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Abstract

In this article, we define and study a novel class of function sequences based on their relation-
ship with fractional-order difference operators in the Caputo sense. These sequences, known
as V¥-Appell sequences, are constructed for 0 < o < 1 and A > 0. The terms of these
sequences involve combinations of monomials with fractional powers and exhibit unique
properties that extend classical results in the context of fractional calculus and difference
operators.
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1 Introduction and preliminaries

L. Carlitz in his seminal work [10] initiated the systematic study of degenerate versions of
specific cases of Appell polynomials [3]. Subsequently, many other degenerate versions of
such polynomials have garnered substantial attention within the mathematical community
(see[7,13, 14, 19] and the references therein). This attention is due to both their combinatorial
and arithmetic properties, as well as their applications to the theory of ODEs and PDEs,
symmetry notions, and probability theory [22].

Following the classical abstract definition of Appell polynomials, F. A. Costabile and E.
Longo introduced a degenerate version of them, which is characterized by the following
generating function [15]:

FOE0O =Y A,

n=0

where A > 0, e5 (t) denotes the degenerate exponential [19, 20, 22] given by:

(A +Arn)i, ifaeR\{0}

e (t) =
e, ifaA=0,
and
2 I
f@) =ao+ Lo+l ar -+ —ay o, ag #0.
1! 2! n!
Observe that Ag (x) = o, and
N App(x) =nAp15(x), n €N, (1)

where A is the forward difference operator defined by
Jx+r) - fx)
SEre—

In this way, Costabile and Longo generalized the degenerate Bernoulli 3, ; (x) and Euler
&n,».(x) polynomials, given by the following generating functions [10, 11]:

a0 an O

Apf(x) =

e()—1
2e (1) > "
m —ngogn,)\(x)a-

Furthermore, these authors established that any polynomial sequence satisfying the
difference equation (1) is a A,-Appell sequence.

Notice that the property of being A;-Appell sequence is satisfied by a broad class of
special polynomials (see, for instance [29]). As is well known, both Appell polynomials and
Aj-Appell polynomials are characterized by their behavior with respect to the operators %
and A,, respectively. Therefore, it makes sense to consider other operators, such as frac-
tional operators, applied to sequences of special functions (whether polynomials or not). In
this regard, it is worthy to mention the recent works [8, 9, 16], in which it can be observed how
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expansions of special functions in fractional powers not only provide a deeper understanding
of the underlying mathematical structure but also prove highly useful for solving, in a straight-
forward and elementary way, various fractional differential equations. These approaches, by
combining special functions with the flexibility of fractional operators, offer powerful and
versatile tools that simplify complex problems, opening new perspectives both in theoretical
applications and practical contexts within applied mathematics and mathematical physics.

In addition, Caputo-type discrete fractional operators have been widely investigated in
discrete and time-scale settings, particularly from the viewpoint of fractional difference
equations and dynamical systems (e.g., existence and uniqueness of solutions, qualitative
behavior, and stability). In this direction, the research line developed by D. Mozyrska and
her collaborators is especially relevant; see, for instance, [17, 24-26]. These works pro-
vide an analytical and dynamical background that complements the structural (Appell-type)
approach pursued in the present paper.

Motivated by these developments, and by the analytical and dynamical studies of Caputo-
type fractional operators in discrete and time-scale settings, in this paper we introduce and
study sequences of functions associated with the discrete Caputo fractional operator and the
discrete Mittag—Leffler (or degenerate Mittag—Leffler) function [1, 2, 5, 6, 27]. We investigate
the main features and properties of these functions, which we call V{-Appell sequences.
These special functions are combinations of monomials with fractional powers, and their
behavior is analogous to that of Aj- or V,-Appell polynomials [10, 12, 13, 15, 16].

The paper is organized as follows. Section 2 is devoted to preliminaries and notation,
including a brief summary about novel basic properties of the V,-Appell polynomials (see
Theorems 1 and 2). In Section 3, we introduce the notion of V4 -Appell sequences of functions
based on the discrete Caputo fractional operator and the degenerate Mittag—Leffler function.
Furthermore, we determine an explicit expression for each term of such function sequences
and obtain an associated generating function for them (see Theorems 3 and 4, respectively).
At the end of this section we introduce the definition of the Bernoulli and Euler type Vy'-
Appell sequences and provide inversion type formulas for them (see Theorem 5). Finally, we
give some concluding remarks in Section 4.

2 V, -Appell polynomials

In this section, we characterize the families of sequences related to e* , (1) using the backward
difference operator. In what follows, let N, Ng, Z, R, and C denote the sets of natural
numbers, non-negative integers, integers, real numbers, and complex numbers, respectively.
Additionally, we adopt the convention that 0° = 1.

For x € C and n € Z, we use the notations x™* and (x)n,» for the generalized of the
rising and falling factorials, respectively, i.e.,

1, ifn =0,
xP =T e+ (= D), ifn>1,
0, ifn <0,
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and
1 ifn =0,
=[x =G =Dr), ifn>1,
0, ifn <0,

where A € R.If & = 1, we write x™"» := x™ and (x), 1 = (x),.

Observe that
(X g = x| xR = (/5@

For A > 0, we recall that the degenerate exponentials have the following series of
representation

o0 tn
G0 = s, Il <1,
n=0 ’

see cf., [7, Eq. 10]. Now, based on the above, for A > 0, we define the following version of
the degenerate exponential function:

o0
[I‘l
g5 (1) = e, (1) = Zﬂ”’“;, IAt] < 1. )
n=0 :

Note that when we apply A-difference operators to the aforementioned degenerate
exponential functions, we obtain:

Ayes (t) = tej (1)

and
Vel (t) = tej (1), 3)
where
— fx—A
Y, f(x) = M

Remark 1 In [2], the degenerate exponential function &5 (¢) is regarded as a C-semigroup.
Moreover, the authors demonstrate its significant properties in solving discrete-time Cauchy
problems of first-order.

In analogy to the relation (1), we introduce the definition of a family of polynomial
sequences that we will call V), -Appell sequences.

Definition 1 Sequences of n-degree polynomials A,,;(x) = A,(x), n = 0,1,...,
satisfying the relation
ViAp(x) =nA,—1(x), n=1,2,... “)

are called V, -Appell sequences.

By applying the operator V~!, where V™! denotes the indefinite summation operator
defined in [18], to equation (4), we observe that for eachn > 1, A, (x) is entirely determined
by A;,—1(x) and the constant «;,. In essence, there is a one-to-one correspondence between
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the set of sequences {A,, (x)}, cn, and the set of numerical sequences {a, },en, Where ap # 0,
as defined by the explicit representation

VIGOEDD (rr‘)an_rx(”“, )

r=0

A n!
(r) T =)

The generating function for the V; -Appell sequences is established as follows.

where

Theorem 1 Given the power series
2 I
f@) =a0+ Ot1+ st o+, a#0
1! 2! n!
witho; (i =0, 1,...) real coefficients, a V, -Appell sequence {A”’)‘(x)}neNo is determined
by the power series expansion of the product a f(t)e; (1), i.e.:

FO50 =Y Ans ©

n=0

Proof Using (2), we can arrange the product of the expansions of &} (t) and f(¢) in terms of

the powers of ¢. This allows us to identify the polynomials A, ;(x), expressed in the form
n

t
(5), as the coefficients of - O
n!

Note thatif f(t) = 1,thenca; := §;(0) corresponds to the Kronecker delta. Consequently,
we have A, (x) = x and (2) is recovered. Below, we will present two structured examples
where we consider ¢, (t) := si (1).

Example 1 For each n € Ny, we consider the Bernoulli-type V,-Appell polynomials
Wi, 1 (x), which are defined by the following generating function:

tsk(t)
OB Zw“oc)—

It is clear that W, ; (x) = B,,—x(x), where B, —, (x) denotes the n-th Carlitz polynomial
[10, 11]. The first six Bernoulli-type V,-Appell polynomials W, ; (x) are as follows:

Wo(x) =1,
Wi (x) = 1 A
1,0X) =X ) 2’
W r () = +1 12
h (X)) = x X G 5’
3 3 1 3 1 1 4
Wi (x) = x3 —fx + kx + x—EAx—i— )L—Z)L

Wi (x) = x +x3(—2+4k)+x (1— 61+ 42%)
1
+2xA(1 = 20) + %(—1 +20A2 — 1924,

Wsa(x) = x° +5x* (=1 +30) +5x3(1 — 94 + 112%) + 2.5x2A(3 — 114 + 612)
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1 2 3, |1 3 5
—gx(l — 5507 490)17) — Z()» — 10A° 4+ 9A°).

Example 2 For each n € Ny, we consider the Euler-type V,-Appell polynomials S, 5 (x),
which are defined by the following generating function:

260 o
S0 E Zsm<x>—.

Itis clear that S;, 5 (x) = &,,—x(x), where &, _, (x) denotes the so-called n-th degenerate
Euler polynomial [21]. The first six Euler-type V) -Appell polynomials Sy, ; (x) are as follows:

Soa(x) =1,
1

Sialx) =x—7,
S50 =2 +x(h = 1) = 7,
3 2 3 2 1 2
S3ax) =x7 +x7 31— 3 + x(2X1 —3%)—#—1 — A%,
35
Sup(x) = x* 4 5 333 + 13 (=2 +61) + x2A(=9 + 110) + x (1 — 1122 + 61%),
5 5
Ss(x) = x> + 5x“(—l +40) + 530(—4+Th) + Ex2 (1 —212% +201%)

+2xx (5 — 2522 + 122%) + % (=2 + 3527 —481%).

Theorem 2 Let {An,,\(x) }neNo be the V,-Appell sequence with generating function
f(®)e; (t). Consider the coefficients Bo, B1, P2, . .. of the Taylor series expansion for the func-

tion %, with Bo # 0. For eachn € Ny, {A"’A(x)}nel\lo satisfies the following determinantal
form:
Ao, (x) !
0,0 (X) = —,
g Po
R N L=13) )
Po Bt - ,31n—1 Bn
0 Bo -+ (HI ),Bn—2 (Y),Bn—l
—1)" . n—1 n
Ay (0) = <T> 0 0 " (F)Bs ()P, @
o . . . .
[ Bo (nﬁl)/gl

Proof Multiplying both sides of (6) by % yields:
Z " ” ZAn A(x) Z ﬁn.
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According to the rules of the Cauchy product, the previous equality leads to the following
system of infinite equations in the unknowns A, ; (x),n =0, 1, ...

Ao (x)Bo =1,
Ao (x)B1 + A (x)po = x A,
Ao x(0)B2 + ()AL ()1 + A (x) o = x ),

Ao () B + (D) ALLE) Bt + - 4 A s (x) o = xP),

The special form of this system (lower triangular) allows us to determine the unknowns
Ay, (x) using the first n4-1 equations. By applying Cramer’s rule and after some calculations,
we obtain the desired result. O

3 V,‘:-Appell sequences of functions

In this section, we introduce the notion of V{-Appell sequences of functions based on the
discrete Caputo fractional operator and the degenerate Mittag—Leffler function. We determine
an explicit expression for each term of such function sequences, and obtain an associated
generating function for them.

In order to consider special functions and fractional operators commonly used in discrete
fractional calculus, we can generalize the rising factorial as follows: for x, v € R, we define

_ +v

Yo=Y g A >0,

re)

where the quotient is well-defined. Observe that, for v € N, we have x} = x("%).

Now, we recall a discrete version of the Mittag—Leffler function [1, 2, 5, 6,27]. Let A > 0
and T := {0, A, 2A, ---}.

Definition2 Let A, ¢ > 0 and r € C. The discrete Mittag—Leffler (or degenerate Mittag—
Leffler) function is defined by

£ 4(1) —Z S e <L re T\ 0L ®)
Using (2), we obtain
ED = xf = xUN =), 1A < 1.
ST+ =

Furthermore, the degenerate Mittag-Leffler £; , (1) converges to the Mittag-Leffler function

Eqy(t,x) = Z;C):o % as )\ approaches 0. In fact,

o i .

tx*)) T
lim 516@("): lim Z (x') (w.-i—otj)
r—0+ w—>00 s Maj+1) w¥T'(w)

@ Springer



178  Page 80of 14 S.Diazetal.

Fig. 1 Relationship between the A —= 0t
degenerate exponential, the z
exponential function, the Ao (t> Eq (t’ :C)
Mittag—Leffler function and the
degenerate Mittag—Leffler
a=1 a=1
eft) ———————— et

A — 0t

s F(ot i+’
where used
Iz +a)
im ———— =
77— 00 ZaF(Z)

For more details, see [4]. Fig. 1 illustrates the relationships among the different
exponential-type functions.

Starting from generalization of rising factorials, we proceed to define the operator for
arbitrary-order summation: For 0 < « < 1, the definition of «-th A-fractional sum of a
sequence f : T — R is given by
X/A

1
Vi f ) = F()Z(x PN FsM,

where p(x) := x — A, see [6, Definition 2]. Observe that, for @ = 1, V,, coincides with VY,
provided that the convention Vg f(x) = f(x) is adopted.

If f is a continuous function on R, then we have
lim V; % f(x) = 7% f(x),
A—01

where /¢ is the Riemann-Liouville fractional integral of order & > 0, see [6, Remark 1].
With these ideas in mind, we give the following definition.

Definition 3 The A-fractional difference of order 0 < o < 1 in the Caputo sense is defined
by

Ver@) =V, "V f(x), xeT.
Note that, fora =1, V; = V¥,

For more details on fractional order difference operators see [1, 2, 4, 5, 23]. On the other
hand, we recall that

VEES (1) = 165 o (0), ©)
see [1]. Indeed, we recall that:

V)sz = rx{fl, r e R,
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g TG+D 5
Vot(S +a
A TR

see [6, Lemma 1] and [5, Lemma 1], respectively. Then,

, xeT\{0}, § eR,

ti
Vill o) = ZVM _—
o, M(ej+1)

%0 — 4
= Z()[jxaj_ —_—
Y T(j+1)

j=1
R T i
=1 xo{j+a7 _—.
Z * T(aj+a)
j=0
Hence,
- ajta—1 t/
VEES (1) =t vi—eporre=ti__
A )L,Dé() Z A A F(ot]—i—a)

j=()
=t =t& (1),
Z g r(a1+1) )

where we have used the Gamma-function identity zI'(z) = I'(z + 1). Therefore, 8,{" MO
an eigenfunction of the operator V5.

Definition 4 A function sequence, {%,ff 5 (X)) neny, is called V'-Appell sequence if it satisfies
the following identity

Vi Gy, (x) =n€ ,(x), n €N, (10)
with ‘Kgf , (x) being an arbitrary non-null constant.

Remark 2 Just as in [9, Remark 1], the V¥-Appell sequences of functions are polynomials
in the strict sense only when o = 1.

Theorem 3 Let0 < o < 1 and {c) n}neN, be a sequence of arbitrary numbers. The sequence
{% )\(x)}neNo given by

n

v =3 [f] Chnerx®, ¥ €T\ (0, (an

r=0

where

n L n!
rl,  T(m—r)+DT(ar+1)
satisfies the relation (10).

Proof By [6, Lemma 1] and [5, Lemma 1], we have

arl"(otr) a(r 1)

v ar _
O T T =) 1)
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Then,
n
F(ar+1) ar—1)
Vet ) =Y | ey
A ”’A(x) ; |:r ]a F'a@r—1) + I)C}"’n %
. Xn: n! cx,,,_,xff(r*l)
= T@r-n+DTar-D+1)
n—1 n 1
_ - ar
=n Z |: ’ i| Crn—1—rX) -
r=0 «
Hence, the desired result follows from the above argument. O

Remark 3 Note that for @ = 1, the Vy'-Appell sequence of functions given in (11) becomes
the V,-Appell sequence of polynomials given in (5).

The following result allows us to obtain a generating function for the V5'-Appell sequence
of functions {%:f)\ (X)) }neny -

Theorem4 Let 0 < o < 1 and A > 0. Given the series

1o

o0
J
Cia@) = E Chj—=» 2,0 # 0, (12)
s Maj+1)

withc; j, j = 0,1, ..., real coefficients, the V5 -Appell sequence of functions {%;‘,A(x)}nENO
is determined by the following generating function:

t(!}’l

Cra(DE () =Y, (x)

n!’
n=0

Proof By (8) and (12), we identify the sequence {%r‘:f)\(x)}"ENo’ given in (11), as the
coefficients of %1 ]

In what follows, we present two structured subclasses of the V§ - Appell framework, namely
the Bernoulli and Euler type sequences. They are introduced through suitable generating
functions involving the discrete Mittag—Leffler function. From these generating functions,
we derive recursive (triangular) systems that allow the sequences to be constructed term by
term, and we compute the first few members explicitly.

3.1 Bernoulli and Euler type V;’-Appell sequences

We introduce the Bernoulli and Euler type V' -Appell sequences via the following generating
functions.

i 0 ron
X ay 20 L
By 15 = L AT a3
’ n=|
20 S ron
Era) 150 = L L0 a9
& n=0 ’

where £, (1) = &, (1%).
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Multiplying both sides of (13) by &, (%) — 1 and applying (8), we get

ta(n+l) la]tjot o0

e ron
Z % Tan+1) _Zr(a1+1)z Ba ) —

1“(]+1)ta(j+l) 00

F(a(] + 1)—|—1) Z

tan
S
n la(/+1)ta(/+1) « ),a(n 7
NCTE i )

" Q(H—l)ﬁg i) e+

— T@(+D+D (=)

||M8 ||P”18 TME&

Thus, equating coefficients of 7"+ it is possible to obtain a triangular system.
Similarly, multiplying both sides of (14) by &, (t“) + 1 and applying (8), we get
00
20(”;))(%"[‘( p Za }Lt/a”zog’ak(x)

where the coefficients a?" , are given by

2, if j =0,

o _

a;, = aj

ik T
e 21

Hence, by proceeding as before, we derive another triangular system.
More precisely, we obtain the following result.

Theorem 5 Let { %] 5. (e and { yffx(x)}nENo be the Bernoulli and Euler type Vi -Appell
sequences. Then, these V¥-Appell sequences can be sequentially constructed by solving the
following triangular systems:

T(a+1)
O&)L(x) = 17&,
A
" 19D+ D2 )
T (15)
Fla(G+D+Dm - NH!

i=0
and
£ () =297,
2C(an + 1) " 1% (an + 1)
ST e ) 4
) ZF(O!J—H)(" )

] NEIES Z“x“” n>1. (16)

Remark 4 Note that (15) and (16) can also be expressed in terms of matrix-inversion formulas
(cf. [28]).
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Using (15), we have

r Dn! a7
By 5 (x0) = Lot bt an

PT@n+ 1)~ 19T @G+ 1D+ Do —j)! 1%T@@+1)+1)
X j=1 "k X

n—1 li(ﬁl)r("‘* Dnl#y 5 (x) 11‘(”7*”r2(a+ Dn!

As a straightforward consequence of Theorem 5, the first few terms of the Bernoulli type

V¥-Appell serq(ueilcle): are as follows:
2G50 = "lf

B 5. () = Tetl) ( X - 1%"1‘(0{—1—1))’

s

1¢ Fl@+1)  ree+n1§
2a 20 @ 12a 2F2 1 3
PR INCE VN B 1302 (A @+ doer@e+1
2, - o T N2 T
19 FQe+1) 19T+ 1) (13) r2a+1y 15TGa+1)
49 (= M@+ =g 1297 (@ + D)x2¢ (17)
B X) = — — —
3 12 FGa+1) 1912 + 1)

5\ 2 = _
(F(a +1) (139) T Ga+ 1) - 34157220 + 1)) @
+

o 2 2
(1) rGa+ Hr2a+1)

5\ 3 5= _
(1) Pe+n  2025) 2@+ gy

N\3 —\2 o
(1F) e+ (1) ree+ yrEe+1  ATEeED

While, the first few terms of the Euler type V-Appell sequence are as follows:

& () =271,
20(—2 _ .

o0 _ o

&1, (x) = R (Zx,\ 1,\),
ga ( ) _ 20(—2 4'x)2LTX 2 (1?) X? (1§)2 2 (I%a)

2200 = FTQe+1) T2a+l) Pa+l) TFCa+Dh)’
(M) aE ()
300 = TGa+ 1) M@+ DI Q2e+1) T(a+HMQa+ 1)
N 6(15)*x% -3 (15)° 12 (1) 13
Mo+ 1) Mo+ DI QRa+1) )"

(18)

Remark 5 1t is straightforward to verify that setting « = 1 in (17) and (18) yields the
polynomials in Examples 1 and 2, respectively.

4 Conclusions

In this paper, we introduced the notion of V{-Appell sequences of functions based on the
discrete fractional Caputo operator and the degenerate Mittag—Leffler function. We analyzed
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several properties of these function sequences, including explicit expressions for each term
and their associated generating functions (cf. Theorems 3 and 4, respectively). In particular,
we also studied some basic novel properties for the case « = 1, in which the corresponding
sequences become V,-Appell polynomial sequences.

It is worth noting that the use of fractional operators and expansions in fractional powers
which mimic the structural form of Appell (or Scheffer) sequences is a recent development
(cf. [8, 9] and the references therein). To the best of our knowledge, the novelty of this paper
has been to study an analogous situation incorporating the notion of the degeneracy (cf. [13,
15]).

As a possible direction for future research, the Bernoulli and Euler type Vy-Appell
sequences introduced here could be explored as basis functions for representing solutions
of Caputo-type fractional difference equations, or for constructing series solutions to initial
value problems on discrete time scales. In particular, it would be of interest to investigate
convergence properties and error estimates for such expansions, as well as potential links with
qualitative features of discrete fractional dynamical systems (e.g., stability and asymptotic
behavior); see, for example, [17, 24, 25].
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