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Abstract

In this work, we present a new family of parametric U—Charlier—Poisson—type polynomials, denoted
by GLQ +Jl (z;a, B,\). We establish several foundational properties of this family, including explicit
representations, an associated orthogonality structure, and a link with derivatives of harmonic
functions. Furthermore, we introduce Szész—type operators constructed from these polynomials
and investigate their approximation behavior by means of Korovkin’s theorem, thereby obtaining
convergence results for the proposed operators.
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1. Introduction

Throughout this article, N will mean the set of natural numbers; Ny = N U {0},likewise R,
R*, and C will denote the set of real numbers, positive real numbers, and the set of complex
numbers. As usual, will denote by C[0,00) the set of all functions f continuous in the interval
[0,00). The notation UC|0, c0) will denote the space of functions uniformly continuous on [0, c0).
The space of all polynomials in one variable with real coefficients is denoted by P, and log(z)
denotes the principal value of the multi-valued logarithm function. In [5], a famous theorem about
linear operators is published, known as the Korovkin Theorem, which states that a sequence of
linear operators under certain conditions converges uniformly in each subset of the locally compact
domain. Korovkin Theorem, in its many applications, was also used to demonstrate the convergence
of Szész operators, which are defined by (sce |9, p. 239, Eq. (2)]):

sutri) = eyl (1)), )

k=0

where f € C[0,00), n € N, and z > 0. The generalizations of Szasz operators by using polyno-
mials, especially defined via generating functions, have been frequently studied lately. These kinds
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of generalizations provide a range of new sequences of operators to approximation theory highly
advantageous when interpolating positive continuous functions [9]. A known generalization of (1)
can be obtained using the Appell polynomials given by (cf. [12]):

Pt = gy Somtos (7). 2)

considering that pg(xz) > 0, for z € [0, 00) and g(1) # 0.

Some time later, Serhan Varma, et al., in ([12, p.122 Eq. (1.7)]), generalized (1) in the following
way: first, they use the Brenke-type polynomials, which are defined by the following generating
function:

o0 Zk
(=€) = Y pila) o )
k=0

where ¢ and £ are analytical functions. Second, they introduce the linear positive operators including
the Brenke-type, polynomials which are given by (see [12, p. 121, Eq. (1.12)]):

1 > k
Ly(f;x) := szzopk(m?)f <ﬁ) ; (4)

where © > 0 and n € N. It is observed that if £(z) = e* in (3), then the operators (4) concerning
(3) lead to (2) with respect to the Appell polynomials, and if £(z) = e* and ((z) = 1 in (4), we
have (1).

On the other hand, when using the Brenke-type polynomials given in (3), with £(z) = e* and
u
¢(t) = (1 — E) , we have the classic Charlier-Poisson polynomials, which are defined by (see [10,
a
p. 458, Eq. (1.2)]):

2\ P
e* (l — 5) = ZC’k(a,u)E, a#0. (5)
k=0 '

Then, Serhan Varma, et al., introduce the positive linear operators involving Charlier-Poisson
u
polynomials (see [11, p. 119, Eq. (1.6)]) by replacing &(z) = e* and ((z) = (1 - E) in (4), as
a

follows:

n

(6)

a

Lfio0) = e <1 ) l)m-lmi C’k(a,—(:!— ) <k:) |

k=0

where a > 1 and x > 0. We see that if in (6) we take on both sides @ — 0o and z — = — %,
then we get the Szész operators given in (1). The convergence and bounding properties of these
operators were also investigated [11]. Furthermore, in [1], a study of Charlier-Poisson polynomials

is presented, in particular, their explicit representation given by

Cru(z, ) = zn: (Z) (i)k!(—a)"‘k. (7)

k=0
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The Charlier-Poisson polynomials Cy,(z, «), € Ng, and, a > 0, are orthogonal with respect to
the Poisson distribution with mean «, that is,

6—& x

= a"nl0mn, m,n € Ny, (8)
!

Z C(z, ) Cy (2, o)
=0

where 6y, is the Kronecker delta.

Our contribution aims to introduce a new family of discrete polynomials, called new parametric
U-Charlier-Poisson type polynomials, and we investigate some of their properties. Thus, the opera-
tors obtained from Brenke-type polynomials are applied to the said polynomials. The outline of this
work is as follows: In Section 2, we study some basic results of operators obtained from Brenke-type
polynomials applied to Charlier-Poisson polynomials and other results necessary for developing this
work. In Section 3, we introduce the new parametric U-Charlier-Poisson type polynomials and
explore some of their properties. In Section 4, we investigate the orthogonality relation. Finally,
in Section 5, we apply the Szasz-type operators (4), obtained from Brenke-type polynomials to the
new family of polynomials to study the convergence and bounding properties.

2. Background and previous results

Let f be some function of a real variable z. The backward and forward difference operators A
and V respectively, are defined as (see [6, p. 19-20]):

Vi(x) = f(z) = flx = 1), (9)

Af(x) = flz+1) = f(2). (10)
Given two real sequences {ax} and {by}, if b_; = 0, then (see [6, p. 20])

Z(Aak)bk = — Z akak. (11)

k=0 k=0

Furthermore, for fi(x) and fo(x) with real values, the following property is satisfied
(cf. [3]):
V(fi(@)f2(x)) = fr(2)V fa(2) + fol@ = 1)V fr(). (12)

The falling factorial = of order n is (see [4])
(@) =z(x—1)---(x —n+1), with (z)p =1, (13)
and the rising factorial = of order n is (see [4])

(@) =z(x+1)---(x+n—-1), (x):=1. (14)

The rising factorial and the falling factorial fulfill the following relationship (see [3]):

(1) = % (15)
!
(@), = (z—n)’ (16)
79
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where I'(x) is the Gamma function.

On the other hand, the digamma function ¢ () is defined as the logarithmic derivative of the
gamma function I'(z) (see [7])

d I(x)
¥(e) = - 108T(z) = T a7)
The generalized harmonic numbers function is given by (see |7])
n—1 1
H"(z) = —_— N. 18
P =X g g e (15)
If m =1 in (18), then
n—1 1
HY (2) = : (19)
e k+x
If z =0 in (18), we have
n
1
Hi(0) = H =) (20)
k=1
where H)"* denotes the so-called n-th harmonic numbers of order m.
Notice that from (15) and (17) follows
d _ I'ln+x) [(d d
%(:c)n = T (dx In(I'(n 4+ ) — - ln(F(x))
I'(n+z)
= - - . 21
F i+ a) = 0(a) (21)
By (15), (19), and (21), we obtain
1 d
= — . 22
(@ = o @ (22)

The Stirling numbers of the first kind, s(n, k), appear as the coefficients in the following gener-
ating function (see [8]):

(log(1+2))F & 2"
In addition, they also satisfy
n
(x),, = s(n, k). (24)
k=0

Note that from (24), we can write

(14 2)" = Z(i) =3 (a), ’;—T =3 ( s(n, k)%) . (25)
=0 \k

n=0
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Now, (cf. [1, p. 170 Eq. (1.1)]) it is possible to represent the Charlier-Poisson polynomials given
in (5) as follows:

e 14w = Z Chn(z, oz)% (26)
n=0

with a # 0. Note that by taking a = a, w = —E, x = u in (26) we have (5).
a

It is worth noting that the classical orthogonal polynomials possess a weight function that
conforms to the Pearson equation of the form

Vo (z)w(z)] = 7(x)w(r), (27)

whit o a polynomial of degree < 2 and 7 a polynomial of degree < 1. We note that in (27) the
backward difference operator V, given in (9), is used for orthogonal polynomials on the lattice and
it is replaced by differentiation in the case of orthogonal polynomials on an interval of the real line.
The Pearson equation is an important part of the theory of classical orthogonal polynomials because
it lets us find many useful properties of these polynomials.

Let f € UC[0,00), If 6 > 0, the modulus of continuity of the function f, denoted by w(f;d) is
defined by (cf. [11])

w(f;0) = SE%D )If(x) — f(y)l, where |z —y| <é. (28)
T,y , 00

Additionally, it is well known that,

:L’ —
@) - )l < wtr0) (F52 1)) (29)
Also, we have if f is uniformly continuous, then

[f(z) = f(y)l < w(f9). (30)

The following Proposition summarizes some properties of the operators defined in (6).

Proposition 2.1. Forn € N, let L, (f;x,a) the positive linear operators involving Charlier-Poisson
polynomials in the variable x > 0. Then, the following statements hold.

1. [11, Lemma 1] The operators defined in (6) satisfy the following identities:
(i) Ln(l;2,a) = 1.

(ii) Lyp(s;z,a) =x + l

n
1 2
(iii) Ln(s*x,a) = x? +§ <3+ E) + o

2. [11, Theorem 1] Let E be the set given by
Si={f:[0,00) = R:|f(z)] < Me?*, A€R and M € R"}.

If f € Cl0,00)N S, then
Tim Lo(fs,0) = f(0). (31)

That is, the operators defined in (6) converge uniformly on every compact subset of [0,00).

— 4 @
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3. [11, Theorem 2] Let f € UC[0,00) N S. Then the operators L, given in (6) satisfy

ILn(f;w,a)—f(w)IS{lJr\/x (1+ﬁ)+%}w(f;%), (32)

with w given by (28).

3. New parametric U-Charlier-Poisson type polynomials and some of their
properties

In this section, we shall introduce a new class of discrete polynomials, which we denote by
GE +J](a:;a, B, ) and will we call new parametric U-Charlier-Poisson type polynomials. Further-
more, we obtain some of their properties.

Definition 3.1. For a fized J € N, B, X € R and a # 0, the new family of parametric U-Charlier-
Poisson type polynomials GEJFJ] (z; 0, B, A) in the variable x € Ny are defined by the means of the
power series expansion at 0 of the following generating function:

2+J
u(z; z;a, B,\) = |Be” Y 4+ (1+2)" ZG[QJ“” (x5, B, ) . (33)
n=0 n!
2+J
From (33) and taking A;(\, a) = A\(—a) ™/ H 2, the first parametric U-Charlier-Poisson type

polynomials are obtained, which are:

GE N zi0,8,0) = B+A;(\a),

GY Ny ,0) = —aB+ Aj(Na) + 2(B+ A;(\a)),

G[22+J] (T30, 8,\) = a8 —2afz+z(z—1)(B+ 4;(\, a)),

G, 8,0) = —aPB+ 0By — 20Ba(z — 1) + x(x — 1) (2 — 2)(—aB + B+ A;(), a)).

Note that if 5 =1 and A =0, z = w in (33), we have the classic Charlier-Poisson polynomials
given in (26). Therefore, the generating function of G[ +J](x a, B, A) in (33) includes, as its special
cases, the generating function of the Charlier-Poisson polynomials, i.e., Cp(z, ) = G[2+J]( x;a,1,0).

Substituting z = 0 in (33), we have

_ _ 2m — 1
u(0; 210, 8,A) = [Be™ + A(—a) H ST Z G0, 0, B, > _ (34)
m=2
[2+J] 2+J . . .
where Gy, (0, , B, \) = (a B, A) denotes the parametric U-Charlier-Poisson type numbers.

In view of (34), we can compute a few values of the numbers Gl (e, B, A) as follows:
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Gy @ B.0) = B+ 450, a), G50, 8.0) = —Ba’,
G, 8,0) = —pa, G, 8.0) = Ba,
G5 N a, B,)) = a8, G2 (a, 8, ) = —Ba’.
One can use A;(\, a) in the following manner:
2+J _1 0 A"
— (2+J] N
Aj(\ ) T _;Un (@) (35)
Whereby some UT[L2+J](oz) are
24J om . 24J om _
UL () = H 2 - ; UL () = 2(— H ;m = ;
2+J 2+J om _ 1
U1[2+ J] U:£2+J]( = 6(— H
m= 2 m= 2

Proposition 3.1. Let 8 € R — {0}, J € N fized, and {G2+J( . B, )} » be a parametric U-

Charlier-Poisson type sequence of numbers defined as in (34). Then, the followmg relationship is
fulfilled:

Gg""]](a,,@,/\) = (=1)"Ba™, (36)
with  GE N, B,0) = B+ A;(\a). (37)

PROOF. By using (34) follows

ZG[2+I z_' — )\a +BZ n n

& G080+ 360, f, N = ﬁZ(—U”@”%T +4j(\a).
n=1 ’ n=0 ’
With what we have,
i 8.0 = 37 (=08 — G, B0 | S5+ (B4 45(A ). (38)

n=1

From (38) follows (36) and (37). Proposition 3.1 is proved.

With its proof, the following proposition provides a concise formula for the parametric U-
Charlier-Poisson type polynomials GE +J1 (x50 B, N).
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Proposition 3.2. Given a fired J € N, let {G7[12+J](9:;a,ﬁ,)\)}oo . be a parametric U-Charlier-
n=

Poisson type sequence of polynomials, defined as in (33). Then, the following explicit representation

hold:

24-J

G7[;2+J](x;a’ﬁ’ \) = BCh(z,a) + M—a)™ [H Z: : ;] (z),, (39)

m=2

where (), is the falling factorial defined in (13).

n’

PRrROOF. Using the generating function of the parametric U-Charlier-Poisson type polynomials given
n (33), we have

ZG[2+J]J:O‘6 )'n — [ﬂeaz_'_ Jﬁ]Qm—l 1+Z)I
) 2m — 2

00 ; 2+J2m_1 0o

o HEE()-
i TS )"rﬁ]Zm_lli -
n= m=2 n=0 nl
0 2+J ps
ZBCJ}&-I—)\ IHQm_ mn]n‘

Considering the above expression, we thus have (39). Proposition 3.2 is demonstrated.

Proposition 3.3. For a firzed J € N, let {GE?FJ] (z; a0, B, )\)}:oo be a parametric U-Charlier-

Poisson type sequence of polynomials defined by (33). If f — O,_(md A — 1, then the following
identity holds:

n oo 2+J
(Z) GEJFJ](:E;O(,O, 1Ch—k(—a, —x) (40)
k=0 n=0 m=2
PROOF. Let us write (33) as
—Qz T T «az —X > Zn az —X
[Be™%(1+2)" + Aj(N\, a)(1+2)"] (1 +2)™" = (ZGE”](x;ﬁ,a, ”E) (1+2)
= (Z G2z 8, o, )\)—'> (Z Cn(—a, —x)
n=0 n=0

From the above expression and (35), we have

n

B+ e A;(), @) ZZ( )G[W] (@3 8. 0, \) O (—, —0) .

n.
n=0 k=0
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n

= ﬁ-l-z_(:)an (ZU[QJFJ] > Zkz()( ) 2+J x; 8, a, \)Ch_p(— m,—a)z—'.

n!
n=0
Then, taking 8 — 0, and A — 1, follows

= T2 [2+J] 2"
ZO& <Zn' H om _ ) ZZ( ) ﬁ,a >‘) n— k( a,—m)ﬁ,

n=0 k=0

from which (40) follows. Proposition 3.3 is demonstrated.

Proposition 3.4. For a fized J € N, § € R — {0}, let {GLQJFJ](:B;Q,B, A)}ZO_O be a parametric

U -Charlier-Poisson type sequence of polynomials defined by (33). Then, we “have the following
relationship:

n n
A )G —a) + 3 st e = Y ()6 i 5. (a1)
k=0 1=0
where s(n, k) is defined by (24).
PRrROOF. From (33), implies that
> 24 2™ 1
B(l+2)* = ZGLJr ](x;a,ﬁ,)\)m—Aj()\,a)(l-l-z)x e
n=0
— [2+]
= <T;)G xaﬁ, )(Za —)— 10.We! ZC n'
Now, using (25) follows:
00 n R x " s 2] 2" 00 n
5> (Sostmmat | 5 = 250 (7) 68 ma s e S - A ) Y Gl )
n=0 \k=0 ' n=0 =0 ' n=0 '

n

o0 n
= Z <Z G[2+J](w;a7ﬂ, Ao — 45(X, )Co(z, —a)) =
which yields (41). Our Proposition 3.4 is proven.
Proposition 3.5. For a fized J € N, f € R — {0} the following relations hold for the parametric

U -Charlier-Poisson type polynomials defined by (33):

n LGB 0,80 = Y (-1 (- WG (@08, ), (G2 =0), (42
k=1

a_a:LGLQ—FJ](:Uv «, 67 >‘) + G£L2+J] (ZL’, Oé,ﬂ, >‘) - AJ(Av Oé)<.'L'>n = 07 (43)

where o € R—{0}, z € C—{0,—1}, n € N with

—Gfii”(w;a, B,A) = N(z;2; )

1

R(a;250) = — [(1 + 2) log(1 + 2)

, (44)

and A;(X\, a) given in (35).
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PRrROOF. To prove (42), we note that by differentiating (33) with respect to x, we can write

Za—iGE”](x;a,ﬂ,/\)i—T = (Z(_ %) <ZG[2+J] 5@, )_l)

> 3 21 > n 2" > P
@2 GGt (@i BN gy = (g—m (n— 1>!;> (;G&l‘”u;a, BN
o0 a n oo n n
& on g G wa 805 = 30 Y- () 0= DGR w80
n=1 ’ n=1k=1
0 - )
o0 G a5, = Y= 1) 0~ G (w0, 6.0)
k=1

Of the above expression and applying (16) follows (42).

Now to prove (43), we derive (33) with respect to z as follows:

n

a 24-J] z
au(m’,z,a,ﬁ, ZGTH—l IL’ a7/87>\)mv
and
0 x x —az ] _ —az x
&U(l‘,Z,OL,ﬁ,A) - (1+Z) [(1-1—2) (56 +AJ(>‘70‘))] O‘Be (1+Z) :

Likewise, if we derive (33) with respect to x, we have the following:

n

0 J _r z
o _ 2+J] /..
axu(a:,z,a,ﬂ,/\) = ngzo ax(;” (z;, B, N) ok

iz f0) = (14 2)log(l+2)(Be ™ + A;(A a).

By using (45), (46), (47), and (48), we obtain

10

1 T
aau(‘(n:zaavﬁ7>‘) |:(1+Z)

log(1 + z)

];u(:ﬁzaﬁ, A)

+u(ziz;o,8,0) — (1+2)" Aj(A\, ) =0

n

[2+J] " l 0 X a [2+J] z_
= — ZGn—i—l Z; 7/87 ) Qn:O |:(1+Z)10g(1—|—2:):| aTG (CL‘ O[,ﬁ, )77'
+ Zagw](z;a,ﬁ, )\)% — 40,0 (z)zn 0
n=0 : n=0

o0 n

(249 . N e x 0 A+l z
@Z Gn+1 HONe 6 ) ' ngo [(l-l—z)log(l-l—z)] (9 G (laa)ﬁvA)n!

2" SN
+ Z G’£12+J](:C3 a, ﬁ7 )‘)F - Z A]()\, Oé)<]}>nm =0.
n=0 n=0

Of the previous equation taking N(z;z; ) as in (44), (43) follows. Proposition 3.5 is proved.

)
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Proposition 3.6. For a fited J € N, § € R — {0}, let GL?—"_J](LE;Q,/'},/\) be the parametric U-
Charlier-Poisson type polynomials. Then the following statement holds:

d H, Hom_g &
2= a0 [T gy + Sl a9
m=2 =

using (x)n, given by (14), and Hy(z) = H7(11)(SL‘) given in (19).

ProOOF. Taking z — —z, and 2 — —z in (33), we have

oo n

o I " c —az —x
BU=2 = e DG man STy — Age 0 -
_ Oo Z o0 n 2+J . N oo . o
_ ;} « n—g GEH (s BN = — A4, 01)7;)( N e
oo n n ng, P 00 . n
n=0 k=0 ! = .

Then, for |z| < 1, using the Binomial Theorem, we have

(1—1z)ff = Zﬂ—l [Z <Z>( 1) kg[2+J]( T, B, 0\) — ()\7(1)(_1)710”(_%7&)] %

n=0 k=0

Z(m)n% = ZB [Z( )(—1)”akG§j,jl(—:c;a,5,A)—Aj(A,a)(—U"cn(—x,a)]%
k=0

@n = (1" G (—asa, B,0) — B A (—1)"Co(—3, ).

k=0

This way, using (22) follows (49). This completes the demonstration of Proposition 3.6.

4. Orthogonality relationship of the polynomials GLz"‘J](m; a, B, )

The main aim of this section is to obtain the relation of orthogonality satisfied by the polynomials

GE +J](a:; a, B, \), and apply it to study a relationship between these polynomials and the operator
V given in (9).

For a fixed J € N, we define the parametric U-Charlier-Poisson discrete weight function w® as

e—Oé

w(x; B, \) = "\ (BN 0) +iO(B. A a)| 2, (50)

where o € R, a < 0; 8, A € R — {0}, on the lattice N; z,w € C; z = a; + ias, w = ¢; + ice in the
circle C(0, |n|) and |n| = min {|z|, |w|}. While .Z (5, A, a) and ©(8, A, o) are given by

H(B,\ o) = B(B+ Aj(N a)(egcos(caa) + €1 cos(aza)))

+[A;(\ a)]? e1eg cos(alag + ¢2)), (51)
OB, \a) = PA;(\ ) (e2sin(caar) + €1 sin(aza)))
+[A4;(\, @) ereasin(alas + c2), (52)
87
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where A;(), ) given in (35), 1 = ™, and g9 = 1.

With the weight w®(x; 3, \) given in (50), we can introduce on P the inner product as follows:

(9o = Y Fl@)g(a)w (23 5, ), (53)
=0

where f,g € P. Which has positive weights for every a < 0

The Pearson equation concerning (27) for weight (50) is now of the form

a—T

Vo (z;0, B,\) = < )wﬁ(;v;a,ﬂ, A). (54)

Theorem 4.1. For a fited J € N, ifa €R, a <0, 8, A € R—{0}, and m,n € Ng. Then, the para-
metric U-Charlier-Poisson type polynomials for the weight (50) satisfy the following orthogonality

relation:
o (24T 2+J] (. e a” o T(n+1a";
;)Gm (w50 B, NG w5 0, B, 1) ——— B, A, o) Q0 a) o (55)
Whit Q(8, A, a) = (B, A, a) + iO(3, A, a).
PROOF. One can see that from (33) follows:
> nzn . r mn . x n
LG(x;ZvawB:)‘) = /8 (Z(_a) m) Z <n>z +A]()\704) Z (n>z
n=0 "/ n=0 n=0
0o n n - - 0o on
= S ()t S 0 Y ), 5
n=0 k=0 n=0
-y [B (}) ar @+ 000 <x>n] s
n=0 k=0
Sy n i (T ), | n
=X [ 5(; ) o e a0 ] =
n=0 Lk=0
This implies that
Lo(z:iz, 0, B,0) = ZD,[LQJrJ](a:;a,,B, A)z", (56)
n=0
where .
n i (@ x),
D s = 3283 ) e S e (57)
=0
Similarly, we obtain
Lo(z;w, 0, 8,0) = Y Dt (w50, 8, Nw", (58)
n=0
88
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with

m
[2+J] ym= kT, A (T)m,
DETINz; a, By A kgzo/B( ) - —i—A](/\,a)—m! . (59)
On the other hand, we have

La(zyz,0, B, ) La(zyw, a, B, A) = [Be_az + Aj (A, O‘)] [ﬂe_aw + A;(A, O‘)] (14 2)"(1 +w)*
= eG4 Ay (0 0)e™)(8 4 Ay (A @)e) (1 + 2)7(1 4w

and so, we have that

oL ;2,, B, \) L 2w, o, B, A
Z « G(:l? z,a, 8 k)' G(T w,a, B ) — (ﬂ_|_‘/4](/\70[)604,2)(6_’_j4j()\q a)eaw)efazefawea(l+z)(l+w)
k=0 ’

= (B+A4;(Na)e)(B+ Aj(\ a)e*)ee™™™.

So,

OO e k > 2May™

S Lolws 2, 6, ) Lalww, a8, 1) = = (B+45(\ )e) (B+45(\ a)e™) 3~ " (60)
k=0 ) n=0 ’

By using (56) and (58) on the left side of (60), we found

[e's) —ak

> Lo(wiza, 8, M La(asw,a, B, )~ = yoea o ZD[“‘”waﬁ &Y DE N0, 8, "
. 2

k=0 m=0
= Y > PP (aia,8,)DE (20, 8,0) S (61)
m,n=0 k=0 :
By combining Equation (60) with Equation (61), we have that.
> a 2w A e~k
Z(ﬁ + e**b) (B + e*b) — = Z Z DL%+J](1’; o, B3, )\)DE“LJ](JC; a, B3, )\)—' 2w,
n=0 s m,n=0 k=0 k!
Which results in
n . az . aw
. ek [a (B+ A4;(\ a)e 3(B+AJ()\704)6 )] Citm=n,
> D (ks o, BNDE (ks o, 5, 0) - = "
= 0, if m # n.
0 —a,k n oz ow
. . e “a a"(B+ Aj(\, a)e®)(B+ AN a)e
&3 D, s D a5 0 = [T LG

k=0
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And so we can see that
—aak

> GE a0, 8, 0)GE ) 0., N = nla"(B+ 4N a)e™) (B + A (X)) (62)
k=0 '

Now, from Equation (62), we consider the following product:

(B+ Aj(\, @)e®) (B + Aj(\, )e®™) = B2+ BegAj(\ a)e' @Y + Be1 Aj(\, a)e®2®
+[Aj(\, @))% pegeiazeicar, (63)

Finally, we take into consideration the following: we develop the calculations in (63) and substitute
Equations (51) and (52) into the result, then organizing (62) with these calculations we get (55),
which completes the proof of Theorem 4.1.

Again employing (63) with certain conditions provides

Corollary 4.1. For a fized J € N, if a €R, a <0, 8, A € R— {0}, and m,n € Nyp. Assume that
z1 = a1 + iag, z9 = 1 + ice, with aj,c; — 0 and ag — ¢; = (¢ in the circle C(0,|n|). Then, the
parametric U-Charlier-Poisson type polynomials satisfy the following orthogonality relation

e_o‘ L(n+1)a"

> GE B NGE 0,60 (B A @) P = o
Ql(/Ba ) )

=0

Whit Q1 (8, \, ) = A#1(8,\, ) +iO1(8, A\, ). Also A1 (8, \, ) and ©1(8, A, ) are given by

(BN a) = B(8+24;(0a) cos(Ca) + [4; (1, )] cos(2a0)) (64)
018, N\ a) = QﬁAj()\,oz)sin(Ca)—l—[Aj()\,a)]zsin(an). (65)

Using the orthogonality property of the polynomials G7[12 +J1 (z,a, B, A), the summation by parts

given in (11), and the Pearson equation given in (54), we can see the following structure relation:
Proposition 4.1. The parametric U-Charlier-Poisson type polynomials given in (33), satisfy

AGE N (250, B, N) = G (20,8, 0), (66)

nln

where ag are the Fourier coefficients.

—1n

PROOF. Writing the polynomials AG[ +J]( Ty, B, N) = [2+J] (r+ Lo, B,A) — GEJFJ](.T; a,B,A) in

terms of {G7[12+J] (z,a, B, )} o Ve have

n—1

G (@ +150,8,0) = GE (@0, 8,0) = Y a6 (@30, 8,0, (67)
k=0
where
<AG[2+J (z;a, B, N), [,2+J}($;Oé,ﬁv/\)>

ag = Wt k=0,1,...,n—1.
" (R a0, G a8, )

we
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This way, applying (11) and (12) follows

<GE+J],GE+J]> o, = i (AG[2+J] (Lio B, NG (Li o, B, )) w*(L, B, \)

“ L=0

ZGP“]LaﬁA) ( (L, B, NG 2+J](Laﬁ/\))

L=0

- ZGW] Lia, B,2) [w* (L, B,NVGE (L0, 8.0) + GEFI(L = 150, 8,0 Ve (L)

= > GRN(Lsa W (L, BNV GE T (Lia, 5.0)
L=0

ST GEHNL - 10,8, VG (L — 10, 8, \)Vw® (L; B, A).

Now, due to orthogonality of G£12+J](L — 1;a, 8, ), since VG} has degree k — 1, we have the first sum is
zero. For the second sum, substituting (54) yields

(GEGENY ap, = Z G (Lia, NG - 1;a,,8,/\)w“(L,ﬁ,/\)a;L

W

1 o0
. § :GE”](L; a, B NGETNL — L, 8, N w*(L, 8, ). (68)
@]

This sum is zero for £ + 1 < n, so only af can be non-zero. Therefore, from (68) follows (66).

n—1,n
Proposition 4.1 is proved.

5. Szasz-type operators including the parametric U-Charlier-Poisson type polynomials

In this section, we present a linear positive Szasz-type operator given by (4) involving the
U-Charlier-Poisson type polynomials. With the help of the Korovkin Theorem, we study the con-
vergence and some properties.

We define the Szasz-type operators, including the generating function of the parametric U-
1

Charlier-Poisson type polynomials given in (33), with & = a, 2 = ——, and = —(a — 1)nz as
a

follows:

(a—1)nx o0 2+J],
1) Gk ( (a 1)77,(1),&,6, A)f <i> ’ (69)

(1) = et e (12

a

where f € C[0,00), n € N, fe # A;()\, «), and > 0.

Lemma 5.1. Forn € N and x > 0, the operators Jy, defined by (69), satisfy the following identities:
1. Ju(l,z) =1,

2. Juls,x) =+ pe

n(Be+ 4;(\ )’

— 4 9
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5. In(s%2) =%+ 20e 41 T (Bet A; ()
n(fe+ A\ a))  n

n(a—1)+

with fe # Aj(\ ).

PrOOF. Using the generating function of the parametric U-Charlier-Poisson type polynomials,
given by (33), we can see that

oo ~[2+J . ne
ZGk (—(a k‘l)m:,a,ﬁ’/\) = <1 2) (Be+ Aj(N a)), (70)
k=0 )
00 2+J], (. —(a=1)n
S KGE (—(a k'l)m:,a,ﬁ,k) _ <1 2) [56+m(5e+,4j(>\, Q)] (71)
k=0 '
= KRG (o - Dna,a,B,0) Sl
kZ:O k! -\ )
x  [n’z?(Be+ A;j(\ @) + n’z(Be + Aj(\ @)D + 2] (72)
where
1
o —
n(a—1)+ 2Pe + L

n(Be+ Aj(Na))  n

Then, multiplying in each of the equations (70)-(72) by the right multiplicative inverses and using
the Definition of the operators (69) the assertions of the lemma are obtained.

Theorem 5.2. Let S := {f :[0,00) = R : |f(2)| < Me*}, where A € R. If f € C[0,00)N S, then
lim J,(f,z)=f. (73)
n—oo
That is, the operators defined in (69) converge uniformly on every compact subset of [0,00).

PRrROOF. By using the Lemma 5.1, we have

lim J,(s%2,a0) =2, i=0,1,2.

n—oo

In this way, using Korovkin’s Theorem [2|, convergence is guaranteed in each compact subset of
[0,00) .

The next result gives the rate of convergence of the sequence .J,, to f by means of the modulus
of continuity.

Theorem 5.3. Let f € UC[0,00) N S. Then the operators Jy, satisfy the inequality that follows:

r.a) = o) < {1+ VRGN o (5. (74)
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with

T n?(Be + H)* — 28e 2pe
Tnlaifo2) = [_ [n?’(a_ 1)(66+H)2+36e+H] n*(Be + H)

n

|z

24-J

-1
A om
where H = | fe+ A—a) H 55 .
m=2

PROOF. By using (28), (30), the Definition of the new operators given in (69), and identity 1 of
the Lemma 5.1, we can write

(a=Dnz & A2 (4 1)nz, a, b,
\Jn<f,r>—f<r>r=‘ﬂ<1—3) > G e e B (B) v

a — k!
Thereupon
(a—1)nx ©© G[2+J] L A
n(fom) = f@)] = ‘H <1—2) 558l - D 3 <f (S) _f(m)>‘
k=0 )
(a—Nnz o© ~[2+J] T.a
< n(1-1) S e b | (8
k=0 )
This way of (29) follows:
1) (e~ bne 2 G[2+J](—(a—1)nx,a,ﬁ,)\) 1|k
f2) ~ F@)] < {H(1—5> > (5[% -4 +1) w(f,cn}
(a—)nz o0 ~[2+J], a—1ne.a
< {1+%H<1—%> ZGk (—( k|1) ) ,B,A)‘ﬁ_,)}w(]v?(g)(m)
k=0 '

On the other hand, it holds by Cauchy-Schwarz inequality for series, and Lemma 5.1 the following:

—(a—1)nz 1/2
< )
n a

© G (a— Dnzea, BN (K \2)
% <Z - il <E‘“’> '

i Gf—h]](_(a - 1)77‘:1:7 a, ﬁ; )‘)
k!

—(a=)na\ /2 [ oo A[2+J] o\ 1/2
B 1 1\ (e G, (—(a—1)nr,a,B,\) (k

is fulfilled
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—(a—1)nz (a—1)nz oo 2+J], . 2\ 1/2
y _H4(1_1> H(1_1> 3Gl 1ML%ﬂJ)<E_w)>

a a k! n
k=0
—(a—1)nz (a—=1)nz oo 2+J]_(, _ 1 by 2 1z
— gt 1_1 H 1_1 ZGk (—(a—1)nz,a,B,\) k——2k—x+x2
a a k! n? n
k=0
1 —(a—1)nz 12
= H! <1 — 5) [Jn(s?,2) — 22, (s,2) + 22T, (L.x)] /™.
So, of (75) and the above expression, we get
1
) = 1@ < {1+ 3V TGN [ (£,0),
. 1 . . .
By choosing 4 := §,, = —, we arrive at the desired result. Theorem 5.3 is proved.

NG

Lemma 5.4. For x € [0,00), the sequence of operators J, given in (69), satisfy the following
property

1 20e 20e

= +
- 23e 1 n(Be+ AN a)) n?(Be+ Aj(\ )’
ne—1)+ n(Be + A;(X\ a)) + n ' '

Jo((s — )% 2) =

with e # A;(\, ).

PROOF. By taking advantage of the linearity property of .J, operators, we have
Jo((s — 2)%2) = Ju(s?, x) — 22 dp(s,2) — 22T, (1, 2).

Next, we apply Lemma 5.1, we obtain the desired outcome.

Theorem 5.5. Let f € C[0,00) NS and z € [0,00). The operators Jyp satisfy the inequality that

follows:
[Jn(fs2) = f(@)] < 2w(f;v/Tn), (76)
where
e 1 20e 1~ n(Be +2§e<(x o) | T 2 se fie(x )’
e =D+ et ey T n ]’ ]’
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PRrROOF. By the identity 1 of the Lemma 5.1, and using the modulus of continuity property, it is fulfilled

(a—1)nz oo 2+J], .
T @ < H (1 - %> 3 Gy (e k'l)n:r,a,ﬂ,k) ’f <§> — f(2)
k=0 '
1\ @7V 1 G (0 — Dna,a, 8, | k
< {1+H<1—a> 5’;) k! ‘E_m‘ w(f75)

n

IN

"

k=0

On the other hand, by the Lemma 5.4, and the Cauchy-Schwarz inequality, it holds
k!

i G£?+J](_(a —1)nz,a,B,\) - (1o 1 (a—D)nz )
a

1/2

k ‘} /

——x

n

— Ya-Dnz
< H<1—1> {Tn}l/z.
a

k!
{i G£,2+J](—(a — Dnz,a, 8, N)
] 1/2
This way, |J,,(f,z) — f(x)] < {1 + S\/ﬁ} . Thus, by taking d = |/7,,, we have the desired result.
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