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Abstract. In the present note, we study the focusing NLS equation in dimension two with a point interaction in the
supercritical regime, showing two results. After obtaining the (nonstandard) virial formula, we exhibit a set of initial data
that shows blow-up. Moreover, we show that the standing waves e*“ty,, corresponding to ground states ¢, of the action
functional are strongly unstable, at least for sufficiently high w.
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1. Introduction

In the present paper, we study the blow-up of solutions of a focusing nonlinear Schréodinger equation
(NLS) with a power nonlinearity in two dimensions and in the L? supercritical regime, perturbed by a
point defect. The point defect is represented as a point interaction, sometimes improperly called delta
potential. Namely, we consider the model

{z‘z/}(t) = Hatp(t) — [P~y
¥(0) = 1o

where H,, is defined as a self-adjoint extension of the symmetric operator —A starting from the domain
C*(R?\ {0}), and « is a parameter classifying the self-adjoint extension. A typical feature of the point

(1.1)

interactions H,, is that its operator domain D, or its energy domain Da% (see Sect. 2.1 for details) are
larger than the corresponding domains for the Laplacian, respectively, the Sobolev spaces H? and H'.
This is the reason why they have to be considered as singular perturbations of the Laplacian operator
(see Sect. 2.1 for details or the treatise [4]). The operator H,, that can be defined only in dimension
n < 3, describes a zero range interaction, meaning that the interaction is concentrated at a point. In
Quantum Mechanics, this fact is exploited to describe situations in which the details of the interactions
are irrelevant, and the effective behavior of the system is well described by the Hamiltonian H,,, where a
single physical parameter characterizes the behavior of the system. This occurs, for example, in a system
of non-relativistic particles at low temperature, where the thermal wavelength is much larger than the
range of the two body interactions so that the only effective parameter is the scattering length, directly
related to a (see [4] for extensive treatment and bibliography). In the case of Nonlinear Schrédinger
equation 1.1 in which a nonlinear continuous medium is considered, for example, a Kerr medium in fiber
optics or also a Bose-Einstein condensate, both described in suitable approximation by the NLS equation,
the singular perturbation of the Laplacian given by H,, is typically interpreted as the presence in the
medium of a defect perturbing the wave propagation. This model has been studied extensively in one
dimension, where a wealth of results have been obtained as regards well posedness, blow-up, existence
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of standing waves, and their orbital and asymptotic stability, with several variations on the theme (see
[8,12-16,19] and references therein for a sample of the literature).

The model in dimensions two and three has been tackled only recently. The well posedness of the two-
dimensional model has been given first in the strong setting, i.e., for solutions in the operator domain D,,
in [6] (where also the three-dimensional case is treated). Then, the problem as been settled in the energy

space, i.e. for solutions in Da% in [9] (see Sect. 2.2.1 below for the state-of-the-art of well-posedness results).
The critical nonlinearity power in dimension two, namely the power nonlinearity above which global well
posedness is not anymore granted, as in the unperturbed model, is p = 3 (notice in this respect the rather
different behavior of the model studied in [3]). In this paper, we want to give information about the blow-
up of solutions for p > 3. We will firstly show that for definite and large classes of initial data 1y, one has
a finite existence time T (¢g). Then, we will show strong instability behavior around ground states of the
action, i.e. existence of blowing-up states in any neighborhood of such ground states. The starting point
is the formula for the second derivative of the variance, or virial identity, obtained in Sect. 3 (see Lemma
3.2). Such a formula contains an anomalous term with respect to the standard unperturbed model, which
is positive definite and not conserved by the evolution, and that prevents a simple identification of an
invariant set of initial data that blow-up. To overcome the issue, we adopt a strategy originally developed
in the classical paper [5] for the unperturbed model (see for more details Sect. 8.2 in [7]). However, one
has to suitably modify the analysis, exploiting the variational properties of the action functional S, on
the Nehari manifold (see Sect. 2.2.2 for definitions and further details). Existence and properties of the
ground state ,, of the action have been studied in [2] and [9]. In particular, ¢, exists for any « and for
any w > —F, where —F, is the always existing eigenvalue of H,. Our first main result gives a class of
initial data (containing an open set in the phase space) that undergoes blow-up. In the statement below,
E is the total energy (2.4), @ is the functional defined in (3.4)) and X, is the subset of finite energy

1
states D3 with ||x1| < oo (see formula (2.8)).

Theorem 1.1. Let p > 3 and g € X,. Suppose that S(1o) < Su(dw) » E(o) = 0, and Q(¢g) < 0 .
Then, T*(1g) < 00 .

We notice that analogous results with a similar strategy have already been obtained in different models,
including the already mentioned one-dimensional delta interaction (see in particular [10,18]); in this case,
however, the delta term is a form perturbation of the Laplacian, and in this sense, it can be considered
a standard potential, allowing for an easier treatment in comparison to the present model. Notice also
that the virial identity (see (3.3)) needs a somewhat different treatment than the standard formula; in
particular, we analyze the transformation properties of the mass preserving map 77 given by dilatations
(see Proposition 3.6). The second result concerns the strong instability of the standing waves, i.e. the
fact that in the vicinity of any standing waves, there are solutions that blow-up (see Definition 2.3). This
fact, again following the ideas contained in [5] and in the cited papers related to more standard potential
perturbation of the Laplacian, is contained in the second main result.

Theorem 1.2. Let p > 3, w > |E,| and ¢, a ground state of the action S, with E(p,) > 0 . Then, the
standing wave ety is strongly unstable.

It is well known that in the unperturbed NLS equation, the ground states with p > 3 have positive
energy, while in the present case one expects positive energy only for sufficiently big w in analogy with
the known case of the presence of external potentials (See Remark 3.10).

In the last section, we consider a different condition for the strong instability of standing waves,
replacing the positivity of the total energy with the more general condition ddesz (T7¢u)|o=1 < 0. Tt is
known that this requirement is sufficient to guarantee strong instability in the case of NLS with a delta
potential in one dimension and with the generalized Coulomb potential with arbitrary dimension (see
[10,18]). We show first that an invariant set of blowing-up initial data exist (see Theorem 4.3), and then
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that the Action ground states with %Sw(T"gowHU:l < 0 belong to the norm closure of this set and so
they are strongly unstable (see Theorem 4.4).

We end the introduction noticing that the above results and their proofs actually do not depend on
the o parameter. For this reason and to ease formulae and reading, we will omit the subscript « from
Sects. 3 and 4 in which proof of the main results are given.

2. Preliminaries
2.1. Point interaction in 2d

In the following, we shall denote with boldface, points in R?. Norms in L? will be denoted by || - ||,; we
omit the subscript when p = 2. Let us recall, see for example, chapter 11.4 of [4], that for n = 2 the
operator H, has the domain:

D(Ha) = {¢ € L*(R™)| ¢ = ¢* + qG*, ¢* € HA(R?), ¢ = (T2) "' ¢*(0)}

with G* fundamental solution of the Laplacian and I')) a certain fixed constant. Explicitly (indicating
from now on by the symbol .# the Fourier transform)

N TS ) NS S N
Gri= (A+ NN = - F ETR| S 27rKO(IA\XD (2.1)
r ::a+i7+iln(ﬁ/2) a € RU{+oc}.
27 27

Here, Ky is the MacDonald function of order zero and ~y is the Euler-Mascheroni constant. The constant
« is real (nontrivial interaction) or +o0o (¢ = 0, corresponding to the standard Laplacian). It enters in the
relation ¢*(0) = T') ¢, playing the role of a boundary condition at the singularity, and more concretely,
it is related to the s-wave scattering length ag through the relation ag = (—27a)~!. The number A\ can
be any number in RT \ {—F,}, where E, is the negative eigenvalue of H,,, always existing when o € R
(see later). The action of the operator is given by

(Hoa + MY = (A + X" (= Hoth = —A¢™ = MGY) Vo € D(H,)

It is easily seen and well known that while the decomposition in regular part ¢* and singular part gG*
of any element v € D(H,) depends on the choice of A, the definition of H, does not. We often use the
short notation D, := D(H,,) . One has 0.(Ha) = 04c(Ha) = [0,00); Hq has a simple negative eigenvalue
{E,} for any a € R and 1), is the corresponding eigenvector. Explicitly

L Yalx) = o Kp(2e 2Tty

Ea — 74672(27ra+'y) _ =
' 27

Let us also introduce the quadratic form F, on L*(R") with domain and action
D(Fo) ={¢ € L*(R?*) | Jg € C, ¢* € H'(R?) : v = ¢" +qG*}
Fa(w) = F (@) + Tolal* and FA() = [V** + A6 — [14]%)

It does not depend on A, and it is symmetric, closed and bounded from below. The map ¢ — F,(¢) +
Allv]|? is positive for every A > —E, and it coincides with (1, (Ha + A\)tb) Voo € D(H,). This allows to
interpret the form domain D(F,) as the domain of the square root of the positive self-adjoint operator
Ha + A, so that we make use of the notation

D(F.) = D((Ha+ N)?) = D2, A>-E,.
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Notice that algebraically and topologically, one has D(F,) =2 H'(R?) ® C and the form domain is in a
natural way a Hilbert space. By functional calculus, we can introduce the scale of Hilbert spaces

Df, = D((Ha + A)*), seR, A>-E,.

D, is equipped with the norm |[¢||ps = ||(Ha + A)*9[[, equivalent to the graph norm of the operator
(Ho + A)?. In particular, the spaces D2 and D, ° are in duality and

DS < L*(R?) — D *

is a Hilbert triplet. We denote the duality product by (-,-)_s s . In the following, we will only consider

the case s = 3 and we stress that HwHD% = ||p|| g1 + |g|. Finally, we recall that the fundamental solution

G, is positive, radial, strictly decreasing, and moreover it has the following asymptotic behavior (see [1],
formulae 9.6.12 and 9.6.13 for the first asymptotic and 9.7.2 for the second)

1 VA v #eﬂ&m

In(=-[x[) = = +o(1) x—0, G ~

Gy = x—o00. (22)

2T

2.2. The NLS equation with a point interaction

2.2.1. Well posedness. We are interested in solutions of the Cauchy problem for the NLS equation
{ i0p(t) = Hato(t) + f(4)(t)

1 2.3
¥(0) =0 € Dy or Dg 23

where f(1) = g||P~ 1y, and g = £1.

The following theorem collects the known results about well posedness in the energy domain (mild
solution) and operator domain (strong solution) for the equation (2.3) (see [6] where a detailed analysis
of the well posedness of strong solutions is given, also for the three-dimensional case, and [9] where
treatment of the solutions in the energy domain is given).

Theorem 2.1. (Well-Posedness in Dé and D,,) Assumep > 1 and g € Da%. Then, the following properties
hold true. ) )
(1) There exists T > 0 and a unique weak solution of (2.3) in C([0,T];D2) N CH([0,T]; Dy ?).
(2) The following blow-up alternative holds. Let the mazximal existence time be defined as
T* = sup {w € C’([O,T],Dé)) N C’l([O,T],D;%) solves mildly (2.3)} ;
T>0
then
lim
t—T*
(3) L?- mass is conserved along the evolution: ||v(t)||? = ||1ol|? Vt € [0,T*) .
(4) Energy is conserved along the evolution: E(¢(t)) = E(vg) Vt € [0,T*)
where

bl y <0 = T =,

1 1
B() = 5 Fa)+ WIS Ve e D2 (2.4)

(5) Let 1o € Dy. Then, there exists T > 0 and a unique strong solution ¥ of (2.3) in C([0,T];Dy) N
C'([0,7]; L*(R?)).
(6) Let g € Dy, and the mazimal existence time be defined as

T* = sup {v € C([0,T],D(Ha)) N C*([0,T],L?) solves strongly (2.3)};
>0
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Y(t)|p, <o = T* = .

then  lim, 7.
(1) T* =T* .
) T*=40ifg=+landp>1orifg=—1landl <p<3.

In the following, we will denote as T™* (1)) the maximal existence time of the solution of (2.3). When
T* (o) < 400 we say that the solution 1 (t) corresponding to the initial datum g blows-up in a finite
time (in the future; analogous definition holds for blow-up in the past). We will omit the dependence of
T* on ¥y when it is clear from the contest.

2.2.2. Standing waves. Recall that a standing wave of (2.3) is a solution of the form (t) = e™*p . The
profile ¢ is a solution of the stationary equation

Hap +we+ f(p) =0 (2.5)
equivalent to S/, (¢) = 0, where the action functional S, is defined as
w 1
Su(p) = E(p) + 5llell* Ve eDs . (2.6)
The set of ground states of the action S, is defined as
1 1
G= {gow € DE s.t. Su(pw) < Su(p) Ve € D2 satisfying S/ (¢) = O} (2.7)

Recently in [9] and [2] existence and properties of ground states of the action S,, for the case of attractive
nonlinearity (i.e.g = —1) in (2.3) have been proved by variational methods. In particular, a ground state
exists for every w > —F, and if ¢, € G is a ground state, then it coincides with the infimum of the
action constrained on the Nehari manifold:

1
d(w) = inf {S.(¢) 5.6 9 € DA, 9 #0, No(p) =0} = Su(p.)
where N, is the Nehari functional
No(p) = Fale) +wllel® — llelipis -
The following fact is an immediate consequence of the results in [9] and [2] and it will be useful later (see
also the analogous Lemma in [10]).

1
Proposition 2.2. Let ¢, € G a ground state of the action S,, and ¢ € D& s.t. ||¢||§E = H%JHZE . Then

(a) NW(¢) =0
(b) Sw(w) = SW(SOw)'

Proof. From Lemma 3.3 in [9] and d(w) = inf{%ﬂwﬁﬁ, ¢ €N} = p+1> ||%||§1} = 5, () prop-
p+l _

erty a) follows. Taking into account a) one has S, (¢,,) = 2(p+1) [ 2(p+1) H‘PwHZE + 3 Nu(pw) <
s IIpET + 3NL (W) = Su(¥) - D
Finally, we recall the definition of strong instability of a standing wave.
Definition 2.3. The standing wave 1(t) = ey, is said to be strongly unstable if for every ¢ > 0 there
exist g € Da% such that |1y — %J”Dé < e with T*(1g) < +o0 .

As a last preliminary definition, we adapt a classic tool needed in the treatment of the virial functional
to the point interaction framework. We put

Sa = [ € DI (R?) | xp € L2(R?)}. (2.8)
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3. Blow-up and strong instability.

In the following, the value and sign of o will be irrelevant, so we will omit the corresponding subscript
1
in the symbol Hy, Fo, Do , D& and X, with the sole exception of Remark 3.5.

3.1. Virial identity

Lemma 3.1. Let ¢y € ¥ and ¢ € C([0,T*); D= (R?)) the corresponding weak mazimal solution of (2.3).
Then, ¢ € C([0,T*);X). Moreover, for any fired ) € D2 (R?), the variance

1(t) = / X (%) dx
RQ

defines a C1([0,T*);R) function and

%I(t) :4Im/ Y(t,x)x - Varh(t,x) dx. (3.1)
R2

Proof. We firstly show that t — xt(t,x) € CO([0,T*); L%(R2)). Let x. € S(R?) , ye(z) = e~ and
define a regularized variance

I.(t) == /|xxgw(t,x)|2 dx.
R2

Let 1y € ¥ and ¢ € C([0,T%),Dz) N C([0,T%); D2 (R?)) the weak solution of the (2.3). One has
xxe € C([0,T*),D2) and for any ¢ € [0,T*) we have

11
272

d
7 /|XXE1/}(t,X)|2 dx = 2Re<\x|2xgd),8ﬂ/}>
]RQ

= 2Re (|x|2x%, —iHa ) — ig|y|P~ ) _
= 2Im (H(x*x20), %)y 3
= 2Im (A (x*X2¢),9) 1.1

— omm / WV - V(XPX2Y) da
]R2

11
272

= —92Tm /qpv- [X§(|X|QVE+ 2x1) — 2sx|x|2@)] dx .
RQ

2

2 (R?) and after suppressing a real term in the

Now we can integrate by parts noticing that xVi € L
integrand we obtain

d _
pn /|xx€z/J(t,x)|2 dx =4Im /Xg(l — 5|x|2)1/J x - Vi dx
R2
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and integrating in time
t
I.(t) :IE(O)—|—4Im//X§(1—5|x\2)ax-vw dx ds (3.2)
0

Notice now that x- Vi = x-V¢* +gx- VG and taking into account that ||[V¢*|| < c||w||D%7 x-qVGH| <
C”?/}HD% one gets

14() < 1.00) + clm) [ o)y ds+ e [ 0]y 72 () ds
0 0

where ¢(m) is a constant depending on the mass. From Gronwall inequality it follows that there exists a
constant ¢ independent on € such that

I(t)<e tel0,T]
From Fatou’s lemma one finally concludes that
I(t) = /liminf x| [(t, x)|? dx < lim inf/xg\x|2|w(t,x)|2 dx <c te€][0,T7]
€ >4

which gives I(t) € L> Vt € [0,77] , the map ¢ + ||| - [u(t, -)|| is bounded on any (0,7") with 7' < T and
consequently weakly continuous as a map (0,7*) — L?(R?). From (3.2), the fact that ¢x - Vi € C,L}
and the dominated convergence theorem, we also obtain

t
I(t):1(0)+41m//ax.wdxds vt € [0,T7]
0

which gives at once that the 1 € C°([0,7*);3) and validity of (3.1). O
The crucial information is contained in the following lemma

Lemma 3.2. (Virial identity) Let 1y € ¥ and ¢ € C([0,T*);D?) the corresponding mazimal weak solu-
tion of (2.3). Then, the function

to 1) = [ IxP [0(t,) dx
R2

is in C%([0,T%);R) and the following identity holds

d—QI(t) — 16E() + 8¢ 23

2
1
@I+ ol

dt? p+1
—1 2
= s7(0) + 8 Lol + 2laP = s00) (3.
where
—1 1
Q)= 70+ L O + -l (3.4

Proof. Let us show the result first assuming that 9 € ¥ N D and considering the corresponding strong
solution ¢ € C([0,7%);D) N C1([0,T*); L?(R?)). We need to derive in time the r.h.s. of (3.1). We
regularize it writing

he(t) :=Im /e‘slx‘2 P x -V dx . (3.5)
RQ
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Admitting that ¢ € C1([0,7%), D?) one can safely derive in time (3.5), obtaining

hs(t) :=Im /675"“2 @ x -V dx +1Im /effl"‘2 ¥ x -V dx .
R2 R2

Both addenda are well defined, and more precisely the map ¢ — e~<** x . V¢ is in C([0,T%), L*(R?))
because

le=" x- Vol = e x - Vo + e g(t)x - VG| < e (IV8]| + [a(t)]) < [[¢ll3

Now, integrating by part the second addendum, one has

he(t) ;= Im {}J eI’ (@ x - Vi) — ) x- V@) dx — 2/€_E|x‘2 (@ P — 5|x|2@1/.)) dx (3.6)
2 R2
and the r.h.s. is well defined and continuous in time only assuming ¢ € C1([0,T*),D2). By density of
CL([0,7%),Dz2) in C([0,T*),Dz) N CY([0,T*), L?) (which is proven as in the case of standard Sobolev
case), formula (3.6) still holds in these hypotheses. Now we perform a second regularization considering
€ CU[0,T*), D) N CL([0,T*), L?), so that we can apply the equation in strong form. From (3.6), by
using Im z = —Im Z and then the equation in (2.3), one obtains

he(t) = 2Im /e*E\X@(x.w+¢) dx +2Im 5/e*6lx\2\x|2w dx
R2 R2

=2Im /e_E‘X‘Z)i ('Hw + f(¢)) (x-Vip+1)dx + 2 Im(—1i) / e~ x |20 (M + f(1)) dx
RZ

R2

— 9Re /e—dx\? (4711# T f(¢)) ¥ dx — 2¢ Re /e*E""2|x|% (HY + f()) dx +

R2 R2
2Re /efalxlzm(x-vw) dx + 2Re /e,aw () (x- V) dx =T+ 11+ 111 +1V
R2 R2

Thanks to the dominated convergence theorem, the term I converges to

2 ({40, ) + gl 1) =tBW) ~ 4 [ Fw) dx+20+1) [ P0) dx

R2 R2
—AB() +2(p— 1) / F(p) dx (3.7)
]RZ
where we have denoted
__9 +1
Fw) = 5t

The term I is vanishing and now let us consider I11 and I'V. To treat IV, we make use of the identity
2Re e <X () x-Vy = V- (2xe_€‘x‘2F(w)) + 4E|X|26_E‘x‘2F(1p) — 46_E|x|2F(’(/J>
and it follows by the divergence theorem and dominated convergence that

2Re /e—sl"‘QWx-wp dx = / (4g|x\2e—€|X‘2F(¢) —4e—€‘x|2F(¢)) dx —> —4/F(¢) dx (3.8)

R2 R2 R2
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For 111, we preliminarily decompose the domain element in regular and singular part, obtaining

2Re /675"“2@ x-Vy dx =
R2
2 Re /efﬁ\x\g (—Ad)A x-V¢r — X GG x - Vo — gAp x - VG — Ng|* G x - VGA) dx =

R2
111, + 11T, + 111+ 111,

Now we treat the various addenda separately. Integrating by parts I11,, one has
111, =2Re /(—AQSA) ey Vot dx = 2Re /V(bA . V(efslx‘zx Vo) dx =
R2 R2
2Re /qu’\ V(x-VeM)e o dx — 4eRe /e-f‘xl2|x-v¢*|2 dx
R2 R2

The second term vanishes by dominated convergence and the first term vanishes as well exploiting the
following identity, which holds true in the two-dimensional case,

2Re eV . V(x- Vo) = 2|x|2e " |V 2 + V - (xe=* |V ¢*2)

and then integrating and applying the divergence theorem and dominated convergence again.
To proceed, let us note preliminarily the following identities easily obtained by Fourier transform
(where formula (2.1) is used and it is essential the dimension 2 in the first):

1 k 1 2\

2 . A — — — ¢ _—

T VE) ==V k) 2n (KE+ V)2 (3.9)
1 1 1 2|k|?

F(V-xG*) =— —k-V [kl (3.10)

21 K2+ A 27 (K2 + M2

In particular, one sees that x - VG* € H?(R?) and xG* € H*(R?), and we can integrate by parts in

I, + I, =2 Re / e—elxl® (—A TGP x - Vo — qAdx - VGA) dx

Rz

=2Re / (/\GAW))‘X . Veel=l® _ qa)\x . VG)‘(Aefs‘xF) - 2q$/\V(x VG - V676|x‘2> dx
R2

+ 2Re /e*EIX\Q(A@zﬁv (xG) — ¢ A(x - VG)) dx
RZ

The last integral identically vanishes and from anyone of the terms in the first integral can be extracted
a factor ¢; one concludes that I11, + I11. — 0 by dominated convergence.

It remains to consider the limit for ¢ — 0 of I11;, which can be computed explicitly thanks to the
Plancherel theorem and identities (2.1) and (3.9):

I1I; =2Re /e*EIX‘Z (=Agl?G*x - VG*) dx — —2)\[g|* Re /G’\X-VG’\dx
R2

R2
(oo}

_2)\2\q|2

r 1 5
= — . 11
T /(7”2+)\)3 dr 27r|q| (3.11)
0
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Finally, collecting (3.7),(3.8), (3.11) and taking into account that the other terms involved vanish, we
obtain

F) =l () = 16B(w) + (3p — 20) [ F(0) dx+ ol
RQ

:16E(1/))+8g—/lwlp“ dx + = |q|2

(p— ) 2
=8F(¢)) +8 + =
(0)+ 8g L (ol + 2l
Having proved the identity (3.3) for strong solutions, the same identity follows for weak solutions exploit-
ing continuous dependence and density, and this ends the proof of the Lemma. O
3.2. Mass preserving scaling and its properties
From now on, we will only consider the attractive nonlinearity, i.e. the case g = —1.

Definition 3.3. Let us introduce the mass preserving scaling map T° : L?(R?) — L?(R?),c e Ro > 0
T7(¢) = 97 (x) = otp(0x) vy € L*(R?)

Remark 3.4. By using G*(0x) = 5= Ko(VAo|z|) = 5= Ko(VAo2|z|) = e (x) := G*"(x) one obtains
$7(x) = 09(0%) + geGN0X) = 06(0%) + 4G (x) = 67 (x) + 4GV (x)
and the map ¥ — ° leaves invariant D2 (with the same «). It also follows that ¢ = oq .

Remark 3.5. One has G} —G**° € H3~¢ Ve > 0 and exploiting the first asymptotic relation in (2.2), one
obtains (G*° — G*)(0) = —5=logo. From this one concludes that 7 does not preserve D, . Instead,
T°:D, — Dafzilogg. In fact, from ¢ = ¢* + ¢ G*, ¢*(0) = I'q, it follows
V7 (x) = 09 (0x) + 0 GMNox) = 0¢™ (o%) + Jq(G)‘U — GM)(0x) + 0qgG M (x)
= (¢")7(x) +¢°G*(x)
and (6))7(0) = 06*(0) — 7= log o = oq(T — & logr) = g

_ 1 . )
a—5-logo

hence 7 € D

afﬁlogo' .
Proposition 3.6. Let ¢ € D=. Then
2
F@°) = o2 F(2p) + |q| 5 2logo

1 p— 1
7 llpts = o~ lwlipta

d 1
—F (W) |g=1 = 2F () + —|q|?
do 2w

*ll%/f’llﬁﬁla:l = (p— DI
d

B ot = 3-8t = QW)

Proof. From 97 = o¢(ox) + UqG’\" and the identity o’ =T+ % log o one obtains immediately

F°) = 02|V + o227 |q|2 + Ao2(||o]|2 — [|[4]12) = o2F(¢) + %02 logo . The other identities are
obtained by direct computation without difficulty. O
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For fixed ¢, € G let us define the functions o — S, (¢Z) and o — Q. (¢%) given by

o o? w 2 o’ 2 1 p—1 p+1

Su(@l) = 7}-(4%) + §H<PwH + Eloga\%ﬂ BTSN lpwllpt1 (3.12)
- 0'2 p— _ 41 0'2

Q2 = ) + T ozl — Egor el + Lolauf? (313)

It is immediate that the functions o — S, (¢7) and o — Q(¢7) belong to € C*°(R™).
Let us now denote, again for fixed ¢, € G,

p—1

A=Flpu)+ grlals B=g-lal €= Elelptt (3.14)
Then, we have
Proposition 3.7. Let ¢, € G. Then, the following identities hold:
%Sw(gag) =Ao + Bologo — CoP™? (3.15)
d%sw(gag) =(A+ B) + Blogo — C(p — 2)o? 3 (3.16)
LSt =2 - co-2p- 307 3.17
%Sw(goiﬂgzl =0 or equivalently A=C (3.18)
Qlpw) =0 (3.19)
Qe7) =0 5.(03) (3.20)
L Qen) = s (e + ot (321)

Proof. The proof of (3.15), (3.16), (3.17)) is obtained by direct computation of the derivatives taking
into account (3.12) and (3.14). Property (3.18) is obtained just exploiting ¢, € G i.e. S, (py,) = 0 .
Property (3.19) is a reformulation of (3.18). Properties (3.20) and (3.21) are based on the previously
proven identities. For (3.20),

dS oy _ Qf 021 2 02 2 p_]' p—1 p+1 _ o
U% w(pl) = 0" Flow) + o 0golqe,|” + E|Q<pw| - mg ||<Ppr+1 =Q(¢7) -
Identity (3.21) is obtained by deriving (3.20). O

Remark 3.8. In the previous proposition, properties (3.15), (3.16), (3.17), (3.20), (3.21) do not depend
on ¢, being a stationary state and they hold for every ¢ € D3 .

3.3. Blow-up and strong instability

The next result is crucial for the analysis.

Lemma 3.9. Letp >3, o € D2 |, 0 #0, E(p) >0, Q(¢) <0 and ¢, € G; then

Su(pw) < Sulp) — 5Q(¢) -

1
2
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1
+1\ p=—1
o <|¢w|§+l>P 1
0=\ T prl .
el

Then, [|¢7°|/p+1 = ||¢wllp+1, and thanks to Lemma 2.2, it follows S, (¢.) < Su(¢?°) . Now consider the
real function

Proof. Let

02

2 2
o o L w 9 O 1 9 o 3 p—1 p+1
9(0) 1= 5u(6°) = G Q) = el + - llogo = Dlagl? = T (0770 = L) elzt]

Suppose that g(og) < g(1); then, from the variational characterization 2.2 of ¢,, and Q(p) < 0 it follows

Su(p0) < S(67) < 5u(™) — 2Q(9) < 5ule) ~ 5Q(%)

which is the thesis. So it is enough to show that g(og) < g(1) . Actually, we will show that o =1 is the
unique point of absolute maximum of g. One has

g (o) = Bologo — Aa(a?™® — 1) .

It is immediate that o = 1 is a root. An elementary analysis shows that a second root o* exists in (0, 1].
It is an easy check that in o = 1, there is a maximum, and in ¢* € (0,1), there is a minimum, whatever
are A and B. Moreover, being Q(¢) < 0 and E(p) > 0, one has that

9(1) = S(p) = 3Q%) > 5u(9) > 2ol = 9(07)

Finally, thanks to p > 3, one has lim,_, 1~ g(0) = —c0 and this ends the proof. O

Proof of Theorem 1.1. Let us set

U = {0 € DR st Su() < Sl Blg) >0, Q) <0}

We firstly show that the set U, is invariant for the flow of (2.3). Let ¢ € U, and 9 (t) be the corresponding
weak solution of (2.3). Thanks to the conservation law of mass and energy, one has that S, (¥ (t)) <
S.(pw) and E(1(t)) = 0 Vt € (0,7%). It remains to show that Q(¢(t)) < 0 . Suppose, by absurd, that
there exist a time ¢ € (0, 7*) such that Q(v(¥)) = 0. Being necessarily ¢ (¢) # 0, applying Lemma 3.9 one
obtains

Sulpw) < Sul(®) — QD) = S.((0)

against the hypotheses. So Q(v¥(t)) < 0 Vt € (0,7*) . Now let ¢y € U, N %, it follows from Lemma 3.1
and the invariance of U,, that the solution ¥ (t) € U,NX Vvt € (0,7*) . From Lemma 3.2 and in particular
3.3, exploiting conservation laws of mass and energy, it follows that

L 100 = QD) < 25, (0(0) = Sule) = 2Su (o) — Sul)) <0 V€ (0.7 (1)
and this implies T*(¢y) < +00 by the classical elementary concavity estimate. O
Proof of Theorem 1.2. By elliptic regularity, it follows that ¢, € ¥ . Now consider ¢%(x) = o¢,(0x) €
¥ . Notice that from formula (3.14) and formula (3.18)

1 B 1 i

E S(A-2) - —
(pw) >0 = | 2) p710>0<:> 5

p—3 1
lqu]? < Qmﬂww”iil
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As already known, o = 1 is a stationary point of o — S, (¢7), Moreover, %Sw(npgﬂgﬂ ={(A+B)+
Blogo — A(p — 2)0"*}|y=1 = A(3 —p) + B so that

d? 1 (p—1)(p—3) 1
— S, (¢%)]pe1 <0 < B —NA = —|g|P < —2 g |IPt
do? (p)]o=1 < <(p—3) 27T|q I© < 1 lpwllpit

This means that p > 3 and E(p,,) > 0 imply that o = 1 is a local maximum for o — S, (¢?) and actually
the absolute maximum, thanks to S(p,) > w|pu||? = S(¥2)|o+. Consequently S, (¢2) < S, (pw) Yo > 1.
Finally, from formula (3.20) and ¢ > 1 one has

d
Qpg) = U%Sw(wi) <0.

To summarize, ¢ € U, NX Vo > 1. Being ||¢2 — <pwHD1 — 0 as 0 — 1 the proof is complete. O

2
Remark 3.10. The condition E(p,,) > 0 is expected to be true for w > w* great enough. That this should
be true can be understood by means of the scaling ¢, (x) — 4, (x) =w™ -1 <pw( —) . One has

Hasﬁw + G — [l Mol =0 (3.22)

with the modified parameter & = a+ ;- 1ogw Formally, & — 400 as w — oo and the operator Hg — —A
so that (3.22) reduces to the standard NLS for which it is well known that the ground state has positive
energy if p > 3 (see for example Corollary 8.1.3 in [7]). The previous formal argument works rigorously
for fairly general Schrédinger operators —A + V' (see [11]).

4. Strong instability with %Sw (¢7)|o=1 < 0.

It appears from the proof of the previous result that the condition E(g,) > 0 is, in general, stronger
than the condition dcr2 Sw(97)]s=1 < 0. So is a natural generalization of the result given in the previous

section consists in assuming %Sw(gpgﬂg:l < 0 as the condition selecting the frequencies of the ground
waves the instability of which we want to prove. This more general condition has been advocated by M.
Ohta in several papers with various collaborators ( [11,13], see also [18]).

Definition 4.1. Let ¢, € G and set

Vo = {4 € DER?) st. Su() < Sulwn), Q) < 0, lell < llewll I9llper > Ipullpra } -

Lemma 4.2. Let p > 3, ¢, € G with w s.t. deS (¢u) <0, and let ¢ € Dz such that ¢ # 0, Q(p) <0,
lell < llewlls llellp+r > l@wllprr ; then

Sulpe) < Sule) — 5QU)

1\ 527
A
gg — W .
llllpr

p-1
Then, oo € (0,1], |7 |lp+1 = [|[¢wllp+1 = 0" |¢llp+1. Now consider the real function

o? w o2 1 o? p—1
= S,(%) — — = Zoll2+ =— (1 _z 2 _ p—3 _ p+1
g(o) (¢7) = 5 Qp) = Fllell” + (oga 2) 19| P <U 5 ) lellpia

Proof. Let
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Suppose that g(og) < g(1) ; then, thanks to lemma 2.2, it follows S, (¢, ) < S, (¢7°) and being Q(¢) < 0
one has

Sul) < 5u(67) < Su(6™) — 2Q(0) < Sule) — 5Q ()

which is the thesis. So it is enough to show that g(og) <
2 2
7 2 0 p—3 Pp—1 P+ 2, P— p+1
20 _ = < —— I
2 (togon ~ 5 ) 0o = =20 (6 = 250 ) Iolpth < ool + 5 s el

2 2
oylogay  0f 1 9 1 1 =1 5, p-—3 i
e <— _
( 47 87r+87r) 2| Sp+1 70 9 o5+ 9 HWH;:-H

4m 20371 — ( _ 1)03 + (p - 3) H Hp+1
p+1  203logog —of + 1 prLe

The idea is to find an estimate of the type |g,|* < (ao)||<p||£ﬂ by making use of the hypotheses on ¢,

and then verify that

og
2
g(1) . This inequality is equlvalent to

or also

|‘Isa|2 <

dr 208" — (p—1)o2 + (p — 3)

h < v 0,1
(90) p+1 202logog —of +1 o€ (0.1)
that would prove g(op) < g(1) .
Notice that from (3.16) and (3.18),

d? Y 3 (p—1(p—2)

5Dl <0 = Flo) + ol < PR ot

1 (r=3)p-1)
= grlap < LB Dy o (41)

The following Pohozaev identity is obtained applying the computations done in Lemma 3.2 to the sta-
tionary equation (2.5), or equivalently combining the constraints N, (p,,) = 0 and Q(¢,) = 0:

lol2 = 1l 2y et
@l g p+1 Pwllp+1

and making use of inequality (4.1) one gets
12 = ‘qw‘ || ||p+1 ( 2 1(19—3)(])— 1)) I Hp—i—l 4p—|—7|| ||p+1

w||w o Pl S pr1 2 p+1 p+1 = ﬁ p+1
Now, from [[¢o]| < H%H, o5 M éllpr1 = llwllp+1 one obtains
—4p+T7 -
2L i e el NS 4.2
wllel < E 2t op el (12)
The condition N(¢7°) > 0 which holds thanks to proposition 2.2 is equivalent to
1 1
T3 F () + 5ot logoolag* + wlel® — of " ellf Ty >
and exploiting Q(¢) < 0 one arrives to
1 1
——05 logaolg,|* < ‘70 ||<p||p+1 |Q<p|2 +wlp® = obHlelpty

27
that combined with (4.2) yields

1 9 op—1 p?—dp+7T 1 1
—o5(1 —2logao < | o + ob T — ellp pr
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or also
i (20- 0+ 07—+ 7ot —2p+ 1))
p+1 2(1 —2logoy)
so that the inequality that has to be checked is
2(p— 1)+ (* —4p+ T)op ° —2(p+ Dog* _ 205" — (p—Nog + (p—3)
2(1 — 2log og) b 20¢logog — o3 + 1

+1
lellp™

|qga|2 <

The previous inequality is equivalent to f(og) > 0 where
flo) = (p—3)? (prl — 2077 1log o) —4(p—3)logo — 4 — (p? — 6p + 5)oP ™3

Notice that f(07) = 400, f(1) = 0, so that to prove the inequality it is sufficient to prove that f is
decreasing. That this is indeed the case is a lengthy but elementary check based on the analysis of the
derivatives of the function f up to the third one. We omit the details. 0

Theorem 4.3. Let g = —1, p >3 and Yo € XNV, . Then, T* (1) < 400 .

Proof. Tt is already known that 1 (t) € ¥ and by the conservation laws that S, (1(t)) < Su(pw) and
[l(t)]] < ||¢w|l- Thanks to Proposition 2.2 and S, (1(t)) < S, (pw) necessarily [|4(t)|lp+1 # || Qwllp+1 VE €

(0,7 (o)) ; being [[Yollps1 > [@ullpsss by contimuity [6(@llpr > llgullps1 Ve € (0,7 (o)) - Finally,
Q(¥(t)) < 0 is a consequence of Lemma 4.2. Now, from 4.2 and the virial identity 3.3, one gets

1 d? .
s v = Q(1) <2(Su(¥(t)) = Sulvw)) = 2(Su(vo) = Sulww)) <0 VE € (0,17) .
This gives the thesis by the classical concavity argument. 0

Now we will consider the standing waves, and we will show that they are strongly unstable.

Theorem 4.4. Let g = —1 and p > 3. Let w > —FE, and ¢, € G such that 45(p7) lo=1 < 0. Then, the

do?

standing wave e’ is strongly unstable.

Proof. One has ||©7] = [l¢wll, [[¢Z|lp+1 = oﬁHcpprH > ||¢wllp+1 Yo > 1 . Now consider the function
S(¢?) given in 3.12. We want to show that S, (¢?) < S, (p,) Vo > 1. Thanks to (3.17) in Proposition 3.7,
we have %Sw(gof:) < 0 Vo > 1 from which we deduce that %Sw(%) is decreasing for ¢ > 1. Exploiting

2 o 2 o o
%la:l < 0 we obtain d ggf“) < 0 Vo > 1 and consequently % decreasing. Being

the hypothesis
%b:l = 0, we finally obtain that S, (¢7%) < S, (¢.) Yo > 1 as claimed. Finally, using properties 3.19

and 3.21 of Proposition 3.7 we get -LQ(p7) = L5, (7) + Uﬁsw(cpg) < 0 by using the monotonicity
properties just proved. By 3.19, one finally gets Q(¢?%) < Q(p,) = 0. The proof is completed thanks to
limo—1 [|f, — ‘PwHD% =0. O
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