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Abstract

In this paper, we introduce the parametric trigonometric-type U-Fubini-Bernoulli polyno-
mials and the U-Fubini-Bernoulli-type numbers. Then, we explain their properties and their
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1 Introduction

Throughout this article, N will mean the set of natural numbers; No = N U {0}, likewise R,
R+, and C will denote the set of real numbers, positive real numbers, and the set of complex
numbers. The space of all polynomials in one variable with real or complex coefficients is
denoted by P, and log(&) denotes the principal value of the multi-valued logarithm function.
(see [9, 22]).

It is well known that the classical Bernoulli polynomials, with « € R, are defined by the
following generating function (see [8, 11, 12, 15, 19]) :

Ex > n
S B@E, (e < 2n). )

e€ —1 n!
n=0

For x = 0, the numbers B, (0) = B,, appear. The generalized Fubini type polynomial
'™ (x) of order « are defined by (see [17, 20]):

2 * > n
<(2—ef)2> %€ = g aggl)(ﬂﬁ)%» (l¢l < In2), )
n=0

with « € N. For a%a) (0) = a&") , denotes the Fubini type numbers of order «.

Many authors have studied the generation of functions for special polynomials with their
congruence properties, recurrence relations, computational formulas, and other properties
(cf. [5, 6, 14, 16, 23]). Fourier series and generating function theory are active branches of
modern analysis that has gained importance due to its applications in methods of analysis
for mathematical solutions to boundary value problems, engineering, and signal processing
in communications. Several authors have used the Lipschitz summation formula (see [13])
to introduce the Fourier sequence of several families of polynomials. In [13], by applying
the Lipschitz summation formula the author presents the Fourier series of the classical Ber-
noulli polynomials given in (1) as follows: forn =1,0<z <l,andn > 1,0 <2 <1,
we have

oo
nm

2n! Z cos(2mkx — &)
kn '

By (z) = - 3)

Another method used is the Cauchy residue theorem. Several authors have alternatively
used this method to continue working on Fourier series representations of different families
of polynomials, for example, see [3, 4, 7, 10-13, 21]. Recently in [20] the authors pre-
sented the Fourier series for the Apostol Fubini-Euler type polynomials, using precisely
the Cauchy residue theorem. In the present work, we introduce the new trigonometric-type
U-Fubini-Bernoulli polynomials and investigate some of their properties, such as recur-
rence relations and connection formulas with other polynomial families. On the other hand,
we study its Fourier series and integral representation. In the next section, we present some
known results that will be used in the rest of the paper. In Sect. 3, we introduce the new
family of polynomials, parametric trigonometric-type U-Fubini-Bernoulli polynomials, and
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the U-Fubini-Bernoulli-type numbers, we study some of their properties. Throughout Sect.
4, we study some connections between these polynomials with other families of polynomi-
als such as Pollaczek polynomials, Laguerre polynomials, and the Hermite polynomials.
Finally, in Sect. 5, we develop the Fourier expansion and the integral representation of these
new polynomials.

2 Preliminary and basic results

We begin by recalling that the falling factorial n of order &; (n),, is (see [10]):
() =n(n—1)---(n—k+1), k>1; n), =L 4)
It’s known that the function v(z) = (sin(x))k as a real function has a domain

{z € R: (sin(z) # 0andk € Z)or (k > land k € Z) or (sin(z) > Oand k > 0) orsin(z) > 0}.

Also, it has an integral representation given by [1]

k

1
(sin(z))* = (:v / cos(tx) dt) . (5)
0
The Laplace transform of the function ¢” is given by (see, [13, p. 2198 Eq.(3.2)])
° n!
/0 fmo—at gy — —T n€Ng; R(a) > 0. (6)

For n € N, the Pollaczek polynomials P, (z;a, b) are defined as the coefficients of the fol-
lowing generating function (see [18])

F.6) = fleos(®), ) = (1) M (g ) O S R wanS L ()
n=0 '

a cos(0) + b

2 sin(0)

The Laguerre polynomials Lff) (x) in the variable x and parameter o > —1 are defined
by means of the generating function (cf. [18])

1 —z€ > o &n
D(z,¢) = ((1_5)a+1) exp (1_5) =D L@ > @®)

n=0

where @ and b are real parameters, a > |b], and h(6) =

For n € N the Hermite polynomials H,,(x) are defined as the coefficients of the following
generating function (cf. [18]):
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M) = o226 = 3 Ao & ©

n=0

The particular choices o = j:% in (8) allow the reduction of Hermite polynomials to
Laguerre polynomials (cf. [18])

Hon(z) =(—1)" 22" ! LS (22), (10)
Honi1(2) =(—1)" 27+l 2 L83 (22), (11)

n—1 2
o)~ [ € explzng — ) de. el <1 (12)

We observed that the functions £(z, £) = exp <1I§§> ,and % (z,&) = exp (—2 €+ 52)

have the following alternative representation:

2
—1+ coth (2(1 f>)
?Z(m,§):exp(—2m§+§2):1+ 2 .
~1 + coth (;2w2§+52> (14)
The Euler formula is given by [22]
e = cos (r) + isin (). (15)

3 New parametric trigonometric-type U-Fubini-Bernoulli polynomials
2[5 (x; 1) and some of their properties

We focus our attention first on defining in P the new parametric trigonometric-type

U-Fubini-Bernoulli polynomials, which we denote by Ql[g]( ;). Furthermore, we study
some of their properties.

Definition 3.1 For ¢y € R — {0}, the new parametric trigonometric-type U-Fubini-Ber-

noulli polynomials Ql[s]( ;) in the variable x € R are defined by the means of the power
series expansion at 0 of the following generating function:

n@af;lﬁ)—(M)e““‘”(”—Z%mﬁfux;w)fﬂ, (leh<1). @6

A few values of the 2[ (.’L’ 1)) polynomials can be computed for n = 0,1,2, 3,4, and 5 of
(16), as follows:
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m[s](x-w) =0,
2w ) =3,
a5 0) =0 sin(a) + .,
LT Ll GG TR TG
2 () =347 (sin(w))? + 29° (sin(e))* — 94 sin(z) - >,
Al (230) =53 (sin(x))® — 459? (sin(2))? | 5¢* (sin(x))* 1054 sin(x) e

2 2 2 4
For x = 0, in (16) corresponds to the generating function of the U-Fubini-Bernoulli-type
numbers, AL (1) := Al = AL (0; AN given by

n() = (2&2 §+2) ZW] S k< (17)

From (17), we get the following numbers:

s 1 s 1
W) =0 Ww =5 Wlw=;

s s s 5
W =-3 e =-5 W=7

The next result is an immediate consequence of Definition 3.1, and (17).

Proposition 3.1 Let iy € R — {0}, n € Ny, and {Ql[Tf] (z;¢) }n>0 be a sequence of the new
parametric trigonometric-type U-Fubini-Bernoulli polynomials. Then, the following rela-
tions hold:

A () =3 (Z) Al ()" sin (z), as)
k=0
O (), AL () ! g
ngf] (z;9) — ﬁgf](w) ¥ W Fp1 W) (m cos(tx) dt) , n>2, (19)
; I'k+1) /0

with (n), given in (4).

Proof We have the following:
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(20)
n!

=>_ ( k )wkmif](w)n,k(w) sin’“(x)i

Because of (20), we obtain (18).
To prove (19), we apply (5), (16), (17), and the Cauchy product rule, which yields

> [ s ) — ALY w> (Z% Jw)= ) (Z (¢ sin())" i,)

n=1

Z (Zd’k( )9‘551 1 (¥) sin’“(x)) % Q1)

[s]

> - A
> (Z (g ) <sin<x>>’“> e
n=1

k=1

by comparing coefficients in (21), we obtain (19). O

Proposition 3.2 Let ) € R — {0}, and {Ql[rf] (z;¢) }n>0 be a sequence of the parametric
trigonometric-type U-Fubini-Bernoulli polynomials. Then, the following relation holds:

AL () =) ( i ) T'(n—k+ 1) ¢ (sin(z))i UL

N (1 —iv15)" — (1 +iV15) )
cem (L —=1iv/15)™ — (1 +dy/15)"
+I(n+1)i4 ( s >7

with I'(n), the gamma function and

. ((1 —iV/15)"k — (1 + N@"’ﬁ)
75 .

UF =4~ (23)

Proof 1t is noteworthy that the following series representation follows:

3 N (=I5 — (1415
(252_€+2)=Zz4 <( )\/ﬁ( )>5. (24)

n=0

Now, starting at (16) and (24), we have
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%0 ” nt1)id=" (1_i\/ﬁ)n_(1+z‘\/ﬁ)”>§"
> bl <j{: +1)id™ ( 75 S

n=1 =1

(1 + i (¢ sin(x )
n=1

(25)
Z < ( ) T(n—k+ 1) 4" (sin(z))* i U
o (=15 — (14 iV15)™ ) &
+T(n+1)i4 < 75 ok
from (25) we arrived at (22) being U¥ as in (23). Proposition 3.2 is proven. O

Theorem 3.1 For every n € N and ¢ € R — {0}, the new parametric trigonometric-type
U-Fubini-Bernoulli polynomials satisfy

(n — 1) Al (a;90) + n g sin(z) AL (1)

26
1Y (3) (2 el - ) nen
k=1

n ) (a:16) + O(,€) 5 A ) ~ A (@ 9) = 0; m>2, @)

with
. sec(x) ( (—2€2 + £ — 2) sin(w) + (4€ — 1)) 1 V15

Oz, &) = ) ,56@—{4ﬁ:z . }
and © # w, ke Z.

Proof By differentiating both sides of (16) with respect to £, we get

o ( é_ w) 61/15 sin(x) B §€¢§ sin(x) (4€ _ 1) wé-ewf sin(x) sin(m)
g™ 22-¢+2 (2 -E+2) 262 =€ +2
0o (28)
=3 A v)n
n=0

So,
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Levesint) (g —1) & sI( o] o &
22— +2 22— £+2n§:Ql (@) J“/}Sln );mn(m,w)
:kaﬂu;wn—
n=0

in view of the above equation, we have
> 20l (2 s (4 5 . ) (s ) &
Sl o 42% ) Zﬂ Zﬁ o
n=0 ’

= (Zﬂf](x,w)nn'> - (1/1 sin(z ZQI[S] )
n=0

Hence,

5 [0 = sy + v sineynal] )] & = 3 (42 (%)l @ral @)
—i( JREC [S]u;w)) =

which proves the result (26).
To prove (27), we differentiate (16) concerning x as follows:

o0 8 n
¥) =) W) i—, (29)
n=0
0 1) €2 cos(z)e? ¢ sin(z)
Gt i) = (30)

Combining (28) with (29) and (30) allows us to write

é“eibfsin(x) (45_ 1) P
£(262 - £+2) Jr(fw cos(z) (262 — §+2)> o n(x, &)
tan(zx)

0
- &) =0

0
el &) =
(€2))

Therefore, from (31) we have

0

(46— 1)
Epgn(n &) -

s,
(¢ Bt 42) cos(a) tan(x)) %n(z@, a) —n(z, &) =0. (32)

Hence, from (29) and (32), and after simplifying, we can get
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S 90l (4€-1) _ 9 olsl (e ) &
nZ:l (@ 9) 71 +Z <w cos(z) (282 — €+ 2) tan(m)) amm" (239) n!

-S> A =0

n=1

and consequently

o () + (sec(z) (¢ (—2€% + ¢ — 2) sin(x) + (4€ — 1))) 0 il

P (282 — £+ 2) ox " (33)
— A (z;9) = 0.
. _ 92 _ 9« _
In (33) doing O(z,&9) = (bec(:c) (¢( 22} E;gz —25) _T_H;()x) + (4 1))> follows
27.
Theorem 3.1 is proved. O

4 A few connection formulas for the polynomials 21! (x; 1)) and the
numbers 2[5 (1))

From definitions (16) and (17), it is possible to draw some relationships between the polyno-

mials 2! (x;1)), the numbers, L] (1), and other families of polynomials, such as
Pollaczek polynomials, Laguerre polynomials, and the Hermite polynomials. In this sec-

tion, we will study these relations. As well as an addition formula for the numbers ! (¥)
is established.

Theorem 4.1 For every n €N, and ¢ € R — {0}, the U-Fubini-Bernoulli-type num-
bers, 91[5] (), and the parametric trigonometric-type U-Fubini-Bernoulli polynomials,

L] (z;4), are related with the Pollaczek polynomials P, (z; a, b), respectively, by means
of the following identities:

20l (4 \FZ (1= iV15)F — (1 +iV15)%) Po_i(z;a,b),  (34)

where

i (i h(ﬁ)(log(i)!— logm))")

n=0

x (1—[€)Z (1~ [¢]e2?%)z.

(35

And
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Al (2, ) = V(B) Zq:( i ) ( z ) D(q =k + 1) (sin(2))* Pag(a;a,0)i Uy, (36)

with V(0) given in (35), and U% defined in (23).

Proof Using appropriately (7) and (17), we see that

n 1— —i 60 %+ih(9) 1— i0 %*ih(‘)) e’} n
ZQl § (f( ge ') ( )fe ) )an(x;a’b)i!. a7

(€ —¢+2 2

Now if € = [¢] e'?, then

(- ) (1) Y e - ) MO0 - e )t
« (1 _ |§|62i0)7ih(6’)’

with [¢] # 1,0, and 6 # 1(2mn +ilog|£]), n € Z.
Note that using (15), we can deduce

(1 — |&]) MO =eih(6)log(1=le])
(1 -l ') =[(1 — |¢] cos(20)) — il¢| sin(26)],
1= 1€ €] =v/(1 = 20¢] cos(20)) + ¢,

o 1
_ 2i0\—ih(0) _
(1= [€le™™) T gih(0)log(7)

with
v =(1—1¢[e*"?), and log(v) = In|y| +1i Arg(y).
Also,

§=1-¢], and log(¢) = In [¢] + 4 Arg(E).

From the above expressions in (38), we receive

soys—ih®) (1— |€])z e @) los(1—IED) (1 — |¢] €210)2
¢ ) a et h(0) log(v)

_ (i (40) o)~ log(v)))">

n=0

X (1— |€))2 (1 — |¢|e2?9)3.

(1- éeﬂ'e)%ﬂ'h(@ (1-

Denoted by V(6), the above expression, according to (35), and using (24), and (37), we
obtain
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oy & _ (L [€D 2 MO0 (1 — Jg] 2P %) 3 -
Zlmﬁll(w) ( ) Z Po(z;a, b

n=1

2L nlid=m (1 —ivV15)" — (1L +4V15)")
(B >}

k=1

oS5 (1) w ()

n=1 k=1

(39

X (Py—g(z;a,b)) %}

Now in (39), using the falling factorial defined in (4), we obtain (34). The result (36) can
be similarly proved, using appropriately (7), (16), (24), and the Cauchy product rule. Also
taking into account (23), and (35). This completes the proof of the Theorem 4.1. O

Theorem4.2 For n € N, the following summation formula for the U-Fubini-Bernoulli-type
numbers, AL (v), hold true:

n n

q —-1- s s «
Sonmm, (T )l w) =3 () L@@+ L@ 8) n > 2, @0)
=0 1=0
with L& (z), the Laguerre polynomials given in (8), and
2

1+ coth (575

£1($7€) = , E# 1. (41)

Proof Taking (8), (13), and (17), we obtain the following results:

<fjmifl(w>f;> (im(m () fﬂ)

n=0 n=0

Y (42
> (( Y A+ ()2 ) (2)) e

—1+ coth (2(1755))

n=0 =0

—i( 0 () ata- e (7, )) £
n=0 \q=0

o o, (7 )l w =3 (1) 2 @0+ 2w,
q=0 =0
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in (42), we have taken into account £1(x,&) given in (41), and (4), so we arrive at (40),
which completes the proof of Theorem 4.2. O

Theorem 4.3 For ¢ € R — {0}, the parametric trigonometric-type U-Fubini-Bernoulli
polynomials, L (z; %), are related with the Hermite polynomials H, (z), by means of the

following identities:

n

J .
W) = 1+ 2@ ) Y3 (1) (1) e 2L w) sin @) Haos (@), (43)

=1 k=1
where

2
—1+ coth (iw 2s+52) ' (44)

%1(:6, ) =

Proof Applying (9), (14), (16), and (17), we get

<Z Al (z;0) i!> (x,€) < )Ql[ 1 () ¥ sin (1)%)
n=1 n=1 \k=1

(%
g
@Zml Hi, (1+ % (a,€ 2;(

& Z‘Zlif](x;w)mzz (ZZ( " )91 1 (@) 0 sin® (@) Hyo ()

n=1 n=1 \j=1 k=1

« ((1+%(1u§))( ‘IZZ ))) %n‘

-

() (F) et st me) w @

<
Il

1

in the above expression, we have considered %1 (, §) as in (44), so (45) leads to (43). Theo-

rem 4.3 is proved. O
Taking into account relations (10), (11), and (12) and making the corresponding modifi-

cations in (43), we obtain

Corollary 4.1 For i) € R — {0} and n € N, the parametric trigonometric-type U-Fubini-

Bernoulli polynomials, 91 (x V), are related to the Laguerre polynomials with parameters
a==+1 5 by means of the following identities.

2n+j j

Ql[zsr]LH( i) =(1+ % (z,8)) Z Z{ ) 22 n ( an—J ) Yk sin® ()
j=1 k=1 (46)

2n+j+1 7
Ql[2n+7+1(37 ) =(14 % (z,8)) Z Z { yrontlply ( n +]1 +i ) Pk sin® (x)
i= 47)
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n+j j

AWl () = — (1 + 2% (x,€)) ZZ{ (n+1) ( M) gk sint) @)
j=1 k=1
(1) 2w / grtere s d€}~ 49)

5 Fourier expansions and integral representations for the
trigonometric-type U-Fubini-Bernoulli polynomials of parameter v

To arrive at the Fourier series of the polynomials ! (x;¢), we consider the function

¢ ¥ € sin(a)
&= () o (50)

this function has a pole of order n 4 1 at £ = 0, and single poles in

1 V15 d1_15
1 o and i

1
We then integrate 7,,(£) around the circle Ty with radius R = 5(]\7 +om 0<p<l1.It

is ensured that the circle T 5 does not pass any of the poles £; and &s.

We prove the following lemma, needed to establish the Fourier expansion of the new
parametric trigonometric-type U-Fubini-Bernoulli polynomials.

Lemma 5.1 Let Ty be a circle centered about the origin, positively-oriented with radius
é(N—i— o)m, N €N, p € R, fixed such that 0 < o< 1.Then for 0 < < I?R(E)I and
neN, n>1

. o € ewésm(x) B

Proof Applying the module, we can estimate the integral on Yy as follows:

5 e'u‘)fsin(z)
252 _ E +2 £n+1

5 6u§sz7t(z) 1
- <252 ,5+2> gntl d&' < Sup [§(N+ Q)ﬂ':| 2m, (52)
. 1
with |{| =R = 5(]\7 + o).

Notethat, forall € Ty with = u + i v,R(§) = u,andI(§) = v, |R(E)| = |S(§)| = R,
we get

|ed;§ sin(w){ — |6'¢J (u+iv) sin(z)| — ed)u sin(z) _ 61/) |€| cos(0) sin(ut)7 with 6 argument of f (53)
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52 Page 14 of 20 M. J. Ortega et al.

Also,

262 — ¢ +2| = |2(62 + 1) — €] > |12(62 + 1)| — |¢]|
> [2(1¢)* — 1) — [¢]| = [2R* =R -2

(54)
TN+ o)(r(N+0) —1) —4
= 5 .
Then, using (53) and (54), we have
|£ evé sen(z) } 2|f|(iw |€] cos(0) sin(x) 4e? |€] cos(0) sin(x)
3 < < 1 - (59
[262 —€+2] 7 (N + o) (m(N +0) —1) —4 (r(N +0)—1) — -
m(N + o)
By replacing (55) in (52), we get
P & sin(x) 4e¥ [€] cos(0) sin(z) )
[f <2§2 7££+2> : gntl df‘ < < 4 é
N -1) - ———
. ("N +0) = 1) =~
eV IR()| sin(a) gn+2 1
: T | o
N+or—1)— ——— B
(N +oym = 1)~ o -
esin(m) 2’7L+27T 1
: T oAl
N S P -
(N oym = 1)~
e 2n+2ﬂ. 1
= T o
N ) P — -
(N 407~ 1)~ 77
Now, (56) goes to 0 as N — oo for n > 1. The proof of the lemma 5.1 is complete. O

We are now going to talk about the paper’s main results, which are the Fourier series
expansion and the integral representation of the new parametric trigonometric-type
U-Fubini-Bernoulli polynomials. The following theorem contains such an expansion of the
Fourier series.

Theorem 5.2 Forn € N,n > 1,and 0 < ¢ < \?R(lg)\ . Then
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2 (2 ) _2n! el {sin <i}\/ﬁsin(1’) —-n arctan(\/ﬁ))}

V15
y i 471k (4 sin(z))?* (4 4 8 k 4 1 sin(x))
— (14 2k)!
= (57)
_2nte” sin %\/ﬁsin(:v) — n arctan(V/15)
= 1
> 4R (4 sin(x))*
[y rpet),
k=0
Proof Let 1,,(§) be the function defined as in (50), we start with / 1 (§) d€, over the
TN
circle Ty = { €] = N+g)7r NeNpeR 0<p< 1}. We now consider the

poles of the function nn(é) as follows:

&=~ (1+(-D"V15), k=1,2

P

and £ = 0 is a pole of order n + 1. The poles &, are simple poles. We now turn to the appli-
cation of the Cauchy residue theorem. It follows that

/T N (§) d§ = 2mi <9?68(nn = Z Res(nn(§),€ = Sk)> : (58)

k=1,2

where the sum is over all those poles of 7,,(§) that lie inside Y .
We evaluate Res(1,(£), € = 0) and Res(n, (£), € = &) as follows:

Res(nn(€), € = 0) =~ lim - (Zm xng")

n! E—)O dgm

1 . > é—m—n
_ (Sl (e a)) 2
=7 Jim (n; A i) o n)!> (59)
~or (i o) (z5) o >=1 D)

nle=o \ £~ mAT T (m — n)! nl "

On the other hand, for £ = &;, we get
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52 Page 16 of 20 M. J. Ortega et al.

Res(m(€).€ = €1) = lim S y ¥ €sin(o)

es &= iy €S0 .
T Ve 2(6 - &)En e (3+i48) 2 (gf (i 72@)) .
— (i22"\/ﬁew sin(z) (%4_1-1475))

15 (1 4+ iv/15)" (60)
—iv/15 ew sin(z) (%+i%)

15ein arctan(\/ﬁ)

] \/ﬁe% sin(x) ei (%\/ﬁ Sil‘l(m))
- 15 ein arctan(v/15) |

Also, for £ = &;, we have

Res(n,(£),6 = &) = li eV €sin(z) B i b Esin()
R (R P (RN P

(e o ()
15 (1 — iy/15)n (61)

iv15 e*d) sin(x) (7%+i¥)

15¢in arctan(—+/15)

\/ﬁe%sm(@ e*i(%\/ﬁ Sin(x))
= 15 ein arctan(—+/15) ’

Hence, by (58), (59), (60), and (61), we find that

6% sin(z) ei (% V15 sin(z))

1
—omil =2 (2 0) — 4
/rN Un(f) d€ 271 (n'mn (my ’L/}) 1 \/ﬁ ( etn arctan(\/ﬁ) )
etsin(@) (=i (% V15 sin(a))
T \/ﬁ ein arctan(—+/15)

L sin(x i (L V15 in(z)
b (g ) 4 2T ((el,(“ : ”)
n V15 etn arctan(\/ﬁ)

671' (% V15 sin(w))
B ein arctan(—+/15) ’

So, taking N — oo, we can use the Lemma 5.1, this yields

=271
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5] | ej sin(z) V15 bm(I)) ei (% V15 sin(z))
(I w) 7” ein arctan(—+/15) ein arctan(v/15)

87 sin(z) V15 %1n(1)) et (% V15 sin(m))
—n)
=nti \/ﬁ etn arctan(\/ﬂ) ein arctan(—+/15)

Y sin(x
ed in(z) <e ’J’ V15 bm(z) (n arctan(\/ﬁ))) _ e*i((% V15 sin(z))+(n arctan(f\/ﬁ)))>
V15
2 sin(x
—nli et () <6 "“ V15 5111(1;) (n arctan(\/ﬁ))) _ 62‘((7% V15 sin(z))+(n arctan(\/ﬁ)))) ,
V15
therefore
Q[[s] (1‘; w) nlei™/2 (61((% \/ﬁsin(z))f(n arctan(\/ﬁ))) _ et ((77 V15 sin z)) (n arcthl(f)))) 2 @m(aﬁ).
n \/ﬁ

In the above expression by applying (15) and simplifying we arrive at

Al (25 9) _2\n/!1%” (sin (Z)\/ﬁsin(m) —-n arctan(x/ﬁ))) e ¥ sin(@), (62)

2 sin(z) _ i 4_1_k(¢ Sin(x))Qk(4 +8k+9¢ sin(w))

¢ 2 1+ 2h)!
_ 63
> 47k sin(z))* 63)
=) — 0
k=0

Then, from (62), and (63), we can find (57), which completes the proof of Theorem 5.2. [J

Theorem 5.3 For n € Nand 0 < x < 7, we have

Qllfl](x, P) = \2/—7%U(n7 x,t) (1 + /000 J(n,z,t)t" e (de'7-1) dt> , (64)

where

—(2n+1)
k

1
U(n,z,t) =sin | n arctan(v/15) — (1 + x/ cos(t x)) , (65)
0

(vige—1) (= ). (66)

I, 1) = T(2n + 1)

@ Springer



52 Page 18 of 20 M. J. Ortega et al.
—2nr1]
4(1 i %
Proof Taking into account (6), and (57) with ¢ = ( +. sin(z)) ,k=1,2,--- ,we
sin(x) V15

have

Al () :% sin (n arctan(v/15) — j\/ﬁSiH(@)

. (1 . i 47k (g :'inm)k)
k=1 ’

:\2/—% sin (n arctan(\/ﬁ) -1+ mn(w))((zzm))

<1+§§ (1 + sin(x )<%+”>

1

(67)

—Q—R!sin n arctan — sin(x W)
=22 s (n avctan(V15) - (1-+sine) (CF) )

>, 15-k/2 (20)
X <1 + - EL(2n)! (1 + Sin(x))(2n+1)>

2 sin | n arctan _ sin(a (_(2Z+1))>
TV ( tan(V15) — (1 + sin(x))

k/2 00
2n —(1+sin(t)) t
< +Zk' 2n)'/ e dt),

using (5), and

=157k (Ve —1)

£ k! (2n)!  T@2n+1)’

in (67) follows

(—(2Z+1))
Al (z;9) =

2
V15
(Ve —
/ \/ 1) t2n 67(1+sin(t))tdt
I'(2n+1)

2! 1 (

sm n arctan(v/15 <1 +x / cos(tx) dt)>
V15 0

1 —1) et e t(5e'"=1) 20 gy

* / r(zn 1) ¢

n! sin (n arctan(v/15) — (1 +x /1 cos(tx) dt))
0

NS (68)
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It turns out that when considering in (68) the substitutions (65), and (66), we obtain (64).
Theorem 5.3 is proved. O

6 Conclusions

In this work, we introduced a new family of trigonometric U-Fubini-Bernoulli-type poly-
nomials and established several fundamental algebraic identities, connection formulas with
classical polynomial families, and analytic representations. We also derived their Fourier
expansions and obtained an explicit integral representation, providing additional tools for
their analysis and potential applications. The results reveal a rich internal structure that
naturally links these polynomials with well-known special functions and suggests promis-
ing directions for further research in harmonic analysis and the theory of special functions.
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