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12.1 Introduction and formulation of the problem
Thermal conduction refers to the transfer of internal energy, in the form of heat, 
between neighboring molecules within a solid, liquid, or gas, as well as between dif
ferent materials in close contact, without requiring any bulk motion of the material 
itself [1--3]. On this basis, heat conduction has been studied for more than two cen
turies and remains a topic of continuing scientific interest, playing a fundamental role 
in both natural and engineered systems.

From both physical and mathematical viewpoints, the heat conduction equation 
occupies a universal position. It arises naturally in diverse contexts, including the 
modeling of mass diffusion processes and the description of vorticity diffusion in vis
cous fluids. Heat conduction problems are also of considerable interest in the theory 
of partial differential equations. The one-dimensional heat equation is the most thor
oughly studied case and has found extensive analytical and practical applications. In 
contrast, heat conduction problems in three-dimensional and multi dimensional do
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mains remain an active area of research, particularly when nonstandard operators are 
involved.

In recent years, substantial attention has been devoted to fractional differential 
equations, in which derivatives of non-integer order are employed. This growing in
terest is closely linked to advances in fractional calculus, including the systematic 
development of fractional integrals and derivatives and their successful application 
across numerous scientific disciplines [4--8].

Fractional diffusion models extend classical diffusion equations by incorporat
ing derivatives of fractional order, thereby providing a more accurate description of 
anomalous diffusion processes. Such models have proven effective in representing 
complex transport phenomena encountered in physics, medicine, and biology [9--13].

The analysis of two-dimensional and multidimensional space-fractional diffusion 
equations with variable coefficients presents significant challenges from both the
oretical and computational perspectives [14]. In many cases, classical methods are 
insufficient to establish well-posedness or to construct efficient numerical schemes. 
Consequently, the study of fractional diffusion equations with variable coefficients 
often relies on a combination of analytical techniques and advanced integration or 
approximation methods.

The study presented in [15] explores numerical approximation techniques for 
solving fractional diffusion equations with variable coefficients. The application of 
the method of prior estimates to boundary value problems for fractional diffusion 
equations, following an approach analogous to that in the classical case, is examined 
in [17]. In [16], a finite difference scheme is proposed for approximating solutions 
to spatial fractional convection-diffusion models governed by equations with variable 
coefficients. The homotopy analysis method and the Adomian decomposition method 
are utilized in [18] to address high-order time-fractional partial differential equations. 
Furthermore, initial and boundary value problems for fractional diffusion equations 
with variable coefficients have been extensively studied in [19--23].

The increased interest in the study of loaded differential equations [24] is at
tributed to their numerous applications and the fact that they form a distinct class 
of partial differential equations [25,26]. Notably, the pioneering works of Nakhu
shev provided one of the first generalized definitions of loaded equations, along 
with their classification and applications to various problems in mathematical physics 
and biology [27--34]. Boundary value problems for heat conduction equations with 
loaded terms have been extensively studied in both bounded and unbounded domains 
[28--31]. These investigations are particularly focused on cases where the order of the 
derivative in the loaded term is greater than or equal to the order of the differential 
operator in the equation.

In this article, we focus on both aspects, specifically examining an analogue of 
the fractional diffusion equation with variable coefficients under a fractional load.

Inverse problems for parabolic equations with variable coefficients have been 
studied extensively, and fundamental results on existence and uniqueness for cor
res ponding initial-boundary value problems are well established. Motivated by 
these developments, we consider an inverse problem for a loaded integro-differential 
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heat conduction equation with variable coefficients. In particular, following recent 
progress [35--39], the present work addresses the problem of identifying an unknown 
coefficient in the loaded integro-differential heat conduction equation.

We introduce the following notations:
Let ℝn denote the n-dimensional Euclidean space, where x = (x1, . . . , xn) ∈ ℝ

n.
Let ℝ2

T represent a subset of three-dimensional Euclidean space, specified by a 
point (x, y, z), where (x, y) ∈ ℝ

2 and z ∈ (0, T ], with T > 0:

R2
T =

{︂
(x, y, z)

⃓⃓⃓
(x, y) ∈ R2,0 ≤ z ≤ T

}︂
.

Let f (x, y) be a function defined on ℝ2.

Definition 12.1.1. If for any x(1), x(2) ∈ ℝ
2, the inequality

|f (x(1)) − f (x(2))| ≤ k|x(1) − x(2)|l , k > 0, l ∈ (0,1), (12.1.1)

holds, then the function f (x) is said to satisfy the Holder condition with exponent l
in ℝ2. The class of functions satisfying condition (12.1.1) is denoted by Hl(ℝ2).

Definition 12.1.2. If for any given pair of values(︂
x(1), y(1), z(1)

)︂
, 
(︂
x(2), y(2), z(2)

)︂
∈ℝ

2
T ,

the inequality⃓⃓⃓
f

(︂
x(1), y(1), z(1)

)︂
− f

(︂
x(2), y(2), z(2)

)︂⃓⃓⃓
≤ k1

⃓⃓⃓
x(1) − x(2)

⃓⃓⃓l + k2

⃓⃓⃓
y(1) − y(2)

⃓⃓⃓l + k3

⃓⃓⃓
z(1) − z(2)

⃓⃓⃓l/2
, (12.1.2)

where

ki > 0 (constants), i = 1,2,3, l ∈ (0,1),

holds, then the function f (x, y, t) is said to satisfy the Holder condition with expo
nents l and l/2 in ℝ2

T . The class of functions satisfying condition (12.1.2) is denoted 
by Hl,l/2(ℝ2

T ).

Inverse problem. Find a pair of functions u(x, y, z) and k(x, z) in (x, y, z) ∈ℝ
2
T , 

satisfying the following properties:

uz − γ (z)
(︁
uxx + uyy

)︁ = λ[D−α
0z u (0, y, z) + u (0, y, z)]

+
∫︂ z

0
k (x, τ )u (x, y, z − τ) dτ, (12.1.3)

u (x, y, z)|z=0 = φ (x, y) , (x, y) ∈ R2, (12.1.4)

u (x, y, z)|y=0 = χ (x, z) , (x, z) ∈ R1
T , (12.1.5)
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where γ (z), φ(x, y), χ (x, z) are given functions and

γ (z) ∈ I :=
{︂
γ (z) |γ (z) > 0, γ (z) ∈ C1 [0, T ] ∩ C(0, T )

}︂
, (12.1.6)

φ (x, y) ∈ Hl+2
(︂
R2

)︂
, φ (x, y) ≤ φ0 = const > 0, φ (x,0) = χ (x,0) , (12.1.7)

χ (x, z) ∈ Hl+4,(l+4)/2
(︂
R̄1

T

)︂
, l ∈ (0,1) , λ ∈ R. (12.1.8)

D−α
0z is the Riemann–Liouville fractional integral operator [4] of order α and α > 0. 

The inverse problem consists of determining the unknown functions u(x, y, z) and 
k (x,0, z) from the equalities (12.1.3)--(12.1.5).

12.2 Investigation of the problem
First, we will construct auxiliary problems equivalent to the inverse problem (12.1.3), 
(12.1.4), (12.1.5).

Let us introduce the following replacement in the problem (12.1.3)--(12.1.5):

ϑ(x, y, z) = uyy(x, y, z), (x, y, z) ∈ R2
T . (12.2.1)

Using the change of variable (12.2.1), the inverse problem (12.1.3), (12.1.4), (12.1.5), 
is equivalently reduced to the following problem.

Auxiliary problem: Find functions ϑ(x, y, z) and k (x, z) in (x, y, z) ∈ R2
T , pos

sessing the following properties:

ϑz − γ (z)Δϑ = λ[D−α
0z ϑ (0, y, z) + ϑ (0, y, z)] +

∫︂ z

0
k (x, τ )ϑ (x, y, z − τ) dτ,

(12.2.2)

ϑ (x, y, z)|t=0 = φyy (x, y) , (x, y) ∈ R2, (12.2.3)

ϑ (x, y, z)|y=0 = 1 
γ (z)

χz (x, z) − χxx (x, z)−

− λ 
γ (z)

[D−α
0z χ (0,0, z) + χ (0,0, z)] − 1 

γ (z)

∫︂ z

0
k (x, τ )χ (x,0, z − τ) dτ,

(12.2.4)
moreover, we assume that χ (0,0,0) = 0, from the initial condition (12.2.3) and 
(12.2.4) the following condition of agreement is satisfied:

φyy (x,0) = 1 
γ (0)

χz (x,0) − χxx (x,0) . (12.2.5)

Indeed, if the compatibility conditions (12.1.5) and (12.2.5) are satisfied, and the 
functions φ and χ are sufficiently smooth, it can be shown that the problems 
(12.2.2)--(12.2.4) are equivalent to the inverse problem (12.1.3)--(12.1.5):
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First, integrating twice from the (12.2.1) substitution above from 0 to y, we get:

u(x, y, z) = χ (x, z) + yφ (x,0) +
∫︂ y

0
(y − η)ϑ(x, η, z)dη (12.2.6)

and, consequently, in (12.2.1) for the function u(x, y, t), taking into account the 
agreement condition (12.2.5) for z = 0, we have:

u (x, y,0)|z=0 = χ (x,0) + yuy (x,0,0) +
∫︂ y

0
(y − ξ)φξξ (x, ξ) dξ =

= χ (x,0) + yuy (x,0,0) +
∫︂ y

0
(y − ξ) dφξ = χ (x,0) + yuy (x,0,0)+

+ (y − ξ)φξ (x, ξ)|y0 +
∫︂ y

0
φξ (x, ξ) dξ = χ (x,0) + yuy (x,0,0)−

−yφy (x,0) + φ (x, y) − φ (x,0) = y
(︁
uy (x,0,0) − φy (x,0)

)︁ + φ (x, y) = φ (x, y) .

As can be seen from (12.2.6), on y = 0 the additional condition in (12.1.5) follows.
The sequence of obtaining Eq. (12.1.3) from Eq. (12.2.2) is as follows: first, we 

integrate both sides of Eq. (12.2.2) twice from 0 to y:∫︂ y

0
(y − ξ)ϑz (x, ξ, z) dξ − γ (z)

∫︂ y

0
(y − ξ)

(︁
ϑxx (x, ξ, z) + ϑξξ (x, ξ, z)

)︁
dξ =

=
∫︂ y

0
(y − ξ) [λϑ (0, ξ, z) +

∫︂ z

0
k (x, τ )ϑ (x, ξ, z − τ) dτ ]dξ+

+ λ 
Γ (α)

∫︂ y

0
(y − ξ) dξ

∫︂ z

0
(z − τ)α−1 ϑ (0, ξ, τ ) dτ

and taking into account equality (12.2.6), i.e.,∫︂ y

0
(y − ξ)ϑ(x, ξ, z)dξ = u(x, y, z) − χ (x, z) − yφ (x,0) .

Accordingly, we establish the following relations:

uz(x, y, z) − χz (x, z) − γ (z)uxx (x, y, z) + γ (z)χ (x, z) + γ (z) yϑy (x,0, z)−
−γ (z)ϑ (x, y, z) + γ (z)ϑ (x,0, z) =

= λ
(︁
u (0, y, z) − χ (0, z) − yφy (0,0)

)︁+

+
∫︂ z

0
k (x, τ )

(︁
u(x, y, z − τ) − χ (x, z − τ) − yφy (x,0)

)︁
dτ+

+ λ 
Γ (α)

∫︂ z

0
(z − τ)α−1 (︁

u (0, y, τ ) − χ (0, z − τ) − yφy (0,0)
)︁
dτ,



178 CHAPTER 12 Inverse problem for the loaded heat conductivity equation 

Hence, taking into account the condition (12.2.4) for ϑ(x, y, z), it is easy to see 
that Eq. (12.1.3) has been obtained. Thus the (12.1.3), (12.1.4), (12.1.5) inverse prob
lem of finding functions u(x, y, z) and k(x, z) is equivalent to the inverse problem for 
finding functions ϑ(x, y, z) and k(x,0, z) from (12.2.2)--(12.2.4).

Auxiliary problem

In the second step, if we differentiate the resulting equations to t and make the 
replacement ϑz(x, y, z) = ρ(x, y, z) in (12.2.2)--(12.2.4), we obtain the following 
auxiliary problem for finding the functions ϑ(x, y, z), k(x, z), ρ(x, y, z):

ρz − γ (z)
(︁
ρxx + ρyy

)︁ = (lnγ (z))′ (ρ −
∫︂ z

0
k (x, τ )ϑ (x, y, z − τ) dτ)+

+
∫︂ z

0
k (x, τ )ρ (x, y, z − τ) dτ − λ (lnγ (z))′ (ϑ (0, y, z) + D−α

0z ϑ (0, y, z)+

+λ(ρ (0, y, z) + (D−α
0z ρ (0, y, z)) + k (x, z)φyy (x, y) + λ 

Γ (α)
zα−1φyy (0, y,0) ,

(12.2.7)

ρ|z=0 = γ (0)Δφyy (x, y) , (12.2.8)

ρ|y=0 = Fz (x, z) + γ ′ (z)
γ 2 (z)

∫︂ z

0
k (x, τ )χ (x, z − τ) dτ−

− 1 
γ (z)

∫︂ z

0
k (x, τ )χz (x, z − τ) dτ − 1 

γ (z)
k (x, z)φ

(︁
x′,0

)︁
, (12.2.9)

where

F (x, z) = 1 
γ (z)

χz (x, z) − χxx (x, z) − λ 
γ (z)Γ (α)

∫︂ z

0
(z − τ)α−1 χ (0,0, τ ) dτ.

As a result, we obtained an auxiliary problem for finding functions ϑ(x, y, z), 
k(x,0, z), ρ(x, y, z).

In the next step, integrating both parts of the last change of variable from 0 to t , 
we obtain the following equality:

ϑ (x, y, z) = φyy (x, y) +
∫︂ z

0
ρ (x, y, τ ) dτ. (12.2.10)

If the function ρ(x, y, z) is known, then the function ϑ(x, y, z) is found from 
(12.2.10). Thus the problem (12.2.7)--(12.2.9) leads to problems (12.2.2)--(12.2.4)
and problems (12.2.2)--(12.2.4) lead to the inverse problems (12.1.3), (12.1.4), 
(12.1.5). Hence, finding the functions ϑ(x, y, z), k(x,0, z), ρ(x, y, z) from prob
lems (12.2.2)--(12.2.4) and (12.2.7)--(12.2.9) is equivalent to finding the functions 
u(x, y, z), k(x,0, z), from the inverse problem (12.1.3), (12.1.4), (12.1.5).
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Thus we have proved the following lemma:

Lemma 12.2.1. Suppose that γ (z) ∈ I , φ (x, y) ∈ Hl+6
(︁
R2

)︁
, χ (x, z) ∈ 

Hl+4,(l+4)/2
(︁
R̄1

T

)︁
, and the matching conditions

χ (x,0) = φ (x,0) , φyy (x,0) = 1 
γ (0)

χz (x,0) − χxx (x,0)

are met. Then, the problem (12.1.3), (12.1.4), (12.1.5) is equivalent to the problem of 
determining the functions ϑ(x, y, z), k(x,0, z), ρ(x, y, z) from Eqs. (12.2.2)--(12.2.4)
and (12.2.7)--(12.2.9).

12.3 Uniqueness of solvability
Lemma 12.3.1. The auxiliary problem (12.2.2), (12.2.3), and (12.2.7)--(12.2.9) is 
equivalent to finding the functions ϑ(x, y, z), k(x, y, z), ρ(x, y, z) from the following 
system of integral equations:

ϑ(x, y, z) =
∫︂ ∞

−∞

∫︂ ∞

−∞
φηη (ξ, η)Gdξdη +

∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁×

×
∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ σ−1(τ )

0
k(ξ,0, α)ϑ

(︂
ξ, η, σ−1 (τ ) − α

)︂
Gdαdξdη+ (12.3.1)

λ

∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁ ∫︂ ∞

−∞

∫︂ ∞

−∞
ϑ (0, η,β)Gdβdη

+ λ 
Γ (α)

∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁
×

∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ σ−1(τ )

0

(︂
σ−1 (τ ) − β

)︂α−1
ϑ (0, η,β)Gdβdξdη,

ρ(x, y, z) =
∫︂ ∞

−∞

∫︂ ∞

−∞
γ (0)Δφηη (ξ, η)Gdξdη +

∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁×

×
∫︂ ∞

−∞

∫︂ ∞

−∞

(︃(︂
lnγ

(︂
σ−1 (τ )

)︂)︂′
ρ

(︂
ξ, η, σ−1 (τ )

)︂
−

−
(︂

lnγ
(︂
σ−1 (τ )

)︂)︂′ ∫︂ σ−1(τ )

0
k(ξ,0, α)ϑ

(︂
ξ, η, σ−1 (τ ) − α

)︂
dα

)︄
Gdξdη+

+
∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁ ∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ σ−1(τ )

0
k(ξ,0, α)ρ

(︂
ξ, η, σ−1 (τ ) − α

)︂
Gdαdξdη+

+
∫︂ σ(t)

0

dτ 

γ
(︁
σ−1 (τ )

)︁ ∫︂ ∞

−∞

∫︂ ∞

−∞
k
(︂
ξ,0, σ−1 (τ )

)︂
φηη (ξ, η)Gdξdη+ (12.3.2)
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+ λ 
Γ (α)

∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁
×

∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ σ−1(τ )

0

(︂
σ−1 (τ ) − β

)︂α−1
ρ (0, η,β)Gdβdξdη−

− λ 
Γ (α)

∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁
×

∫︂ ∞

−∞

∫︂ ∞

−∞

[︃(︂
lnγ

(︂
σ−1 (τ )

)︂)︂′ ∫︂ σ−1(τ )

0

(︂
σ−1 (τ ) − β

)︂α−1 ×

×ϑ (0, η,β)dβ −
(︂
σ−1 (τ )

)︂α−1
φηη (ξ, η)

]︃
Gdξdη,

k(x,0, z) = γ (t)

φ (x,0)

(︃
Fz (x, z) −

∫︂ ∞

−∞

∫︂ ∞

−∞
γ (0)Δφηη (ξ, η)Gdξdη −

−
∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁ ∫︂ ∞

−∞

∫︂ ∞

−∞

(︂
lnγ

(︂
σ−1 (τ )

)︂)︂′
ρ

(︂
ξ, η, σ−1 (τ )

)︂
Gdξdη+

+
∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁ ∫︂ ∞

−∞
×

×
∫︂ ∞

−∞

(︄(︂
lnγ

(︂
σ−1 (τ )

)︂)︂′ ∫︂ σ−1(τ )

0
k(ξ,0, α)ϑ

(︂
ξ, η, σ−1 (τ ) − α

)︂
dα

)︄
Gdξdη−

−
∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁ ∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ σ−1(τ )

0
k(ξ,0, α)ρ

(︂
ξ, η, σ−1 (τ ) − α

)︂
Gdαdξdη−

−
∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁ ∫︂ ∞

−∞

∫︂ ∞

−∞
k
(︂
ξ,0, σ−1 (τ )

)︂
φηη (ξ, η)Gdξdη− (12.3.3)

− λ 
Γ (α)

∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁×

×
∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ σ−1(τ )

0

(︂
σ−1 (τ ) − β

)︂α−1
ρ (0, η,β)Gdβdξdη+

+ λ 
Γ (α)

∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁×

×
∫︂ ∞

−∞

∫︂ ∞

−∞

(︄(︂
lnγ

(︂
σ−1 (τ )

)︂)︂′ ∫︂ θ−1(τ )

0

(︂
σ−1 (τ ) − β

)︂α−1
ϑ (0, η,β)dβ

)︄
Gdξdη−

− λ 
Γ (α)

∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁ ∫︂ ∞

−∞

∫︂ ∞

−∞

(︂
σ−1 (τ )

)︂α−1
φηη (ξ, η)Gdξdη

)︄
+
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+ 1 
φ (x,0)

∫︂ z

0

(︁
(lnγ (z))′ χ (x, z − τ) − χz (x, z − τ)

)︁
k (x,0, τ ) dτ,

where G = G(x − ξ, y − η,σ (z)) and, respectively, from σ (z) − τ .

Proof. In problems (12.2.2) and (12.2.3) taking into account formula (12.2.8) as in 
the correct problem from [23]:

F (x, y, z) = λD−α
0z ϑ (0, y, z) +

∫︂ z

0
k (x,0, τ )ϑ (x, y, z − τ) dτ

in the above form, we have the integral Eq. (12.3.1) correspondingly equivalent. In 
the same way, taking into account (12.2.7) and (12.2.8), we obtain formula (12.3.2). 
Then, taking into account the resulting integral equations and using (12.2.9), we ob
tain the integral Eq. (12.3.3).

From problems (12.2.3), (12.2.4) and (12.2.7), (12.2.8), integral Eqs. (12.3.1)
and (12.3.2) are obtained analogously to Eq. (12.1.5). Eq. (12.3.3) follows from 
Eqs. (12.2.9) and (12.3.2).

Now, we will prove the existence and uniqueness solution of problem (12.2.1)--
(12.2.3). The proof is given using the contraction mapping principle.

Theorem 12.3.2. If conditions (12.1.6), (12.1.7), (12.1.8), and (12.2.5) are satis
fied, then there exists T0 > 0 a sufficiently small number such that for T ∈ (0, T0], 
there exists a unique solution to the integral Eqs. (12.3.1)--(12.3.3) belonging to the 
classes:

{ϑ(x, y, z), ρ(x, y, z)} ∈ Hl+2,(l+2)/2
(︂
R̄2

T

)︂
, k (x,0, z) ∈ Hl,l/2

(︂
R̄1

T

)︂
.

Proof. To prove the theorem using the contraction mapping principle, we write the 
system of Eqs. (12.3.1)--(12.3.3) as a nonlinear operator:

θ = Lθ, θ = (θ1, θ2, θ3)
∗ = (ϑ,ρ, k (x,0, z))∗ , (12.3.4)

where ∗ is the transposition symbol, Lθ = [︁
(Lθ)1 , (Lθ)2 , (Lθ)3

]︁∗. Thus according 
to the right sides of Eqs. (12.3.1)--(12.3.3), (Lθ)i (i = 1,2,3), we have:

(Lθ)1 = θ01 (x, y, z) +
∫︂ σ(z)

0

dτ 
γ (ˆ︁τ)

×

×
∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ ˆ︁τ
0

θ3(ξ,0, α)θ1 (ξ, η,ˆ︁τ − α)Gdαdξdη+

+ λ 
Γ (α)

∫︂ σ(z)

0

dτ 
γ (ˆ︁τ )

∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ ˆ︁τ
0

(ˆ︁τ − β)α−1 θ1 (0, η,β)Gdβdξdη,

where

(Lθ)2 = θ02 (x, y, z) +
∫︂ σ(z)

0

dτ 
γ (ˆ︁τ )

∫︂ ∞

−∞

∫︂ ∞

−∞
[︁
(lnγ (ˆ︁τ))′ θ2 (ξ, η,ˆ︁τ) −
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− (lnγ (ˆ︁τ))′
∫︂ ˆ︁τ

0
θ3(ξ,0, α)θ1 (ξ, η,ˆ︁τ − α)dα

]︃
Gdξdη+

+
∫︂ σ(z)

0

dτ 
γ (ˆ︁τ)

∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ ˆ︁τ
0

θ3(ξ,0, α)θ2 (ξ, η,ˆ︁τ − α)Gdαdξdη+

+
∫︂ σ(z)

0

dτ 
γ (ˆ︁τ)

∫︂ ∞

−∞

∫︂ ∞

−∞
θ3 (ξ,0,ˆ︁τ)φηη (ξ, η)Gdξdη+

+ λ 
Γ (α)

∫︂ σ(z)

0

dτ 
γ (ˆ︁τ)

∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ ˆ︁τ
0

(ˆ︁τ − β)α−1 θ2 (0, η,β)Gdβdξdη−

− λ 
Γ (α)

∫︂ σ(z)

0

dτ 
γ (ˆ︁τ)

∫︂ ∞

−∞

∫︂ ∞

−∞

[︃
(lnγ (ˆ︁τ))′

∫︂ ˆ︁τ
0

(ˆ︁τ − β)α−1 θ1 (0, η,β)dβ

]︃
Gdξdη.

(Lθ)3 = θ03 (x, y, z)−

− γ (z)

φ (x,0)

∫︂ σ(z)

0

dτ 
γ (ˆ︁τ )

∫︂ ∞

−∞

∫︂ ∞

−∞
(lnγ (ˆ︁τ))′ [θ2 (ξ, η,ˆ︁τ)−

−
∫︂ ˆ︁τ

0
θ3(ξ,0, α)θ1 (ξ, η,ˆ︁τ − α)dα

]︃
Gdξdη−

− γ (z)

φ (x,0)

∫︂ σ(z)

0

dτ 
γ (ˆ︁τ)

∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ ˆ︁τ
0

θ3(ξ,0, α)θ2 (ξ, η,ˆ︁τ − α)Gdαdξdη−

− γ (z)

φ (x,0)

∫︂ σ(z)

0

dτ 
γ (ˆ︁τ)

∫︂ ∞

−∞

∫︂ ∞

−∞
θ3 (ξ,0,ˆ︁τ)φηη (ξ, η)Gdξdη−

− λγ (z)

Γ (α)φ (x,0)

∫︂ σ(z)

0

dτ 
γ (ˆ︁τ)

(︃∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ ˆ︁τ
0

(ˆ︁τ − β)α−1 θ2 (0, η,β)Gdβdξdη−

−
∫︂ ∞

−∞

∫︂ ∞

−∞
(lnγ (ˆ︁τ))′

∫︂ ˆ︁τ
0

(ˆ︁τ − β)α−1 θ1 (0, η,β)dβGdξdη

)︃
+

λγ (z)

φ (x,0)

∫︂ σ(z)

0

dτ 
γ (ˆ︁τ)

(︃∫︂ ∞

−∞

∫︂ ∞

−∞

(︂
θ2 (0, η,β) + (lnγ (ˆ︁τ))

′
θ1 (0, η,β)

)︂
Gdβdξdη

+ 1 
φ (x,0)

∫︂ z

0

(︁
(lnγ (z))′ χ (x, z − τ) − χz (x, z − τ)

)︁
θ3 (x,0, τ ) dτ,

where σ−1(τ ) = ˆ︁τ , θ01 (x, y, z), θ02 (x, y, z) and θ03 (x, y, z) depends on the given 

functions, i.e.,

θ01 (x, y, z) =
∫︂ ∞

−∞

∫︂ ∞

−∞
φηη (ξ, η)Gdξdη,

θ02 (x, y, z) =
∫︂ ∞

−∞

∫︂ ∞

−∞
(γ (0)Δφηη (ξ, η) + λφ (ξ, η))Gdξdη+
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+ λ 
Γ (α)

∫︂ σ(z)

0

dτ 
γ (ˆ︁τ)

∫︂ ∞

−∞

∫︂ ∞

−∞
(ˆ︁τ)α−1 φηη (0, η)Gdξdη,

θ03 (x, y, z) = γ (z)

φ (x,0)

(︃
Fz (x, z) −

∫︂ ∞

−∞

∫︂ ∞

−∞
(γ (0)Δφηη (ξ, η) + φ (ξ, η))Gdξdη −

− λ 
Γ (α)

∫︂ σ(z)

0

dτ 
γ (ˆ︁τ)

∫︂ ∞

−∞

∫︂ ∞

−∞
(ˆ︁τ)α−1 φηη (0, η)Gdξdη

)︄
.

Introducing the notation |θ |l,l/2
T = max

(︂
|θ1|l.l/2

T0
, |θ2|l.l/2

T0
, |θ3|l.l/2

T0

)︂
in Hl,l/2

(︁
R2

T

)︁
, 

we give the following condition:

S (T ) = |θ1 − θ0|l,l/2
T ≤ |θ0|l,l/2

T0
, (12.3.5)

where θ0 = (θ01, θ02, θ03) and |θ0|l,l/2
T0

= max
(︂
|θ01|l,l/2

T0
, |θ02|l,l/2

T0
, |θ03|l,l/2

T0

)︂
. Thus 

for any function σ from S (T ) , T < T0, when (12.3.5) is executed, the following 
inequality is true:

|θi |l,l/2
T ≤ 2 |θ0|l,l/2

T0
, i = 1,2,3.

As is known, for φ (x, y) ∈ Hl+2
(︁
R2

)︁
, the Cauchy problem for the classical heat 

conduction equation has a solution. In problem (12.1.3)--(12.1.5), taking into account 
the auxiliary problem, the initial conditions must belong to φ(x, y) ∈ Hl+6 (since the 
auxiliary problem involves fourth-order derivatives).

If the Cauchy condition φ(x, y) ∈ Hl+2
(︁
ℝ

2
)︁

holds for the classical heat conduc
tion equation, then the Cauchy problem for the classical heat diffusion equation has 
a solution [39]. Since we are considering the class φ(x, y) ∈ Hl+6, the fourth-order 
derivatives are also involved in the obtained auxiliary problem. Based on this, we 
introduce the following notation:

γ0 := max
z∈[0,T ]

⃓⃓
(lnγ (t))′

⃓⃓
, φ1 := |φ|l+6 , χ0 := |χ |l+4,(l+4)/2

T .

Contraction Mapping Principle. Any contraction mapping defined in a complete 
metric space has a unique fixed point; that is, the equation x = Ax has a unique 
solution x0 ∈ S.

First, using estimates of thermal volume potentials ([38], pages 318--325), it is 
easy to obtain the following inequalities:

|(Lθ)1 − θ01|l,l/2
T =

=
⃓⃓⃓⃓∫︂ z

0

dτ 
γ (ˆ︁τ)

∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ ˆ︁τ
0

θ3(ξ,0, α)θ1 (ξ, η,ˆ︁τ − α)Gdαdξdη

⃓⃓⃓⃓l,l/2

T

+⃓⃓⃓⃓
λ

∫︂ z

0

dτ 
γ (ˆ︁τ)

∫︂ ∞

−∞

∫︂ ∞

−∞
θ1 (0, η,β)Gdξdη

⃓⃓⃓⃓l,l/2

T
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+
⃓⃓⃓⃓

λ 
Γ (α)

∫︂ z

0

dτ 
γ (ˆ︁τ)

∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ ˆ︁τ
0

(ˆ︁τ − β)α−1 θ1 (0, η,β)Gdβdξdη

⃓⃓⃓⃓l,l/2

T

≤

≤ β̄0 (T ) |(θ3 (ξ, η, z0) θ1 (ξ, η, z − z0))|l,l/2
T + β̄1 (T ) |(θ1 (0, η, z0))|l,l/2

T ≤
≤ 4β0 (T )

(︂
|θ0|l,l/2

T0

)︂2 + 2β1 (T )
(︂
|θ0|l,l/2

T0

)︂
,

|(Lθ)2 − θ02|l,l/2
T ≤

≤ 4β1 (T ) (γ0 + 1)
(︂
|θ0|l,l/2

T0

)︂2 + 2β2 (T ) (2γ0 + φ1 + 1)
(︂
|θ0|l,l/2

T0

)︂
,⃓⃓

(Lθ)3 − θ03
⃓⃓l,l/2
T

≤
≤ 2

(︂
β1 (T ) γ1φ

−1
0 (2γ0 + φ1 + 1) + χ0φ

−1
0 T0 (γ0 + 1)

)︂
|θ0|l,l/2

T0
+

+4β2 (T ) γ1φ
−1
0 (γ0 + 1)

(︂
|θ0|l,l/2

T0

)︂2
.

As T → 0, βi(T ) → 0, (i = 0,1,2). Therefore if we choose T0 so that the following 
inequalities should be satisfied:

4β0 (T0)
(︂
|θ0|l,l/2

T0

)︂2 + 2β1 (T0)
(︂
|θ0|l,l/2

T0

)︂
≤ 1,

4β1 (T0) (γ0 + 1)
(︂
|θ0|l,l/2

T0

)︂2 + 2β2 (T0) (2γ0 + φ1 + 1)
(︂
|θ0|l,l/2

T0

)︂
≤ 1, (12.3.6)

2
(︂
β1 (T0) γ1φ

−1
0 (2γ0 + φ1 + 1) + χ0φ

−1
0 T0 (γ0 + 1)

)︂
|θ0|l,l/2

T0
+

+4β2 (T0) γ1φ
−1
0 (γ0 + 1)

(︂
|θ0|l,l/2

T0

)︂2 ≤ 1,

then the operator L for T < T0 has the first property of a contraction mapping opera
tor, that is, Lθ ∈ S(T ).

Now, consider the second property of the contraction mapping for the operator L. 

Let θ(1) =
(︂
θ

(1)
1 , θ

(1)
2 , θ

(1)
3

)︂
∈ S (T ), θ(2) =

(︂
θ

(2)
1 , θ

(2)
2 , θ

(2)
3

)︂
∈ S (T ), then, following 

evaluation⃓⃓⃓
θ

(1)
2 θ

(1)
1 − θ

(2)
2 θ

(2)
1

⃓⃓⃓l,l/2

T
=

⃓⃓⃓(︂
θ

(1)
2 − θ

(2)
2

)︂
θ

(1)
1 + θ

(2)
2

(︂
θ

(1)
1 − θ

(2)
1

)︂⃓⃓⃓l,l/2

T
≤

≤ 2
⃓⃓⃓
θ(1) − θ(2)

⃓⃓⃓l,l/2

T
max

(︃⃓⃓⃓
θ

(1)
1

⃓⃓⃓l,l/2

T
,

⃓⃓⃓
θ

(2)
2

⃓⃓⃓l,l/2

T

)︃
≤ 4 |θ0|l,l/2

T

⃓⃓⃓
θ(1) − θ(2)

⃓⃓⃓l,l/2

T
,

we have

⃓⃓⃓(︂
(Lθ)(1) − (Lθ)(2)

)︂
1

⃓⃓⃓l,l/2

T
=

⃓⃓⃓⃓
⃓
∫︂ σ(z)

0

dτ 
γ (ˆ︁τ)

∫︂ ∞

−∞
dξ

∫︂ ∞

−∞
dη
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∫︂ ˆ︁τ
0

[︂
θ

(1)
3 (ξ,0, α)θ

(1)
1 (ξ, η,ˆ︁τ − α) − θ

(2)
3 (ξ,0, α)θ

(2)
1 (ξ, η,ˆ︁τ − α)

]︂
Gdα

⃓⃓⃓⃓l,l/2

T

+

+
⃓⃓⃓⃓
⃓
∫︂ σ(z)

0

dτ 

γ
(︁
σ−1 (τ )

)︁ ∫︂ ∞

−∞

∫︂ ∞

−∞

∫︂ ˆ︁τ
0

λ (ˆ︁τ − β)α−1

Γ (α)

[︂
θ

(1)
1 (0, η,β) − θ

(2)
1 (0, η,β)

]︂
×

× Gdβdξdη|l,l/2
T ≤

[︂
8β0 (T ) |θ0|l,l/2

T0
+ 4β1 (T )

]︂ ⃓⃓⃓
θ(1) − θ(2)

⃓⃓⃓l,l/2

T
.

Similarly, estimating the second and third components of Lθ we have:⃓⃓⃓(︂
(Lθ)(1) − (Lθ)(2)

)︂
2

⃓⃓⃓l,l/2

T
≤

≤
[︂
2β1 (T ) (2γ0 + φ1 + 1) + 8β2 (T ) (γ0 + 1) |θ0|l,l/2

T0

]︂ ⃓⃓⃓
θ(1) − θ(2)

⃓⃓⃓l,l/2

T0
,⃓⃓⃓(︂

(Lθ)(1) − (Lθ)(2)
)︂

3

⃓⃓⃓l,l/2

T
≤

≤
[︂
2
(︂
β1 (T ) γ1φ

−1
0 (2γ0 + φ1 + 1) + χ0φ

−1
0 T0 (γ0 + 1)

)︂]︂ ⃓⃓⃓
θ(1) − θ(2)

⃓⃓⃓l,l/2

T0
+

+
[︂
8β2 (T ) γ1φ

−1
0 (γ0 + 1)

(︂
|θ0|l,l/2

T0

)︂]︂ ⃓⃓⃓
θ(1) − θ(2)

⃓⃓⃓l,l/2

T0
.

Therefore 
⃓⃓(︁

Lθ(1) − Lθ(2)
)︁⃓⃓l,l/2

T
< ρ

⃓⃓
θ(1) − θ(2)

⃓⃓l,l/2
T

, where ρ ≤ 1, if satisfied[︂
8β0 (T ) |θ0|l,l/2

T0
+ 2β1 (T )

]︂
≤ ρ < 1,[︂

2β1 (T ) (2γ0 + φ1 + 1) + 8β2 (T ) (γ0 + 1) |θ0|l,l/2
T0

]︂
≤ ρ < 1,[︂

2
(︂
β1 (T ) γ1φ

−1
0 (2γ0 + φ1 + 1) + f0φ

−1
0 T0 (γ0 + 1)

)︂]︂
+ (12.3.7)

+
[︂
8β2 (T ) γ1φ

−1
0 (γ0 + 1)

(︂
|θ0|l,l/2

T0

)︂]︂
≤ ρ < 1,

then the operator L is also a contraction on S (T ).
From the satisfaction of inequality (12.3.7), it directly follows that (12.3.6) also 

holds. Furthermore, since T0 satisfies T < T0 and condition (12.3.7), the properties 
of a contraction mapping operator are fully satisfied. Consequently, by the Banach 
fixed-point theorem, Eq. (12.3.4) has a unique solution. Using the method of succes
sive approximations for the system of Eqs. (12.3.1)--(12.3.3), we determine a unique 
solution within the function space Hl+2,(l+2)/2

(︁
R̄2

T

)︁
.

Thus the existence and uniqueness of a solution to the system of integral 
Eqs. (12.3.1)--(12.3.3) imply the existence and uniqueness of the solution to the 
equivalent problems (12.1.3)--(12.1.5).
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