
https://orcid.org/0000-0002-0906-2801

Miguel Vivas-Cortez
https://orcid.org/0000-0002-1567-0264

REFERENCES

1. D. G. Prakasha, P. Veeresha and M. S. Rawashdeh,
Numerical solution for (2+1) dimensional time-
fractional coupled Burger equations using fractional
natural decomposition method, Math. Methods
Appl. Sci. 42(10) (2019) 3409-3427, doi:10.1002/
mma.H533.

2. H. F. Ahmed, M. S. M. Bahgat and M. Zaki,
Analytical approaches to space- and time-fractional

Numerical Solution of Coupled Fractional Burgers’ Equation

coupled Burgers’ equations, Pramana J. Phys. 92
(2019) 38.

3. M. A. Khatun, M. A. Arefin, M. H. Uddin, M. Inc
and M. A. Akbar, An analytical approach to the
solution of fractional-coupled modified equal width
and fractional-coupled Burgers equations, J. Ocean
Eng. Sci. (2022), doi:10.1016/j.joes.2022.03.016.

4. M. N. Islam and M. A. Akbar, New exact
wave solutions to the space-time fractional cou-
pled Burgers equations and the space-time fractional
foam drainage equation, Cogent Phys. 5 (2018)
1422957.

5. M. H. Heydari and Z. Avazzadeh, Numerical study
of non-singular variable-order time fractional cou-
pled Burgers’ equations by using the Hahn polyno-
mials, Eng. Comput. 38 (2022) 101-110.

6. F. Safari and W. Chen, Numerical approximations
for space-time fractional Burgers’ equations via a
new semi-analytical method, Comput. Math. Appl.
96 (2021) 55—66.

7. A. J. Hussein, A weak Galerkin finite element
method for solving time-fractional coupled Burgers’
equations in two dimensions, Appl. Numer. Math.
156 (2020) 265-275.

8. A. R. Hadhoud, H. M. Srivas-
tava and A. A. M. Rageh, Non-polynomial B-spline
and shifted Jacobi spectral collocation techniques
to solve time-fractional nonlinear coupled Burgers’
equations numerically, Adv. Difference Equ. 2021
(2021) 439.

9. H. Ahmad, T. A. Khan and C. Cesarano, Numerical
solutions of coupled Burgers’ equations, Azioms 8(4)
(2019) 119, doi:10.3390/axioms8040119.

10. S. J. Liao, The proposed homotopy analysis tech-
nique for the solution of nonlinear problems, Ph.D.
thesis, Shanghai Jiao Tong University, Shanghai
(1992).

11. S. Liao, Notes on the homotopy analysis method:
Some definitions and theorems, Commun. Nonlinear
Sci. Numer. Simul. 14 (2009) 983-997.

12. S. Liao, Homotopy Analysis Method in Nonlinear
Differential Equations (Springer, Heidelberg, 2012).

13. S. Kumar, An analytical algorithm for nonlinear
fractional Fornberg—Whitham equation arising in
wave breaking based on a new iterative method,
Alexandria Eng. J. 53 (2014) 225-231.

14. Y. Massoun, R. Benzine and A. K. Alomari, Com-
parative numerical study of Fornberg—Whitham
equation, Int. J. Appl. Comput. Math. 9 (2023) 10.

15. S. Kumar, An analytical algorithm for nonlinear
fractional Fornberg—Whitham equation arising in
wave breaking based on a new iterative method,
Alezandria Eng. J. 53 (2014) 225-231.

16. 1. Podlubny, Fractional Differential Equations (Aca-
demic Press, New York, 1999).

2540278-11


https://orcid.org/0000-0001-7556-8942
https://orcid.org/0000-0001-7556-8942
https://orcid.org/0000-0001-8466-4581
https://orcid.org/0000-0001-8466-4581
https://orcid.org/0000-0002-1694-7907
https://orcid.org/0000-0002-1694-7907
https://orcid.org/0000-0002-3986-2500
https://orcid.org/0000-0002-3986-2500
https://orcid.org/0000-0002-0906-2801
https://orcid.org/0000-0002-0906-2801
https://orcid.org/0000-0002-1567-0264
https://orcid.org/0000-0002-1567-0264

	INTRODUCTION
	FRACTIONAL CALCULUS
	THE HOMOTOPY ANALYSIS METHOD
	APPLICATION
	NUMERICAL RESULT AND DISCUSSION
	CONCLUSION

