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1. Introduction and preliminaries

In recent years, a number of scholars have made significant contributions to the development of
generating functions for newly discovered families of special polynomials, such as Bernoulli, Euler,
and Genocchi polynomials. These researchers have successfully established the essential properties of
these polynomials and have derived a variety of identities and relationships connecting trigonometric
functions with two types of special polynomials using generating functions. Additionally, by applying
the partial derivative operator to these generating functions, several derivative formulae and finite
combinatorial sums involving the aforementioned polynomials and numbers have been obtained. Let
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N, Z,R and C indicate the set of positive integers, the set of integers, the set of real numbers, and the
set of complex numbers, respectively. Let « € N x € R, and 4 € C (or R). The two classical
polynomials, specifically the Bernoulli polynomials (BP) denoted as 8B,,(x) and the Euler polynomials
(EP) represented as &,(x), have a rich history dating back centuries and have found extensive
applications across diverse mathematical domains. Notably, they have played a pivotal role in finite
difference calculus and number theory, as substantiated by references [1,2,4,5,7,13,27,28]. It is
worth emphasizing that these polynomials are characterized by the following exponential generating
functions:
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Because of their importance, numerous extensions for these polynomials and others that share
similar structures have been extensively investigated, leading to some fascinating
results [3,9-11, 15, 20, 21]. For instance, one can consider the generalized Bernoulli polynomials
denoted by BY(x) and generalized Euler polynomials denoted by E@(x), where the parameter @
specifies their order
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Referentially, please see [14, 16]. Srivastava and Luo studied the Apostol-Bernoulli polynomials,
B,(f)(x; A), and the Apostol-Euler polynomials (AEP), 82“)(x; A), of order « in their work cited as [17,
p. 917, Eq (1)], and [23, p. 395, Eq (1.18)]. The Apostol-Bernoulli polynomials BE,“)(x; A) of order
are defined by means of the following exponential generating function.

Z.O:Bf)(x;/l)i—r;:( ! )aeﬂ. (1.1)
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and

Note that B (x; 1) = 8 (x) denotes the Bernoulli polynomials of order e, and 8(0; 1) = B (1)
denote the Apostol-Bernoulli numbers of order «, respectively. Setting @ = 1 into (1.1), we obtain
Bﬁ,l) (1) = B,(1) which are the so-called Apostol-Bernoulli numbers. The Apostol-Euler polynomials
E@(x; ) of order « are defined by means of the following exponential generating function.
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By virtue of (1.2), we have & (x; 1) = & (x) denot the Euler polynomials of order a and E(0; 1) =
E@(A) denot the Apostol-Euler numbers of order a, respectively. Setting @ = 1 into (1.2), we obtain
8;1) (1) = E,(1) which are the so-called Apostol-Euler numbers.
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Srivastava et al. [24, 25] utilized both trigonometric generating functions and exponential
generating functions to define two parameter special cases of the Apostol-Bernoulli, Apostol-Euler,
and Apostol-Genocchi polynomials. Additionally, they presented the fundamental properties of these
types of polynomials, which can also be found in other papers, such as [18, 19, 26]. These
polynomials are defined as follows:

t
ZB;C’Q)(X’YJ)_ = ( ) e cos (yt), (1.3)
n=0 ! et~ 1
N (5,a) " t ‘ X1
ZB,," (L y; )— = ( ) " sin (y1), (1.4)
£ n! Adet — 1
i 8Dy, ys ﬂ)ﬁ = 2} e cos (y1), (1.5)
o n n! e +1
and o a
Z EI(x, y: g)ﬁ = 2 e sin (y1). (1.6)
£ n n! Ade' +1

The symbols ¢ and s appearing in the superscripts on the left-hand sides of these aforementioned
Eqgs (1.3)—(1.6) denote the presence of the trigonometric cosine and the trigonometric sine functions,
respectively, in the generating functions on the corresponding right-hand sides.

Recently, in the paper [8], a class of polynomials denoted as Unified Bernoulli-Euler Polynomials
of Apostol-type (UBEPA), represented as U,(x;A;u), was introduced and their properties were
systematically examined by Belbachir et al. These UBEPA are defined through the following power
series:

2—p+5t O "
— = ¥ = U, (x; A, 0)—, 1.7
Qe+ (- Z:(; Ty (1.7)
where
A
ln( )+t<7r, O<u<l1
1 —p
and
A )
ln( ) + 1| < 2m, otherwise.
u—1

It is worth noting that by choosing specific values for the parameters u and A in Eq (1.7), we can
get the well-known Bernoulli, Euler, Apostol-Bernoulli, and Apostol-Euler polynomials. However,
this formulation does not encompass the unified polynomials of order e, nor does it take into account
the Frobenius-Euler Polynomials (FEP), denoted as H,(x;u), which are defined using the following
generating function:

L -u x-ZH(xu) ] <

For more detail about Frobenius-Euler polynomlals, please see [22] and [6, p. 2, Def. 1]. For real
parameters y and z, the Taylor series representations of the following functions in # = O are given by:

log — '
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Gi(t;y:2) = sin()sin(zr) = ) $7°(x6, ), (19
s n.
. PN

Gey(13y32) = cos(y)sin(zt) = Y- €', D), (1.10)
oy n.
: C sC tn

G.(t;y;2) = sin(yt) cos(zt) = Z S0, (L.11)
=0 n.

where the expressions C;(y, 2), $,°(y, 2), C;,*(y,2), and §,°(y, z) are given by:
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Motivated by the above-cited recent papers, we define the three parametric kinds of Apostol-type
unified Bernoulli-Euler polynomials.  Utilizing the generating functions with their functional
equations, some properties of these polynomials are given. Then we give the partial derivatives of
these newly established polynomials. As a special cases of these types of polynomials, we define two
parametric kinds of Apostol-type unified Bernoulli-Euler polynomials and give some properties of
these polynomials. Moreover, by using a computer program, we obtain certain zeros of two
parametric kinds of Apostol-type unified Bernoulli-Euler polynomials (L[f’(x;y; A;p)  and
‘Ll,f *(x;y; 4; 1) and beautifully graphical representations of them.

2. Three parametric kinds of Apostol-type unified Bernoulli-Euler polynomials
Uy 06y A5 0, Uy (6 3 25 0, Uy 03y 23 45 1) and Uy (s ;.23 4 1)

In this section, by virtue of the above Eqs (1.7)—(1.11), we define the three parametric kinds of
Apostol-type unified Bernoulli-Euler polynomials.

Definition 2.1. For A,u € C, three parametric kinds of Apostol-type unified Bernoulli-Euler
polynomials, are defined through the following generating function:

2—pu+5t

X352 A5 p) = ————
Felt w5 b = 90

[ee) tn
e" cos(yt) cos(zt) = Z (Llfycz(x;y; A p)—, (2.1)
g n!
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2—p+5t . L8, "
T;S(l, x,y,z,/l,u) = me sm(yt) sm(zt) = ; (Lln (x’ Y35 /l’,u);, (22)
2—p+5r , O, C)S. 2
7:”(1‘; x;y;z;/l;,u) = me COS(yt) sm(zt) = ;(I/In (M%ZUE#)H, (23)
2—u+5t o O S.C. "
Foelt; X3 y3 2, A3 1) = me sin(yf) cos(zt) = HZ:;(L/”’ (x;y;Z;/l;,u)E, (2.4)
where
A
ln( )+t <m O<u<l
1 —p
and
A .
ln( ) +1t <2m, otherwise.
u—1

We now give the following items and examples of some special polynomials related to these
extensions.

For u =0and A = 1, Egs (2.1) and (2.4) become the three variables of Euler polynomials.

Foru=z=0and A =1, Egs (2.1) and (2.4) become the two variables of Euler polynomials.

For u =2 and A = 1, Egs (2.1) and (2.4) become the three variables of Bernoulli polynomials.

Foru = 2,4 = 1, and z = 0, Egs (2.1) and (2.4) become the two variables of Bernoulli

polynomials.

e For u =2, Eqgs (2.1) and (2.4) become the three variables of Apostol-Bernoulli polynomials.

e For u = 2 and z = 0, Egs (2.1) and (2.4) become the two variables of Apostol-Bernoulli
polynomials.

e Foru =0, Eqgs (2.1) and (2.4) become the three variables of Apostol-Euler polynomials.

e Foru=1z=0,Eqgs (2.1) and (2.4) become the two variables of Apostol-Euler polynomials.

Example 2.1. The first three terms of (L[nc ! Cz(x; v; z; A; u) polynomials in the variable x , y and z, are as
follows:

, —2+pu
U (x5 y; 3 ) = ——— )
- 22 2x A % By
Uy 2 ) = — + + + - ;
I By ey Sy B Sy T By Ry R ey
21 22 4x1 22 2y?
Uy “(yindip) = - + - + -
e S (I R Sl (Rl B ST Ear
27 N 34w Ay B Au + 2xAp
T+d-p (A+A-w? (+a-p3 (A+2-p? (1+2-—p?
Xt X2 .\ 2 . 2u Au?

+ - - i
l+Ad—u 1+A-pu 14+4A-u 1+Ad-pu (A+A-p)3

Example 2.2. The first four terms of 7/15 ’Sz(x; v; 2; A; i) polynomials in the variables x , y, and z are as
follows:
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U (x;y; 2 A1) = 0,
‘Llf"Sz(x;y; z A =0,

)8, 4yz 2yzu
Ty i) = - ;
B e s IS i
12yzA 12 6yz4 3 6
(Lli"sz(x;y;z;/l;/l) = — < + AL N N O i
A+A2-pw? 1+2-pu (A+2-p? 142-u 1+A-u
5. 24yzA 24yzA° 48xyzd 24x%yz 8y’z
U (5 ) = — > T+ > T - > >+ 2 &
A+d-pp " (A+d=—pp (+d—p? 1+1-p 1+1-g
8y} . 36yzAu 12yz4%u 12yzAu N 24 xyzAu
T+d-p (+d-pp (+d-p@ (+i-p A+1-pp
12xyzu 12x%yzu . 4y3zu . 4yz3u 12yzAu?

l+A-pu 1+A-p 1+A-u 1+A-p (A+a1-p?*

Example 2.3. The first three terms of (L[,? "Sz(x; v; 2; A; ) polynomials in the variables x , y, and z are
as follows:

U (x5 y; 23 A4, p) = 0,

. 27 U
U (s y; 23 ) = — + ;
ey i) -1-A4+u -1-A+u
S, 4z4 4xz 2zAu U 2xzu
U (s y; 2 ) = — + + + - )
L e I Sn I D BEpM s B SR c L B BEpP B p
s. 621 624> 12xz4 6x°7 6y*z
Uy (s yiz A p) = — + - + -
s n A = e S Y A Qe A Tvd-p T+d-n
_ 27 s 9zdu  3¥u 3zl . 6xzAu
l+Ad—u (+A-—w? A+2-p? A+2-p? (A+A1-p?
3xzu 3x%zu . 3y*zu N 2u 3z

+ - - i
l+Ad—u 1+A-pu 14+A-u 1+A-p (A+A-p)3

Example 2.4. The first three terms of (Ll,f "'Cz(x; v; 2 A; u) polynomials in the variables x, y, and z are as
follows:

(ng“"CZ(x;y;z; ) =0,

C. 2y YH
Uy z i) = — + ,

v eyin i —“1-A4+u -1-2A+u

C. 4yA 4xy 2yAu yu 2xyu
U (s y; 2 4 ) = — + + + - ,

I L T I SR I D DV s B R c AL B BEpP B g

C. 6yA4 6yA? 12xyA 6x%y 6y%y
Uy (2 i) = — + - + -

s s = e S Y A (4 d-p  T4d-g 1+d-n

B 2y? N OyAu B 3yAu B 3ydu N 6xyAu
l+d-pu (+A-p?F (+41-p@ A+21-p2 (A+1-p72
33Xy 3w yu 3yAu?

l+d-p 1+d—p 1+4d1-u 1+d-p (A+A-pp
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We now give some properties for these polynomials in the following Theorems.

Theorem 2.1 Let (U, (x;y;5 4 0heo, (U (6335 4 0heo AU (5335 A )hzo and
{‘Ll,fycz(x; V; 2, s Whso are the three parametric kinds of Apostol-type unified Bernoulli-Euler
polynomials. Then, we have:

Uy (6 y; 25 A 1)

g

Ui (x; L CE (v, 2), (2.5)

Uyt = (U G002, (2.6)
k=0
SySzr i o . o (1 .- ss
(L{n (X, yi3; /la /J) = (k)q/{n—k(x’ /la u)Sk (,)/a Z)a (27)
k=0
S)'CZ .« qye e . — C n . . sc
q/[n (x’ YsZ /1’ ﬂ) - (k)ﬂn—k(x, /1’ M)Sk (y? Z) (28)
k=0

Proof. For the proof Eq (2.5), using (1.7) and (1.8), we obtain

N C.\"CZ . qye e . tn — 2 B M + %t Xt
HZ:(;(L{” (x,y, 2, ﬂ.,/.l); = me COS(yt) COS(ZZ‘)

o0 l‘n [e6] e tn

= Y U Lw— Y Crr )=

n! n!

n=0 n=0
kel . "

= > (k) Uy (%3 5 W, D) .
n=0 k=0 n:

Equations (2.6)—(2.8) can be shown similarly. O

Theorem 2.2. Let {(L{f "’Cz(x; V; 25 A5 ) a0, {(L{,f"sz(x; V; 2, A; ) }aso be three parametric kinds of Apostol-
type unified Bernoulli-Euler polynomials. Then, we obtain:
CyC, SyS:
U ) = Uy 35 400 + Uy (63355 4 1)

and
Uy (6529305 4 ) = Uy (3393 4 ) = Uy ™ (0333 03 A5 ).

Proof. Substituting z = y in Egs (2.1) and (2.2), respectively, we have

——¢" =) U’ “(xy;y; A 0)—
Ao s Z; (yiy ) —
2—pu+5t

————2—e"sin’ (1) = ) U, (%Y )=
rd-p’ " o) Z:(; (6 y:y: )
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Adding the two previous expressions, we have

(o)

[Cos (yt) + sin’(y1) =Z sy )+ Uy (s A u)]t—,

n=0

2—p+5t
2+ (1 -p)°

Because of the above equation, we obtain

o S iy g+ U ]
/l€t+(l_ﬂ)e - n=0 n (X,y,y, ’/’t) (xyy, /J) '
O

By equating coefficients, the desired result is obtained. Our second assertion in the theorem follows
a very similar path, but instead of adding the expressions, we subtract them and also use the fact that,
cos2() — sin®(r) = cos(27).

Theorem 2.3. Let {7/1,? "Sz(x; V3 25 A5 ) }ns0s {(L{,S,"Cz(x; V; 23 A W) }as0 be two parametric kinds of Apostol-
type unified Bernoulli-Euler polynomials. Then, we have:
1 O
Sy ) = Uy COn vy ) = = Uy > (505 2y; 43 ).

Proof. Substituting z = y in Eq (2.3), we have

2ZHEA o g cos t)sin(yt)]—Zi‘L[cysz(x' )
2e+ (1—p) Y - ™Y
2—pu+5t
me Sln(2yt) 227/{ “(x; Vi y; A; ,Ll)—

n=0

Then, we have

> U (05205 W —22%{ v A

n=0
By equating coefficients, the proof is completed. O

3. Partial derivatlves for three parametrlc kinds of Apostol -type unified Bernoulli-Euler
polynomials Ty (x; y; 23 43 1), Uy > (373 25 s )y Uy (23 23 s ), and Uy (s y; a5 5 )

In this section, by applying the partial derivative of three parametric kinds of Apostol-type unified
Bernoulli-Euler polynomials operator to Eqs (2.1)—(2.4), we will give the following results.

Theorem 3.1. Forn,m,k € N, let {(Ll,f ycz(x; V; 2 A; W) }aso be the sequence of three parametric kinds of

Apostol-type unified Bernoulli-Euler polynomials; then the following statements hold:
a_k {(Llcvcz(x. 7 A )} =k h chcz(x. s 720 s ) (3.1)
axk n ) y’ B ’ IJ - . k n—k ) y’ B ’ /J ’ .
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o , C.
3 (U, vz ) = (—1>L5Jk!(’;)w,f~‘f~ (s 1 23 A3 o), (3.2)
(. cc. Lt (1) /S)C
a—yk{wn yiz ) = CDUERI UL oy ). (3.3)
ak CyC, TR C,C,
o (U Coyim b f = (DR UGy z 45, (34)

ak
az

where | ] denotes the integer part of *.

{1, ey ) = (—I)LTJk!(Z)Wfii’(x;y;z;A;u),

Proof. If we take the partial derivative of both sides with respect to x in Eq (2.1), we have

© ak cc " 2—/J+ %t 6"
_(L[ny < Vs ,/l’ —_ = ——F = CcoSs(yr)cos(zt)— o
;&ck oy s b Terr (1= 0D g e
= ——— = cos(yt) cos(zt)t‘e™.
s (g SOSoncostante
So, we obtain
— OF CyC: " N GGy ™
Zﬁ%’ @ynhp—= ) U @y lw—.
n=0 x " n=0 "

Comparing the coefficients of #* in both sides of the above equation, we obtain our assertion (3.1).
In Eq (2.1), we take the partial derivative of both sides with respect to y and use the following fact,

t“cos(yt) ifk=0 (mod 4),
—t*sin(yt) ifk=1 (mod 4),
—t*cos(yt) ifk=2 (mod 4),
tsin(yt) ifk=3 (mod 4).

ak
6_yk (cos(yr)) =

So, we achieve

o 2—u+5t
Feelt; ;932 4, 1) = b

. Lk/2]
Ay~ Ao+ (- L (=DM cos(yr) cos(zn),

o 2—pu+5t
—Fee; X525 0) = —————
gy cBXRY LA = o

By virtue of above identities, we have

e - (=D in(yr) cos(ze).

n+k

o O cc t o f
D oyt U550 = (DY U (e ys 25 A )
n=0 :

n!’
n=0
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n+k

Zak (xy,zﬂu)——( DEERE Zw ey —

Comparing the coeflicients of #* on both sides of the above equation, we obtain our assertions (3.2)
and (3.3).
In Eq (2.1), we take the partial derivative of both sides with respect to z and use the following fact,

t“cos(zt) ifk=0 (mod 4),
a_k (cos(z) = —tfsin(zt) ifk=1 (mod 4),
a7k —tfcos(zt) ifk=2 (mod 4),

t*sin(zt) ifk=3 (mod 4).

Thus, we have

o 2—pu+5t
o Feel; 63332 5 ) = " (=) cos(yr) cos(a),
azk? (t; x5 ;25 A ) v —,u)e (-1 cos(yt) cos(zt)
o 2—u+5t
v X y; ’/1 — xt _1 L(k+1)/2th . t 1.
_az’j: (&%, y: 2, A, ) i d-m _’u)e (-1 sin(yt) cos(zt)

Using the above identities, we have

n+k

Zak U rm s = - 1)““”2%/‘* ey —

n=0

n+k

=y ok C.C. " kel = C,S.
> ek R C R e B GV Y Uy A —;
n=0 < n: n=0 n

Comparing the coeflicients of #* on both sides of the above equation, we get our assertions (3.3)
and (3.4). |

Theorem 3.2. forn,m,k € N, let {‘L[,f ysz(x; V; 2 A; W) }aso be the three parametric kinds of Apostol-type
unified Bernoulli-Euler polynomials. Then the following identities hold:

o s, 1\, 5,5

Ik (26" (s A0 = k!(k)(blfi?(x; ¥3 25 A3 ), (3.5)
a_k{ﬂSySZ(x. co L )} _ (_1)L§Jky n rL{S,sz( v L ) (3 6)
(9yk n ’y’Za 7/-1 - . k n—k X,y,Z, 9,u D) .

s SyS L&D, [P, CyS:

3 (U @y i) = DR U iz i), (3.7)
o wsysz v L — 1 L%Jky n wSySz v L 38
0_Zk{ n (x,y,Z, ,,Ll)} - (_ ) . k n—k (X,y,Z, ’/’1)’ ( . )
" (. s.s. Lo (1) s

A (U sy = DR sy 5 4 ), (3.9)

where | *] denotes the integer part of .
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Proof. 1f we take the partial derivative of both sides with respect to x in Equation (2.2), we find that

A T l‘”_ak 2-p+5t .
;a— A = oo e g S0 sin)
2—pu+5t 5"
m Sll’l(yl) sm(zt)
2 - IJ k xt
W sm(yt) sm(zt)t
So, we have
s ak ) i i ) l‘n+k
Z m‘blfys"(x;y;z; Lw— = Z‘Mf)’s“(x;y;z; A ) —
£ Ox n! 4 n

Comparing the coefficients of ' on both sides of the above equation, we obtain our assertion (3.5).
In Eq (2.2), we take the partial derivative of both sides with respect to y and use the following fact

t*sin(yt)  if k =0 (mod 4),

o . t“cos(yt) ifk=1 (mod4),
- sy =4 . e
dy —t*sin(yt) if k =2 (mod 4),
~tfcos(yt) if k =3 (mod 4).
So, we obtain
t*sin(yf)sin(zt)  if k = 0 (mod 4),
o 2—p+5t . ||tcos(yn)sin(zr)  if k=1 (mod 4),

—Fst X5y 255 4) = —————€" X
ay* Eryaim =200 — ) —t*sin(yr) sin(zt)  if k = 2 (mod 4),

—t*cos(yt) sin(zt) if k = 3 (mod 4).

Namely, we have

ok 2—pu+5t

Pt X)) = ——————e" (=D sin(yr) sin(z),

P (05523 A ) T+ —,u)e (-1 sin(yt) sin(zz)
ayk ) 9 9 b b 9 Aet + (1 _ ll) .

Using the above identities, we have

n+k

RCIEPE m— = (=D qu Cagyant

n=0

n+k

1 e 5 t
C RN u)— =D ) U ym ) —

NIER NgE
a3>|°;w \33|°%

3
Il
(=]
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Comparing the coeflicients of #* on both sides of the above Eqs (3.6) and (3.7), we obtain our assertions.
In Eq (2.2), we take the partial derivative of both sides with respect to z and use the following fact,

t*sin(zt) ifk=0 (mod 4),
ok t“cos(zt) ifk=1 (mod 4),
-z Gin@) =9, . .
0z —t*sin(zt) ifk=2 (mod 4),
—tfcos(zt) ifk=3 (mod 4).

So, we find that

ok 2—pu+5t

a—zkﬁs(ﬂ Xy, 2, A ) = meﬁ(—l)wz]lk sin(yt) sin(zt),
ok 2—u+5t ERRCIY
6—Zk7~ss(t; XV, A p) = m (=12 " sin(yr) cos(z1).

By using the above identities, we have

n+k

AR £
;0— (y zﬁm——(l)“zw wyin i —

n=0

k k-1 £k
P Cey A = (DS ”Zw n A

Ms
Q.'>|Q}

Il
(=]

¢

n

Comparing the coeflicients of #* on both sides of the above Eqs (3.8) and (3.9), we obtain our assertions.
O

Theorem 3.3. forn,m,k € N, let {(Llfysz(x; v; 2; A; () }as0 be the three parametric kinds of Apostol-type
unified Bernoulli-Euler polynomials. Then the following identities hold:

* n\, ,cs.
Ik S0y 2 s o) k! ' U, (x5 y2 41,

ak
ay*
0

{1, }
{ }
U @y )
(e }
{ur }

U (x;y; 25 45 1)

(—1)L§Jk!(n)ﬂff}fz(X; yi23 s ),

k
k
- (_1)L%Jk! n(us_vsz(x. S 73 A 1)
6yk k n_k 7y’ Za ’l't bl
o S,
7 Sy diw)) = (—DLéJk!(Z)‘UfiZ“(x;y;z;/l;u),

8k
az

ktl n\_.s.,s.
S0y 2 s o) (=D Jk!(k)%ik‘(x;y;z;ﬂ;ﬂ),

where | ] denotes the integer part of *.

Proof. Using Eq (2.3), we have the following result.

X p 2-ue # o 2ol L
ZO ()C Vi3 A ,Ll) ] m COS(yl) SlIl(Zl) m COS(yl) sin(zh)t"e ‘.
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So, we get
+k

DY) " O, 0. t
§ —U eyl — = § Uy (e ys 2 A p)—
Ox n! n!
n=0 n=0
Comparing the coefficients of #* on both sides of the above equation, we get our first statement; the

other statements follow a similar path. O

Theorem 3.4. Forn,m,k € N, let {(L(,S,"Cz(x; V; 2, A; ) }us0 are the three parametric kinds of Apostol-type
unified Bernoulli-Euler polynomials. Then, we find that:

ak S)'CZ .« qye e . n S}’CZ .« qye e .

@{ﬂn (x,y,z,/l,,u)} = k!(k)ﬂn_k (v y;5 23 45 ),

O (osC _ Ll [ fS5Cop e e e 3
gy U Cuyzdi) = DR vz s,
o SyCer e o e — L&) ‘I’L CCr .
6—yk{ﬂn iy dipf = DR U iz ),
ak S,C, L4 n S,C:

a7 (U T enn ) = DR U s,
o WS)VCZ cye e - — L5 'l’l SySzi e e e
m{ n (X’y,Z,/L,U)} - (_1) 7 k! k Wn—k (x’y,za/l’/l)a

where | ] denotes the integer part of *.

Proof. Using Eq (2.4), we have the following result.

(o)

" 2—pu+5t ak
Z:(; ()C v 25 A, ,U)_ = m sin(yt) COS(ZI)

2 - y+”

= m sm(yt) COS(ZZ)tkex

So, we obtain
+k

N "
Z(’) Uy 3 A ,U)— ZW RCREY D e
n=0

n=0
By comparing the coefficients of #* on both sides of the equation, we arrive at our first statement. The
other statements are derived through a similar reasoning process. O

4. Two parametric kinds of Apostol-type unified Bernoulli-Euler polynomials (L{f "(x;y; A; n) and
U, (6 y; 43 1)

In this section, we define the two parametric kinds of Apostol-type unified Bernoulli-Euler
polynomials. Substituting z = 0 in Egs (2.1) and (2.4), we can give the following definition.

Definition 4.1. For A,u € C, the two parametric kinds of Apostol-type unified Bernoulli-Euler
polynomials, are defined through the following generating function:
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T/l _2_’u+§t xt _Ooq/lcy /l tn 41

At xy; ,ﬂ)—me COS(W)—Z (X5 Y5 "U)H’ 4.1)
2-p+

Folt; 2,35 A 0) = Te “sin(yr) = an sy s u)—

Theorem 4.1. For n,m,k € N, let {(l/ln (X3, A ) hso and {(Lln"(x;y;z;/l;u)}nzo be the sequences of
two parametric kinds of Apostol-type unified Bernoulli-Euler polynomials; then the following
identities hold:

[5]
‘L{,fy(x;y;/l;#):Z( l)k(n) Uy (x; 5 p)y™
k=0

2k
and N
2
Uy (3 ) = ; (—1)"(2;F 1)wn_1_2k<x; 4y 4.2)
Proof. By using Eq (1.7) and the complex series of the cosine, we have
Z U (x; v; A ,u) A z'u——l_gte” cos(y1)
P Ae'+ (1 —p)

N Cy, . 5. " _ o ! — (—1)"y2”t2"
;(I/{n (x’y5/l’l-l)a - ;q/{n(x,/l,ﬂ)gg T'

Applying the Cauchy series product, we have

ZW "6y A; u)— ZZ( 1) (Zk) P E u)ka—

n=0 n=0
By equating coefﬁments, the desired result is obtained. The proof of (4.2) follows a similar approach,
where we employ (1.7) and the complex series of the sine. O

Theorem 4.2. The following identities hold true:

U (5 + 13y 0 = ) (Z)%C Yy et (4.3)
k=0
and .
Uy (e+7y3 ) = ) (Z)(”zf"(x;y; Ay (4.4)
k=0

Proof. By using the Eq (4.1), we find that

2—pu+5t (rt)"

s (x+n)t _ y s
;;(u A = prEErE—s cos(yt)—qun (s A )ﬂ—n!

[

Z(Z( ) U (o33 s "™ ") a3

n=
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Comparing the coefficients of #* on both sides of this last equation, we have

Uy (x+ry, ) = Z (Z)‘Ukc Yy s,

k=0
which proves the result (4.4). The assertion (4.3) can be proved similarly. O

5. Approximate roots for two parametric kinds of Apostol-type unified Bernoulli-Euler
polynomials and their applications

In this section, certain zeros of the two parametric kinds of Apostol-type unified Bernoulli-Euler
polynomials (Llnc *(x;y; 4; 1) and beautifully graphical representations are shown.
A few of them are

C. -2 +u
ey ) = =
Uy (x5 A ) i
24 2 A
(Llf"(x;y;/l;y) =- + Al H + K ___* ,
T+A-p? 1+A-pu (A+A-p? 2(0+A-p) 1+A-pu
24 217 4xA 2x? 2y?
Uy (5, 4 ) = = + - — 2
A+A2-p)} (A+A2-w? A+2-p? 14+A-u 1+A-pu
N 3Au B Au B Au N 2xAu
A+A-pP (A+2-p? A+A-pw? A+A2-p)p?
PR (. o' e o
l+Ad-p 1+A-u 14+A-pu (A+a-p?*
24 842 223 6x1 6xA?
us s AL ) = — + - - +
R (o Ty, I By L | B S A e pey R {E Ee
6x%1 N 6y’ N 2x° 6xy° N SAu
A+A-w? (A+A-w? 1+A-p 1+2-pu A+2-p?
B 122%u N Au B 3u N OxAu N 32%u
A+d—pw  A+d-pw' 20+4-pp (A+d—pP 20+1-p)p
3xA%u 3xAu N 3x%Au 3y?Au N 3x°u
A+d—pp (A+d-—pw? (Q+d-p? (+1-p?2 20+1-p)
~ xu _ 3y2u . 3xy’u ~ 4° . 4212
l+Ad—u 20+2-p) 1+2-pu (A+2-p* (A+1-p?
342 3xAu? P

T+ d-py (+d—pp d+i-p*

We investigate the beautiful zeros of the two parametric kinds of Apostol-type unified Bernoulli-
Euler polynomials ‘LI,? "(x;y; A4; 1) = 0 by using a computer. We plot the zeros of two parametric kinds
of Apostol-type unified Bernoulli-Euler polynomials (Ll,? "(x;y; A4; 1) = 0 for n = 40 (Figure 1).

In Figure 1(top-left), we choose 4 = 2,u = 5, and y = n. In Figure 1(top-right), we choose
A =2,u=35,and y = 5. In Figure 1(bottom-left), we choose 4 = 2,u = 5, and y = g In Figure
1(bottom-right), we choose 4 = 2,u =5, and y = %.
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Stacks of zeros of the two parametric kinds of Apostol-type unified Bernoulli-Euler polynomials
type (Ll,? "(x;y; 4 ) = 0for 1 < e <40, forming a 3D structure, are presented (Figure 2). In Figure 2
(top-left), we choose 4 = 2,u = 5, and y = &. In Figure 2 (top-right), we choose 4 = 2,u = 5, and

Im(x)

[ ]

¢

=r")

[ ]

=r)

N’

0 50
Re()

Figure 1. Zeros of ‘Llncy(x; v; ;) = 0.

choose A =2,u=5,andy = ;1.

y = 7. In Figure 2 (bottom-left), we choose 4 = 2,u = 5, and y = 5. In Figure 2 (bottom-right), we
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Figure 2. Zeros of (Llfy(x; y; ;) = 0.
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Plots of real zeros of the two parametric kinds of Apostol-type unified Bernoulli-Euler polynomials
‘L[f "(x;y; ;) = 0 for 1 < n < 40 are presented (Figure 3). In Figure 3 (top-left), we choose 4 = 2, u =
5,and y = . In Figure 3 (top-right), we choose 4 = 2,4 = 5, and y = 7. In Figure 3 (bottom-left), we
choose A =2,u=35,and y = ’3—r In Figure 3 (bottom-right),we choose 4 =2,u =5,and y = ;—r.
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Relx)
wfe 0
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o
.. [ ]
) ...
0 '..v

Re(x) Re(x)

Figure 3. Real zeros of ‘L{fy(x;y; A;p) =0.

Table 1. Approximate solutions of (Ll,f "oy, 4w = 0.

degree n X
1 -0.16667
2 -3.0931, 2.7598
3 -5.3271, 0.022080, 4.8051
4 -7.4559, -0.97012, 1.0296, 6.7297
5 -9.5327, -2.0616, 1.06441-0.491341,1.06441 + 0.49134i, 8.6321
6 -11.584, -2.8515, -0.87769, 1.8890 + 1.43991,1.8890 -1.4399i, 10.536
7 -13.621, -3.6918, -0.88781-0.68377i, -0.88781 + 0.68377 i,
2.7381-2.2167i, 2.7381+2.21671, 12.446
8 -15.649, -4.4325, -2.1661, -0.3586-1.59781,
-0.3586 + 1.59781, 3.6336-2.9432i, 3.6336+2.9432i, 14.364
9 -17.671, -5.1878, -2.2437 - 0.7223 i, -2.2437 + 0.7223 1, 0.2105 + 2.4649 i,
0.2105-2.46491, 4.5674-3.63221,4.5674 +3.63221, 16.291
10 -19.689, -5.9057, -3.2565, -1.8925+ 1.65121, -1.8925-1.65121,

0.8405 - 3.2947i, 0.8405 + 3.2947 1, 5.5322 - 428971, 5.5322+4.28971, 18.224

AIMS Mathematics Volume 10, Issue 1, 137-158.



154

Next, we calculated an approximate solution satisfying the two parametric kinds of Apostol-type
unified Bernoulli-Euler polynomials ‘Llf"(x;y;/l;u) =0ford=2,u=2>5,and y = n. The results are
given in Table 1.

We investigate the beautiful zeros of the two parametric kinds of Apostol-type unified Bernoulli-
Euler polynomials 7/1,5 "(x;y; A4; 1) = 0 by using a computer. We plot the zeros of two parametric kinds
of Apostol-type unified Bernoulli-Euler polynomials (Llfy(x; v; ;) = 0 for n = 40 (Figure 4). In
Figure 4 (top-left), we choose 4 = 1,u =3, and y = 7.

In Figure 4 (top-right), we choose 4 = I,u = 3, and y = 7. In Figure 4 (bottom-left), we choose
A=1u=3andy= % In Figure 4 (bottom-right), we choose 4 = 1,u = 3,and y = 7.

Stacks of zeros of the two parametric kinds of Apostol-type unified Bernoulli-Euler polynomials
‘L[;fy(x; v; ;1) = 0 for 2 < £ < 40, forming a 3D structure, are presented (Figure 5).

In Figure 5(top-left), we choose 4 = 1,u = 3, and y = n. In Figure 5(top-right), we choose
A =1,u=3,and y = J. In Figure 5(bottom-left), we choose 4 = 1,u = 3, and y = 5. In Figure
5(bottom-right), we choose 4 = I,u =3, and y = 7.

Plots of real zeros of the two parametric kinds of Apostol-type unified Bernoulli-Euler polynomials
(Ll,f"'(x; v; ;1) = 0 for 2 < n < 40 are presented (Figure 6).

In Figure 6 (top-left), we choose 4 = 1,u = 3, and y = n. In Figure 6 (top-right), we choose
A =1,u=3,and y = 5. In Figure 6 (bottom-left), we choose 4 = 1,u = 3, and y = g In Figure 6
(bottom-right), we choose 4 = I,u = 3,and y = 7.

20+ o000 o 20+ poeoe o
PY [ ]
m 0 m) 0
g °
20} h... L] -20} “... [ ]

200 peooe o ° 20 o000 o °

-l Nocee ® 2of Neco® ® °

Re(x) Re(x)

Figure 4. Zeros of (Ll,f"(x;y; Ap) = 0.
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Figure 6. Real zeros of (Ll,f”(x;y; Ap) =0.

Next, we calculated an approximate solution satisfying the two parametric kinds of Apostol-type
unified Bernoulli-Euler polynomials ‘LI,S,y (x;y; ;) = 0for A = 1,u = 3, and y = . The results are
given in Table 2.
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Table 2. Approximate solutions of (Ll;f "(xy; A ) = 0.

degree n X

2 0.50000

3 -1.3815, 2.3815

4 -2.7229, 0.42934, 3.7935
5 -3.9186, -0.58148, 1.4253, 5.0748
6
7
8

-5.0425, -1.4358, 0.55667, 2.1148,6.3069
-6.1297, -2.1173, -0.42912, 1.7145,2.4412, 7.5205
-7.1938, -2.7930, -0.55400, -0.30241,

2.8069 + 0.8621i, 2.8069 - 0.8621i, 8.7294

9 -8.2433, -3.3840, -1.6647, 0.09379 -1.043861,
0.09379 + 1.04386i, 3.5819 + 1.45871, 3.5819-1.45871, 9.9406
10 -9.2825, -3.9907, -1.7136 +0.52081, -1.7136-0.52081,0.6149-1.78601,
0.6149 + 1.78601, 4.4064 -2.00081,4.4064 +2.00081, 11.158
11 -10.314, -4.5450, -2.7181, -1.3669 + 1.35691, -1.3669 - 1.3569 1,

1.1914 - 2.5026i, 1.1914 + 2.5026 1, 5.2728 - 2.51511, 5.2728 +2.51511, 12.383

6. Conclusions

The application of special polynomials is extensive and varied in scientific fields, encompassing
areas such as signal processing, geoscience, engineering, and quantum mechanics. These polynomials
play a pivotal role in numerical analysis and computational techniques, enabling the resolution of
intricate issues across various scientific domains. Researchers in the field of applied mathematics
have employed generating functions and function equations of special polynomials in numerous
studies to investigate various topics. The results of these investigations have been documented in
multiple research papers. In this paper, we have conducted an investigation into the two and three
parametric kinds of Apostol-type unified Bernoulli-Euler polynomials, thus broadening the scope of
certain special polynomial families that may or may not be present in the literature. Our research has
yielded several essential properties of these newly established polynomials. Additionally, we have
supplied zeroes and graphical illustrations for the two parametric kinds of Apostol-type unified
Bernoulli-Euler polynomials. In [12], the authors constructed a new operator based on Hermite
polynomials. Using this paper, researchers can obtain operators for the polynomials mentioned in this
paper and study the approximation properties of these operators.
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