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12.1 Introduction and formulation of the problem

Thermal conduction refers to the transfer of internal energy, in the form of heat,
between neighboring molecules within a solid, liquid, or gas, as well as between dif-
ferent materials in close contact, without requiring any bulk motion of the material
itself [1-3]. On this basis, heat conduction has been studied for more than two cen-
turies and remains a topic of continuing scientific interest, playing a fundamental role
in both natural and engineered systems.

From both physical and mathematical viewpoints, the heat conduction equation
occupies a universal position. It arises naturally in diverse contexts, including the
modeling of mass diffusion processes and the description of vorticity diffusion in vis-
cous fluids. Heat conduction problems are also of considerable interest in the theory
of partial differential equations. The one-dimensional heat equation is the most thor-
oughly studied case and has found extensive analytical and practical applications. In
contrast, heat conduction problems in three-dimensional and multi dimensional do-

Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00020-5 1 73
Copyright © 2026 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://doi.org/10.1016/B978-0-44-336484-6.00020-5

174 CHAPTER 12 Inverse problem for the loaded heat conductivity equation

mains remain an active area of research, particularly when nonstandard operators are
involved.

In recent years, substantial attention has been devoted to fractional differential
equations, in which derivatives of non-integer order are employed. This growing in-
terest is closely linked to advances in fractional calculus, including the systematic
development of fractional integrals and derivatives and their successful application
across numerous scientific disciplines [4—8].

Fractional diffusion models extend classical diffusion equations by incorporat-
ing derivatives of fractional order, thereby providing a more accurate description of
anomalous diffusion processes. Such models have proven effective in representing
complex transport phenomena encountered in physics, medicine, and biology [9—13].

The analysis of two-dimensional and multidimensional space-fractional diffusion
equations with variable coefficients presents significant challenges from both the-
oretical and computational perspectives [14]. In many cases, classical methods are
insufficient to establish well-posedness or to construct efficient numerical schemes.
Consequently, the study of fractional diffusion equations with variable coefficients
often relies on a combination of analytical techniques and advanced integration or
approximation methods.

The study presented in [15] explores numerical approximation techniques for
solving fractional diffusion equations with variable coefficients. The application of
the method of prior estimates to boundary value problems for fractional diffusion
equations, following an approach analogous to that in the classical case, is examined
in [17]. In [16], a finite difference scheme is proposed for approximating solutions
to spatial fractional convection-diffusion models governed by equations with variable
coefficients. The homotopy analysis method and the Adomian decomposition method
are utilized in [18] to address high-order time-fractional partial differential equations.
Furthermore, initial and boundary value problems for fractional diffusion equations
with variable coefficients have been extensively studied in [19-23].

The increased interest in the study of loaded differential equations [24] is at-
tributed to their numerous applications and the fact that they form a distinct class
of partial differential equations [25,26]. Notably, the pioneering works of Nakhu-
shev provided one of the first generalized definitions of loaded equations, along
with their classification and applications to various problems in mathematical physics
and biology [27-34]. Boundary value problems for heat conduction equations with
loaded terms have been extensively studied in both bounded and unbounded domains
[28-31]. These investigations are particularly focused on cases where the order of the
derivative in the loaded term is greater than or equal to the order of the differential
operator in the equation.

In this article, we focus on both aspects, specifically examining an analogue of
the fractional diffusion equation with variable coefficients under a fractional load.

Inverse problems for parabolic equations with variable coefficients have been
studied extensively, and fundamental results on existence and uniqueness for cor-
res ponding initial-boundary value problems are well established. Motivated by
these developments, we consider an inverse problem for a loaded integro-differential
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heat conduction equation with variable coefficients. In particular, following recent
progress [35-39], the present work addresses the problem of identifying an unknown
coefficient in the loaded integro-differential heat conduction equation.

We introduce the following notations:

Let R" denote the n-dimensional Euclidean space, where x = (xy, ..., x,) € R".

Let RZT represent a subset of three-dimensional Euclidean space, specified by a
point (x, y, z), where (x, y) e R and z € (0, T'], with T > 0:

R = v.2) ’(x,y)eRZ,OSZST}.
Let f(x, y) be a function defined on R2.
Definition 12.1.1. If for any x1, x® € R?, the inequality
D) = FaeD) <kjx® —x@), k>0,1€(0,1), (12.1.1)

holds, then the function f(x) is said to satisfy the Holder condition with exponent [
in R2. The class of functions satisfying condition (12.1.1) is denoted by H LR?).

Definition 12.1.2. If for any given pair of values
(x(l), y 0, Z(l)) ’ (x@)’ v, Z(z)) eR2,
the inequality

‘f (xa)’ ¥, z(l)) —f (x<2)’ yO, Z@))‘
o _ .o o _ o o _o|?
Skl‘x —x ‘+k2‘y —y ‘—l—kg‘z —z ) , (12.1.2)
where

ki > O(constants), i =1,2,3, [€(0,1),

holds, then the function f(x, y,t) is said to satisfy the Holder condition with expo-
nents [ and [/2 in RZT. The class of functions satisfying condition (12.1.2) is denoted
by HU/2(RZ).

Inverse problem. Find a pair of functions u(x, y, z) and k(x, z) in (x, y, z) € RZ,
satisfying the following properties:

uz =y (2) (txx +1tyy) =AD" u (0, y,2) +u (0, y,2)]
z
—i—/ k(x,0)ux,y,z—r1)dr, (12.1.3)
0

u(x,y,)l,0=0x,y), (x,y)€R?, (12.1.4)
u(x,y,2)ly—o=x (x.2), (x.2) €Rp, (12.1.5)
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where y (z), ¢(x, y), x (x, z) are given functions and
y@el={y@Iy@>0y@ec'0.T1NCO.D}, (12.1.6)
0 (x,y) € H*? (R2> 0 (6, y) <go=const >0, ¢(x,0)=x (x,0), (12.1.7)
X (x,7) € HIHHU+D/2 (R‘T) ,1€(0,1),»eR. (12.1.8)
Daz"‘ is the Riemann—Liouville fractional integral operator [4] of order ¢ and « > O.

The inverse problem consists of determining the unknown functions u(x, y, z) and
k (x, 0, z) from the equalities (12.1.3)-(12.1.5).

12.2 Investigation of the problem

First, we will construct auxiliary problems equivalent to the inverse problem (12.1.3),
(12.1.4), (12.1.5).
Let us introduce the following replacement in the problem (12.1.3)-(12.1.5):

O(x,y,2) =ty (x, ¥,2), (x,9,2) € R3. (12.2.1)

Using the change of variable (12.2.1), the inverse problem (12.1.3), (12.1.4), (12.1.5),
is equivalently reduced to the following problem.

Aucxiliary problem: Find functions # (x, y, z) and k (x, ) in (x, y, z) € R2, pos-
sessing the following properties:

Zz
ﬁz—y(z)Az?:A[D()_Z“ﬁ(o,y,z)+19(0,y,z)]+/ k(x,0)0 (x,y,z—1)dr,
0

(12.2.2)
9 (X, Y, Dlmo = @yy (X, ¥), (x,¥) € R?, (12.2.3)
1
P (x,y, D=0 = IEYE (x,2) = Xax (x,2) —
—L[DO_Z“X (0,0,2) + x (0,0,2)] — L/ k(x,t)x(x,0,z —1)dT,
v (2) v (@) Jo
(12.2.4)

moreover, we assume that x (0,0,0) = 0, from the initial condition (12.2.3) and
(12.2.4) the following condition of agreement is satisfied:

1
iy (x,0) = —— ,0) — ,0). 12.2.5
Pyy (x,0) v (0) Xz (x,0) — xxx (x,0) ( )
Indeed, if the compatibility conditions (12.1.5) and (12.2.5) are satisfied, and the
functions ¢ and x are sufficiently smooth, it can be shown that the problems
(12.2.2)—(12.2.4) are equivalent to the inverse problem (12.1.3)—(12.1.5):
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First, integrating twice from the (12.2.1) substitution above from 0 to y, we get:

y
u(x,y,z)=x(x,z) +yp,0) +/0 & —md(x,n,2)dy (12.2.6)

and, consequently, in (12.2.1) for the function u(x, y, t), taking into account the
agreement condition (12.2.5) for z = 0, we have:

y
u(x,y,onz:o:x(x,0>+yuy<x,o,0>+/0 (v — &) gee (x, £) dE =
y
:)((x,O)—l—yuy(x,0,0)—i-/o (y—8)dos = x (x,0) + yuy (x,0,0)+
FO—Be <x,e>|3+/0’ 0s (x.£)dE = ¥ (x, 0) + yity (x,0,0) —

=@y (x,0)+ @ (x,y) —¢ (x,0) =y (uy (x,0,0) — @y (x,0)) + ¢ (x,y) =@ (x,y).

As can be seen from (12.2.6), on y = 0 the additional condition in (12.1.5) follows.
The sequence of obtaining Eq. (12.1.3) from Eq. (12.2.2) is as follows: first, we
integrate both sides of Eq. (12.2.2) twice from O to y:

y y
| o=00060d =y @ [ 0=6 060+ e (6,9) de =
y z
:/ (y—é)[)»ﬁ(O,é,z)—i—/ k(x,7)9 (x,&,z—1)dt]dé+
0 0
+L/y —d/z—"“lﬁo d
F@ Jo (y—§)dé A (z—1) 0,8, 7)dr
and taking into account equality (12.2.6), i.e.,
y
/0(y—E)ﬁ(x,S,z)dE=u(x,y,z)—x(x,z)—y<p(x,0)-

Accordingly, we establish the following relations:

Uz (x,9,2) = Xz (x,2) = Y (@D tex (x, y,2) + vy (@) x (x,2) + ¥ (2) yUy (x,0,2) —
_V(Z)ﬁ(xsy’z)+J/(Z)l9(x’0s2)=
=21 (u(0,y,2) — x (0,2) — yg, (0,0)) +

+/ ke, 7)(u(x,y,2—1) — x (x,2— 1) — yp, (x,0)) dr+
0

+ﬁ /OZ =" (1(0,y,7) = x (0,2 — ) — ypy (0,0) dr,
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Hence, taking into account the condition (12.2.4) for 9 (x, y, z), it is easy to see
that Eq. (12.1.3) has been obtained. Thus the (12.1.3), (12.1.4), (12.1.5) inverse prob-
lem of finding functions u(x, y, z) and k(x, z) is equivalent to the inverse problem for
finding functions ¥ (x, y, z) and k(x, 0, z) from (12.2.2)—(12.2.4).

Auxiliary problem

In the second step, if we differentiate the resulting equations to t and make the
replacement ¥,(x,y,z) = p(x,y,z) in (12.2.2)-(12.2.4), we obtain the following
auxiliary problem for finding the functions 9 (x, y, z), k(x, 2), p(x, ¥, 2):

2
pz =¥ (2) (pxx + Pyy) = (lny(z))’(p—/o k(x, )9 (x,y,z2—1)d7r)+
+/ k(x,7)p(x,y,z—1)dt —A(Iny (2))' (¥ (0, y,2) + D" (0, y,2) +
0

_ A _
+1(p (0,y,2) + (Do 0 (0,y,2)) +k(x,2) pyy (x,y) + 2" Loy (0,9,0),

I' (@)
(12.2.7)
pl.—o =y (0) Agyy (x, ), (12.2.8)
ply—o = F; (x,2) + ;:2((?) A k(x,7)x (x,z—1)dT—
—L Zk(x, ) ¥, (x,z—1)dt — Lk(x, )@ (x/, O) , (12.2.9)

AN y (2)

where

1 A 2 vl
F(x’Z)—sz(xsZ)_Xxx(va)_m/o (z—1)* x(0,0,7)dr.

As a result, we obtained an auxiliary problem for finding functions ¥ (x, y, z),
k(x,0,2), p(x,y,2).

In the next step, integrating both parts of the last change of variable from O to 7,
we obtain the following equality:

z
7 (x,y,2) =@yy (x,y)—i—fo p(x,y, t)dr. (12.2.10)

If the function p(x,y,z) is known, then the function ¥ (x,y,z) is found from
(12.2.10). Thus the problem (12.2.7)—(12.2.9) leads to problems (12.2.2)—(12.2.4)
and problems (12.2.2)—(12.2.4) lead to the inverse problems (12.1.3), (12.1.4),
(12.1.5). Hence, finding the functions ¥ (x, y, z), k(x,0, 2), p(x,y,z) from prob-
lems (12.2.2)—(12.2.4) and (12.2.7)—(12.2.9) is equivalent to finding the functions
u(x,y,z), k(x,0,z), from the inverse problem (12.1.3), (12.1.4), (12.1.5).
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Thus we have proved the following lemma:

Lemma 122.1. Suppose that y(z) € I, ¢(x,y) € H'T*(R?), x(x,2) €
H!T40+4/2 (RIT), and the matching conditions

1
X (x,0)=9¢(x,0), ¢y (x,0) = 0% (x,0) = xxx (x,0)
are met. Then, the problem (12.1.3), (12.1.4), (12.1.5) is equivalent to the problem of
determining the functions ¥ (x, y, z), k(x, 0, 2), p(x, y, z) from Egs. (12.2.2)—~(12.2.4)
and (12.2.7)—(12.2.9).

12.3 Uniqueness of solvability

Lemma 12.3.1. The auxiliary problem (12.2.2), (12.2.3), and (12.2.7)—(12.2.9) is
equivalent to finding the functions ¥ (x, y, z), k(x, ¥, z), p(x, y, 2) from the following
system of integral equations:

ﬁ(x,y,z)zf / §0nn(§»”)Gd5dU+/ 5 X
—00 /00 o v(e7l@)

00 o) or*l(r)
x/ / / k(E,0, )0 (s,n,a*‘ (7) —a) Gdadtdn+  (12.3.1)
—00 J—00J0

a(z2) dt e’} [ee)
A /O =Ty [ ) [ 000 B Gdpdy
N X /U@ dt
Froh Y10

oo o o l(1) . a—1
« / / / (o @ —8)" 0.0 Gapazan,
—00 J—00 JO

o0 o0 O'(Z) d
p(x,y,z>=f f V(O)Aconn(%‘,n)Gden+/ — %
—o0 J- o v(e7tm)
// (lny @) p(enoT @)=
o~ (0)
(i (@) [
o(2) drt 00 00 o ()
+f _71/ f / k(E,O,a)p(s,n,a‘l(r)—a)Gdadgdn+
0 VU (77) —00J—00J0

o(t)
+/O 1(T) / / §.0.0 1(r)) O (€.1) Gdédn+  (1232)

k(E,0, ) (g no () —a) da> Gdedn+
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(@ dt
tFah 7o)
1(f) » a1
x/_m/_m/o (o' @ —8)" p(O..5) Gapazdn-
A (@) dt
ol e

f / [my (t)))//oal(r)(a1(r)—;3>a_lx

a—1
<2 O P~ (67 @) g, n)] Gy,

k(x,0,z) = )Z(tz)) (Fz(x,z)—f / Y (0) Ay, (§, 1) Gdédn —
o(z2)
—1 -1
[ et Lo (e (7 @) o (e e @) Gaeans
o(2) dt
_l’_ - @
~/() V(U_l(f)) /—oo
00 ’ a"(r)
x/ ((lny(a_l(T))>/ k(E, 0, ) (g,n,a—l(z)—a)da) Gdedn—

o (2) @
_/0 71(7:)/ / / k(E,0,a)p (E n,o~ (7:)—05) Gdad&dn—

o(z)
—/ _1@)// (£.0.071 @) @y (6.1 Gdgdn—  (12.33)

o(2) dt
r(a) 0 y(lm) "

o] o] o’l(t) a—1
<[ [ [ (e @=p)" 00.0.p Gapagan+

o(2) dt
F (@) / y(0=1() (r)

X /OO /oo ((lny( (T))) /9 (r)( “1(p) _B)afl 50, n’ﬂ)dﬁ) Gdsdn—

—00 J —00

A o(2) B
_F(ot)/ —1(r)// (f) sonn(é,n)Gdédn)Jr
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1
@ (x,0)

where G =G (x — &,y —n, 0 (2)) and, respectively, from o (z) — T.

+ / (Iny @) x 6,2 = 1) = xe (8, 2= D)) k (x,0, 7) d,
0

Proof. In problems (12.2.2) and (12.2.3) taking into account formula (12.2.8) as in
the correct problem from [23]:

Z
F(x,y,@:kD&“ﬁ(O,y,z)—i—/o k(x,0,7)0 (x,y,z—1)dt

in the above form, we have the integral Eq. (12.3.1) correspondingly equivalent. In
the same way, taking into account (12.2.7) and (12.2.8), we obtain formula (12.3.2).
Then, taking into account the resulting integral equations and using (12.2.9), we ob-
tain the integral Eq. (12.3.3).

From problems (12.2.3), (12.2.4) and (12.2.7), (12.2.8), integral Egs. (12.3.1)
and (12.3.2) are obtained analogously to Eq. (12.1.5). Eq. (12.3.3) follows from
Egs. (12.2.9) and (12.3.2). Il

Now, we will prove the existence and uniqueness solution of problem (12.2.1)-
(12.2.3). The proof is given using the contraction mapping principle.

Theorem 12.3.2. If conditions (12.1.6), (12.1.7), (12.1.8), and (12.2.5) are satis-
fied, then there exists Ty > 0 a sufficiently small number such that for T € (0, To],
there exists a unique solution to the integral Egs. (12.3.1)—(12.3.3) belonging to the
classes:

(2(r,7,2), p(x, v 2 € HE2EDR(RE)  k(x,0.2) € B2 (RY).

Proof. To prove the theorem using the contraction mapping principle, we write the
system of Egs. (12.3.1)—(12.3.3) as a nonlinear operator:

0=L10, 0=(01,6,,05)" =D, p,k(x,0,2)*, (12.3.4)

where x* is the transposition symbol, L8 = [(L@)l , (LO),, (L0)3]*. Thus according
to the right sides of Egs. (12.3.1)—(12.3.3), (L6); (i =1, 2, 3), we have:

@ gr
y @

xfoo /OO /163(5,0,05)91 &,n,7T —a)GdadEdn+
—00 J—00 J0

A o) Jr 00 poo ?A »
V@ - )16, (0,7, B) Gdpdedn,
+F(a)/0 V(?)/_oo/_oo/o @=H" 6100, p)Gdpdsdn

X

(LO); =001 (x,y,2) +](;

where

dt
y (@)

o(z) oo 00
@%=%@m@+ﬁ / /[mwm%@%ﬂ—
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—(ny @) fo 63(2, 0, ) (&, n,?—a)da} Gdedn+

o(z) %) 00 T
+ / dr / / / 63(8.0, )0 (£, 0, T — ) GdadEdn+
0 V(ﬂ —00J—00J0

o(2) dt o0 00
+/O = /_w/_wes (£.0.7) gy (€. 1) GdEdn+
L2 fm) ad foo /Oo /?(?—ﬂ)“_192(0 0. B) Gdpdédn—
I' () 0 7/(?) —00 J—00J0 o

_ /m) dr /oo /oo [(m (?))’/?(?—ﬁ)‘“@ © ﬂ)dﬁ]Gdéd
T@Jo v®J)oslol T P -

(L9)3 = 903 ()C, Y, Z) -

y @ [°@ dr /oo/w ,
1 0 (E.0.7) —
ex, 0o v® ) _Oo(n)/(a)[z(%“ 7,7)

—/T 03(£,0,)0, (£,1,T —a) dai| Gd&dn—
0

v@) [ dr /oo /oo /?9 (€,0, )05 (£, 1,7 — ) GdeedEdn—
(ﬂ(x,()) 0 J/("L:) —o0J—c0Jo EACER) 2 > 1, n

Yy [°9 dr /00 /oo
B 05 (§,0, ,n) Gdedn—
c@0to vO) o) o 3(5.0,7) gy (§. 1) Gdédn

@ 79 do </°° /00 /?A a1
"T(@)e 0 - 0 (0, n, B) GdBdEdn—
T@Wex,0Jo 7@ \Uootoolo T—5) 2 (0,7, B) GdBdédn

- / / (ny (@)’ /0 @B (o,n,ﬂ>dﬂcdgdn>+
Ay () 9 dr 0o oo )
w0k 7@ (/_oo/_oo(ez(o””ﬁ”(ln”?” 0.0, ) Gdpddn
+<P():’O) /OZ (Any @) x (x,2— 1) — xz (x,2— 1)) 63 (x,0, 7) dT,

where a’l(r) =T, o1 (x,Y,2), 0o (x,y,z) and Oy3 (x, y, z) depends on the given
functions, i.e.,

901 ()C, y’ Z) = / / (Pnn (Ea '7) Gdi:dﬂ,

60 (x, v, 2) = f f (v (0) Agyy &, 1) + 1o (€, ) G+
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@ gr
+
[ (o) Jo y (@)

vy (@) o0 oo
9 (x,0) (FZ (X’Z)_/;w[w(y (0) Ay 6.1 + @ (5, m)Gdédn —

. O dr R a—1
T@ /0 G) /—oo /—oo @ @ (0, 1) Gd&dn) ,

Introducing the notation |0[/% = max <|91|”/2 6215172, |93|”/2) in HM/2 (R2),
we give the following condition:

/ f @* Loy (0,1) Gdgdn,

O3 (x,y,2) =

Lij2 112

S(T) =161 —boly "~ <16ol7, " (12.3.5)

11/2 11/2

|9()3 | . Thus

for any function o from S (T), T < Tp, when (12.3.5) is executed, the following
inequality is true:

1,12 2
where 6y = (6o1, 602, 6p3) and |90|TO = max (|901|TO/ 160217,

l6:15'% < 2169 |”/2 i=1,2,3.

As is known, for ¢ (x,y) € H't? (Rz), the Cauchy problem for the classical heat
conduction equation has a solution. In problem (12.1.3)—(12.1.5), taking into account
the auxiliary problem, the initial conditions must belong to ¢ (x, y) € H'*% (since the
auxiliary problem involves fourth-order derivatives).

If the Cauchy condition ¢ (x, y) € H'+? (R2) holds for the classical heat conduc-
tion equation, then the Cauchy problem for the classical heat diffusion equation has
a solution [39]. Since we are considering the class ¢(x,y) € H 46 the fourth-order
derivatives are also involved in the obtained auxiliary problem. Based on this, we
introduce the following notation:

14+4,(4+4)/2
yo:= max |[(ny )], ¢1:= oI+, xo:= Ix I "2,
z€[0,T]

Contraction Mapping Principle. Any contraction mapping defined in a complete
metric space has a unique fixed point; that is, the equation x = Ax has a unique
solution xg € S.

First, using estimates of thermal volume potentials ([38], pages 318-325), it is
easy to obtain the following inequalities:

1,1 2
I(L6), — 6o I3

/OZV(A)/ / /93<s0a>el<5nr—a>6dadsdn

112
‘ /o y(A)/ / 1O )

112
+
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112
=<

—B)* 1o, (0 GdBded
'm) ym///” p)" 00,0, p) Gapdsan|

< Bo(T) (65 (5,1, 20) 61 (&, m, 2 — 2o))I5> + B1 (T) 161 (0, m, zo)>|”/

< 4p0 (1) (10l5%) + 261 (1) (16012).

(L), — 6l <

<481 (1) G0+ 1) (10l5%) 42682 (1) @ + 1 + 1) (180157).

|(L6)3 — 603 |1 2 <

=2(B1 (M 7gy" @ro+e1+ D+ 005 To o+ D) 60lf > +
112
4 D yigy o+ 1 (10l )

AsT — 0, 5;(T) — 0, (i =0, 1, 2). Therefore if we choose Ty so that the following
inequalities should be satisfied:

480 @) (16015)” + 28 1) (10%) < 1.

41 o) o+ 1) (1157%) 4262 () o+ + 1 (16l57) <1, (1236

1l 2
2(B1 (T gy @ro+ o1+ D+ 005 To o+ 1) lool

1,1/2
4 T ney oo+ D (16015%) <1,

then the operator L for T < Ty has the first property of a contraction mapping opera-
tor, that is, LO € S(T).

Now, consider the second property of the contraction mapping for the operator L.
Leto® = (6", 6", 6{") e 5(1),6@ = (6,656 € 5 (T, then, following
evaluation

112

1,12
‘9(1)9(1) 9(2)9@‘ ‘(92(1)—92(2)>91(1)+92(2)(9(1) 9(2)>‘ <
T

52‘9(])_9(2)‘7: <‘ (1)‘1 JA/2 ll/2> 4|9 |l 1/2‘0(1) 0(2)‘1 JA/2
we have
‘((L@)(” (L9)(2)> ‘1,1/2 /o(z) dt de d
_ — n
tr o v@®J-
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= 1,1/2
/O [93‘”(5, 0,000 . 0.7 — ) — 02 (,0,0)0? (£, 1,7 — oz)] Gda| +
T
¥ /W) / [ / RED o 0,0, ) -6 0.1 x
0 o~! (r) T () o b
11/2
x Gapdgdnl'"” < [880 (T) 6ol +4py (1) | [o — 0|
Similarly, estimating the second and third components of L6 we have:
11/2
(o) —ao®) | <
21T
L2 o) _ g |
< [261(T) @w+ 1+ D+ 86T G0+ Ddols ] o — 0@
0
1.1/2
(wo®—ao®) |7 <
3T
1/2

=[2(B1 Mg Cro+ o+ D+ 3005 Ty o+ 1) | - 9<2)‘

+[88: e oo+ 1 (18l ?) o0 -0

Ty

Therefore |(LOW) — L9(2))|ZT’I/2 <plo® —0®@ |1711/2, where p < 1, if satisfied

(860 (T) 0015 +261 ()] < p < 1,
[261(1) v+ 1+ 1) +882(T) (o + D 6ol *| < p <1,
[2 (;‘31 (MY ney' Cro+e1+ D+ fowg ' To (vo + 1))] + (12.3.7)

+[88: @ mest o+ (100177) | <o <1,

then the operator L is also a contraction on S (7).

From the satisfaction of inequality (12.3.7), it directly follows that (12.3.6) also
holds. Furthermore, since Ty satisfies T < T and condition (12.3.7), the properties
of a contraction mapping operator are fully satisfied. Consequently, by the Banach
fixed-point theorem, Eq. (12.3.4) has a unique solution. Using the method of succes-
sive approximations for the system of Eqs. (12.3.1)—(12.3.3), we determine a unique
solution within the function space H!™2(+2/2(R2).

Thus the existence and uniqueness of a solution to the system of integral
Eqgs. (12.3.1)—(12.3.3) imply the existence and uniqueness of the solution to the
equivalent problems (12.1.3)—(12.1.5). O
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