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Abstract

The aim of this work is to introduce a new family of generalized discrete U-Bernoulli-
Korobov—type polynomials. We provide several explicit representations of this class, to-
gether with connections to other well-known families of special polynomials. In addition,
we establish properties involving the forward and backward difference operators A and V.
Finally, we examine the orthogonality structure satisfied by these polynomials and derive
the corresponding three-term recurrence relation.
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1. Introduction

The study of generating functions and their various extensions leads to polynomials and
numbers known for their exceptional and valuable properties, which have applications in some
branches of mathematics, probability, engineering, and other scientific disciplines. Many
mathematical physics issues can be solved analytically thanks to the recent developments
in generating functions theory [12; 13; 20?7 |. We can find certain results related to the
generating functions for the Bernoulli polynomials and degenerate Bernoulli polynomials.
Also, in the literature, we find various kinds of versions of the Euler, Genocchi, and Dahee
degenerate polynomials, see for example [2; 3; 8; 10; 11; 17-19]. On the other hand, in recent
years the investigations of discrete orthogonal polynomials have gained high attention for
their applications on functional equations and differential and their use to establish various
analytic number theory properties (cf. [4-6; 9]).
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The motivation of this work is to introduce a new family of generalized discrete U-
Bernoulli-Korobov-kind polynomials equipped with a parameter that outlines the advan-
tages of techniques associated with the generating functions we have in mind to give some
representative properties, and we show that these polynomials are orthogonal to N with
respect to the inner product that will be studied. Here C, R and N will be denoted the sets
of the numbers complex, real, positive integers, and Ny = N U {0}. P is the space of all
polynomials in one variable with real coeflicients, and log(z) denotes the principal value of
the multi-valued logarithm function.

The outline of this paper is as follows: In Section 2, we provide well-known basic formulas
and definitions that we shall need to use for the rest of the work. In Section 3, a new class of
discrete polynomials is introduced using their generating function. We derive certain proper-
ties and explicit formulas for these polynomials. Also, we study relations with the Korobov
polynomials, the Stirling numbers of the first kind, and the Dahee and Cauchy numbers.
Moreover, in section 4, we establish that these new polynomials satisfy an orthogonality
relationship. Finally, we study that they satisfy to three-term recurrence relation.

2. Background and preliminary results

The classical Bernoulli polynomials B, (x), are defined by employing the following gen-
erating function (see [16; 17]):

@iJW=g&m§ (1l < 2m). )

For = 0, we find from (1) the classical Bernoulli numbers B, given by B,,:= B,,(0) = B}lo),
(n S No)

The Bernoulli polynomials of the second kind b, (), are defined as below (see [3, p. 167,
Eq(1.2)]):

[e e n

(1427 =Y bal@) 5. (Il < ). 2)

n=0

o
log(1 + 2)

For x = 0 in (2), b,:="0,(0), (n € Np) is called Bernoulli numbers of the second kind. (cf.
[8; 9]). The Bernoulli polynomials of the second kind are called also, Korobov polynomials
of the first kind.

The Daehee polynomials D, (z) are defined by employing the generating function (see
[7; 8; 10]):

n

e ) Sy WOk

(] < 1). (3)

If x=0,in (3) D,:= D, (0) denotes the so called Dachee numbers.

— 4 3
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The falling factorial = of order n; (z), is (see [10]):
(), =x(x—=1)---(x—n+1), n>1;(x),=1 (4)

The Cauchy numbers of the first kind C,,, are given by (see [8]):

> 2"
— 1).
i~ LGy (A< (5)

The Stirling numbers of the first kind s(n, k), appear as the coefficients in the following
generating function (see [17]):

(lz] < 1). (k € No). (6)

These numbers can also be given as (see [10; 17]).
= s(n, k)", (7)
k=0

Of the classical exponential function, is received

0 (_a)m—i-lzm-i-l

1= (m+1)!

m=0

(8)

Let f be some function of real variable z, the backward and forward difference operators A

and V respectively are defined as (see [14]):

Vi(x):= f(x) = flz—1), (9)
fla) = fle+1) = f(z) (10)

Further, for any real number a we have
Auf(x) = f(x +a) = f(z). (11)

If a =11n (11), we obtain (10).

It is also satisfied (see [14]).
Vi) = Af(z) - AVf(x). (12)
V(f(x)g(x)) = f@)Vy(r) +g(x = 1)V [f(z). (13)

For two arbitrary sequences {cx}x>o and {di}x>0, if d_; = 0 then applying summation by
parts there holds (see [14]):

k:O k=0

— 4 3
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3. New Family of generalized discrete U —Bernoulli—Korobov—kind polynomials

In this section, a new class of discrete polynomials is introduced which we denote by
Pn(z;a) and will we call generalized discrete U—Bernoulli—Korobov—kind polynomials,
and study certain properties and explicit formulas that satisfy these new polynomials.

Definition 3.1. The new family of generalized discrete U— Bernoulli— Korobov—kind poly-
nomials P, (x; «) of degree n in the variable x and parameter « € R—{0} are defined through
the generating function

n

z T z 2m
L(z,z;a) = <m> (1+2)" = ; ﬁn(aj;a)m, (|z| < m) . (15)
By using (15) we can compute the first generalized discrete U—Bernoulli—Korobov—kind
polynomials Z,(z; «), as follows:

1
<@0('1';0[):_&7

T 1
0@1(1’;&):_5_5,

x? 1 —« a
e@Q(IL’;OZ)z—E‘i‘( - )x—g,

—1 3(2 — 3a—a®—4
e@g(l’; Oé) = (F) $3 + (T‘[)LUQ + %l’,

-1 6—2 —a? +6a—11 . 24 6 3
924(x;a):(—)x4+( a)x3+< o’ T+ ba >x2+<&)x+%,
« o a o

-1 20—5 4500 — 105 — Hha? . 10a? — 55 100
Ps(x;0) = | — | 2° + D)oty “ ) P “ “r 7
« 2x 3o 20
at 4+ 2002 + 90 — 144
+ 6o x

For x = 0, in (15) corresponds to the generating function of the generalized U —Bernoulli—
Korobov—kind numbers, &, (a) = 2, :== Z(0;«) given by

< — S 4 ﬁ 2_71- 1
Lo (<) (16)

1 1 Q@ b
90((1) = —a, gpl(Oé) = —5; @2( ) = _6; 323(04) = 0, 94(a) = %; @5(&) =0
99
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Proposition 3.1. Let o € R—{0}, and {2, () }n>0 be a sequence of generalized U— Bernoulli—
Korobov—kind numbers. Then, the following relationship is fulfilled.

i (=)t (n) Py | Losin=0
(k+1) \kJ ol 0, sin#0.

k=0

PROOF. By using (16) we have

z > Z" 2
prr R nZ:O%m)m, |Z|<W'
s o0 o
2 o= (e 1)2%(@)5. (17)
n=0 ’

From (8) in (17) it follows that

In (18), we obtain

1 = i - ot (Z) Py (@) = (19)

Comparing the coefficients in (19) completes the proof.

Proposition 3.2. Let a € R—{0}, and { Z,(z;a)}n>0 be a sequence of generalized discrete
U— Bernoulli— Korobov—kind polynomials. Then, the following relations hold:

Autwia) = >t (§) Futa) (20)

k
n

Pp(r;a) — Py(a) = : ( i ) ()1 Pn-1-i(a), (21)

[l
=

with (x), given in (4).

PROOF. From (15) and (16), we can write

;Wn(x;a);—j = (i Wn(a);_T;) <§: <i)zn)

S E () (e o
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As a result of (22), we obtain (20).

The assertion (21) follows by utilizing (15), (16), and the Cauchy product rule, which
finally yields

> (2m0) - 2l 5 - fj( (o) (") ko >> e

by comparing coefficients in (23), we obtain (21).

Proposition 3.3. The following summation formulae for the generalized discrete U— Bernoulli—
Korobov—kind polynomials 2, (x; o) and Py (y; B) with o, B € R—{0} and n € N hold true:

In(r+y;0) = kzn::o (Z) (& +9)p Pnil(e), (24)

kno <Z> Pn(x+y;0)Pn-i(B) = ki} (Z) Pro—i(x; ) Pr(y; B), (25)
H (1) 2+ ) Zuate) = kzzo (1) Zastas) 22tas ), -
Pp(z;a) = ki} (Z) Pz )0 + :Z:n (x),, (” ; 1> a1 (27)

PROOF. The representation (24), follows from (4) and (15). On the other hand, because of
(15) for a, B, and =,y € Z*, we have

(W%l) (142" = i Plwsa) =, (28)

(eﬁ%l) (1+2)Y = i P (y; B) % (29)

Multiplying member by member to (28) and (29), we deduce

3) 3] (ETOEATASESS 3 o () EER PNV -

n=0 k=0 n=0 k=0

Therefore, of (30) we derive (25). Similarly, we can obtain (26).
To prove of (27), multiplying (15) by e¢** leads to

(E5) (Z0)7) - Treoi-(E5) (Eaead)

n=0 n=0
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Hence,
= — ! at ko opltt & 2 e Pp(xia) o oplen
2 KK (n—K)! n =D Pulwia)r =) W (k)
n=0 k=0 n=0 n=0 k=0
(31)

oo n—1 (o) n
n—1 n—k—1 z_n _ . o n . n—k Z_n
SS (")t ;[%u,a) (1) #utziada ]n!wsz)

k

Il
o

whence the formula (27) follows of (32).
Theorem 3.1. Foreveryn € N and a € R—{0}, the generalized discrete U— Bernoulli— Korobov—kind

polynomials satisfy.

(n—1)Z(x;0) —nax Pp_y(z— 1)

n n—j

n\(n—y
— ZZ ( ) ( l )(—1)l(a)l+1@n_j_l(a),@j(m;a). (33)
i=0 =0 ™/
PRrROOF. By differentiating both sides of (15) with respect to z, we get
(1 T Z);l: Tz (Z + 1):0—1 (}’,26_0‘2(1 + z):l: & on—l
= P (x; .
(em2* —1) N ez —1 i (em —1)2 — (23 0)n n!
So,
i,@(:r a)ni—i,@(ra)zn—inaj,@ (x 1a)£
n\+4; ] n\t; | n—1 ) ]
n=0 n=0 n=0
> w2 > 2" 2"
=« (Z(_Q) m) Z @n(a)ﬁ> ( @n($, 05) '> )
n=0 n=0 n=0
therefore
o0 ' ~ ‘ Zn o n n . Zn [e.°] ‘ z”
Z[n;@n(a:,a) — Pp(z;0)—ne Py (x — l,a)]m =« Z l (—a)' P (Q)H Z ,@n(:c,a)m
n=0 n=0 [=0 n=0

As a result of the above expression (33), follows.
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Theorem 3.2. The following relations hold for the generalized discrete U— Bernoulli— Korobov—Fkind
polynomials defined in (15).

0P, (x; ) — e (n—1\ k!
N -1 7 1< n—k— ; ’ ) 4
B kZO( ) n k k+132 k-1(x; ), (n€N) (34)

, o o
(n—1)Z,(x;a) —ny(x,2) —Pp1(x;a) —nip(z;a) — P, 1 (z;0) = 0, (35)
ox ox
where a € R—{0}, z € C—{0, -1} and n € N, with
T ae Y

and ¥(z; o) =

7(% Z) = (

1+ 2)log(l + 2)’ (e=ez — 1) log(1+ 2)°

PROOF. By differentiating (15) with respect to x, we have

2 0P, (x; ) 2" > 2"
2—6(1, )m = <Z'@"(x;a)ﬁ><

n=0 n=0 n=0
oo n—1
- ;kzo Pn-r-lwia)(=1) ( k )(k;—i—l)(n—l)!

Therefore,

0P, (x5 0) 2" B Sl cfn—1\ nk! 2"
D e D Bp D QP Fras SRS s

n=0 n=1 k=

As a result of these computations, we obtain (34).

To prove (35), we differentiate (15) concerning z as follows:

Filr ) = Y Aol (30
and
sitone) = o |G [ [ ) [ ) o

Furthermore, differentiating (15) concerning x, we have

) — 9 2"

— . - P Z.

8J;L(ac,z,a) 7;) o Pz, ) E (38)

9 ' z (14 2)%log(1l + 2)

agjL(.tz:, z; ) (o — 1) (39)
103
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Combining (37) with (38) and (39), we can be written

0 ) x ae ¥ 3} . (142"
@L(x’ #a) = [(1 + 2)log(1 + 2) + (e=% — 1) log(1 + z)] 8xL(x’ %) (emoz —1) 0. (40)
Thus, from (40) we have
0 2T zoe” Y 0
—L Ta) — —L sa) — L sa) =0. (41
“92 (z,2:) [(1 + 2)log(1 + 2) T (e=@ — 1)log(1 + z)] ox (2,25 ) (z,750) = 0. (41)
Hence, from (38) and (41), and after simplifying, we can get
D Ialwa) ng =3 Pn(wa) = =
n=0 n=0
> x ae ¥ 0 nz"
nz:% [(1 ) log(l+2) (e —1)log(1+ z)] g V@)= =0,
and consequently
Falai0) = Pa(wi) = || 2 P (w30)
nnlEa it (14 2)log(1+2)| dz~ " na
noe % 0
— — Pn—1(z;a) = 0. 42
{(e“’z —1)log(1 + z)] Bsngn izia) =0 (42)

T e ¥

In (42) doing v(x,z) = 152 l;)g(l L Y(z;a) = (e — 1)(log(1 + 2))

follows (35).

Theorem 3.2 is proved.

Theorem 3.3. Given oo € R—{0}, and let { P, (x;a)}n>0 be a sequence of generalized dis-
crete U— Bernoulli— Korobov—kind polynomials. Then, the following assertions hold:

Po(x;0) = f: n (7;) 2 P i(a)s(5. k), with s(n, k) given in (6). (43)
pardenr
Pn(r;a) = y Zq: > i <Z> <?) (n l_ q) 2 Py i(@)s(l, k)bp—q—; D; (44)

k
where b, and D,, are given in (2) and (3), respectively.

Po(z;0) = Zk: (k) (Z) bnin(2) Py () D;, (45)

where by, () is defined in (2).



Alejandro Urieles, Maria José Ortega, Cesarano Clemente 4 4>

—

lzzo:zl:q

where C,, is defined in (5).

n—

i ( )( )( ¢ l) CiDi—;s(q. k) Pp_i_g(a)”, (46)

k=0

Il
o

PROOF. The statement ( 3) follows from (6) and (15).
By using (2), (3), (6), and (15), we observe that

> %(ﬂﬁ;a)% =(> %(m%) (emloe+2))

n=0 n=0

_ ZZ%@%’:) (Z o log(1 1 2 )

n (n)< )(n—q) Zq:n ixke@ s(l k:)bn_q—ij] 'Z—T:

q =0 j= =0

I
WK

from which (44) follow. Taking (2), (3) into account, and, by (15) we can find (45).

To prove (46), we use (5) as well as (6), and (15). Thus, we deduce

ic@n(x;a)i—7=<monz—j> (iD )(Z@ )(i kl%lﬂ )

n=0

oo n I n—l oo
B n\ (I\(n—a\ . K"

from which assertion (46) follows. This completes the proof.

Theorem 3.4. Let o« € R—{0} and {Z,(z;a)} >0 be a sequence of generalized discrete
U— Bernoulli— Korobov—kind polynomials. Then, the following relations hold:

APo(mia) = 3 <Z> (@), Por(zia) — Pulzia),  (47)

k=0

AP, (r;a) = nP, (r;a), (48)

VZ.(r;a) = nP,1(x—1;a), (49)

AZ,(r;a) + nAP,_1(v;a) = nPh_1(z+ L a). (50)

with V and A, the operators given in (9) and (11), respectively.
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PROOF. We see that from (11) and (15) it follows

ZA“ @(x;a)Z—T = e‘af— 1(1 +2)%(1+ 2)* — 6_05_ 1(1 + 2)
(Eoeod) (£0)7)-Saean o

from which, (47) follows. For the case a = 1, we obtain (48).

To prove (49), we see that of (9) and (15), we get

S vanad = () 0+ (113)
— ! ez —1 1+2
and consequently
00 T n+1
;vyn(x,am:;%(x La)—
:i,@n (=1, a)ni—?

from which, (49) follows.

Taking (15) into account, as well as using the operator A, we get the following expression

0 o0 P
(1+z);A ;%HM w
thus, we have
AZD, (x;0) +nAP,_(v;a) —nP,_1(r+ 1« - 0,
Z[ n!

n=1

and, as a consequence, (50) follows. Hence, Theorem 3.4 is proved.
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On the other hand, by using (49) and (50), we can see that the polynomials 2, (z;«)
satisfy (12) in such a way that

V2, (r;a) = AP, (x;a) — AV P, (z; av). (52)

Proposition 3.4. Let « e R—{0}, n€R and {Z,(7;a)}n>0 be a sequence of generalized
discrete—kind polynomials. Then, the following relations hold:

ARy (z;0) + nPp_i(x;0)) — 2AV Py (x500) = 2n D1 (x; ) +n(n — 1) Pp_a(x; ), (53)
APy (v;0) — AV P (r;0) = nPp_1(x;a) —n(n — 1) Pp_a(x — 1; ). (54)
PROOF. By using (15) and applying the operator A it follows

n

(ﬁ) L+2)™ (1 42) = (1422429 ) Palwia)

n=0
Zn: (P (x+ 1;a) — Py (x5 0] i Z;n,@n_l(x;a + Zn P_a(x; oz)m
* Zn—i—l
—Z@n(x-l—l,a)—'
s n!
ZA Z 2nP_1(x;a) +n(n — 1) P, _o(z; )
n=1 n=1
Z La) &
—-n n—1($ + ,Oé)] H?
whence
nPn_1(r+1;a) =2nP,_1(v;a) +n(n — 1) P, o(x;0) — AP, (25 @0). (55)

Now, taking (50), (55) into account, and by (52), we get
QAP (r;0) + nAP, 1 (x;0) = 20D, 1 (x;0) + n(n — 1) P, _s(z;a),
thus
AP, (;0) = 2AV P (2, 00) + nALy 1 (x50) = 2n P (1) + n(n — 1) Py _o(x; @),

and, as a consequence, we obtain (53).
To prove (54), we use (15) and the operator V, then

(14 2)? Z Po(x— 1, a)% =(1+42) Z P (x; oz)m

20, (v — L;0) = nPu_i(z;0) + n(n — 1) P, o(x — 1;a) = VP, (1;0),
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this implies,
Py 1(r—1,0) =nPy_(z;0) —n(n— 1) P, _o(x — 1;a) + VP, (2; ). (56)
From (49), (56) and by using (50), we have
V2, (r;a)+n(n—1)P, o(r—1;a) —nP, 1(x;a) =0,

from which, (54) follows. This completes the proof.

4. Orthogonality of the generalized discrete U —Bernoulli—Korobov—kind poly-
nomials

Let w® be the discrete weights function

R (57)

with a < 0, z, v € C and A\; € Re(z), o1 € Re(v), B = A\ = 071.
With this weight, we can consider on IP, the inner product (f, g)_a

o0

(f: Qe = D F(@)g(x)w (23 ), (58)

z=0

which has positive weights for every oo < 0.

The weight function w®(x; 8) satisfies the Pearson—type difference equation

Vw(x; ) = w(x; B) — w*(x — 1; 5)

- (1 - <—xa>) (ea(_a)x:g : QW)

- (O‘”) W (x5 ), (59)

07

Theorem 4.1. Ifa €R, witha < 0 andm, n €N. Then, the generalized discrete U—Bernoulli
— Korobov—Fkind polynomials satisfy the following orthogonality relation:

> Plw;0) Po(w50) w0 (25 8) = (=)™ 0> T'(n) 6. (60)
=0
: : . 2m
with w*(x; 8) given in (57) and |z|, |v] < al
a
108



Alejandro Urieles, Maria José Ortega, Cesarano Clemente 4 4>

PROOF. Using (16), the Cauchy product property and taking into account the binomial
theorem, we can see that

Lz, a) Zj:() S (61)

n=0 k=0

Hence,

we note that

Lo(z;0) = no (:”) ‘@”‘—’“li()‘?. (63)

Ly (z; = X 4
(wi) = Y- e Tk (69
k=0
Likewise, of (15) we see that
L(z,v;0) = Y Lin(z;0) 0™, (65)
m=0

hence

k=0 k=0
Now, for any k it follows from (61) and (65) that
(o) Lk, 2 )Lk vi0) = | — 22 Lo+ 20+ o) (67)
) ) ) 9 (1 _ eaz)(l _ eaﬂ) )
hence
f: (—a)*L(k, z; o) L(k,v; ) Zpe®Ftov f: [—a(l+2)(1+0)]*
k! (1= eo®)(1 — ew) k!
k=0 k=0
zve” L —Qzv
(1 —e2?)(1 — ex)

f: [ 1 _e;_ )n;v)} z:,jn (68)

n=0
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On the other hand, because of (62) and (65) we also have

Z i a) Vi) Z k: Z L, (k;a) Z"Z L (k;a) o™
k=0 =0 n=0 m=0
o0 o0 k
= Y Lu(kia). Lu(k;a) ( lj‘) ™, (69)
m ,n=0 k=0 '
So, from (68) and (69) follows
> o ( > —a )n—l nzyn
Z Z Lm(k,a)Ln(k, a) Z 1 _ eaz 1 _ eav) n! (70)
m,n=0 k=0 n=0 ’

Comparing the coefficients of 2™ v™ in (70), we conclude

(—a)" tne™ 1 _
, sim=n,
(1 — e

o
(—a)* n! 1 —ew
S Lk o)Lk o) = = ) ) (71)
h=0 0, sim # n.
If we now consider that t; = e*?, t5 = e* and z = A\ + i)y, v = 01 + 109 then,
tl — eaz — ea)\leia)\g and t2 — 6cw — eaaleiaaz
X 27
SO ’t1| = M |t2| = %1 with |/\1| |/\2| |O'1| |O'2| < ﬁ
«
Thus,
(1—e)(1 =€) = (1—[t]e" )1 — [ta]e’ ). (72)

If now we establish Ay, 09 — 0 and § = A\; = 01, then we can be written (72) as

(1—e)(1—e™) = (1—e*f)2
Therefore in (71), we find
)n—l

Z Pz ) @n(x;a)wa(x;ﬁ) _n (—a

m) n! n!

Omn, where d,,, is the Kronecker delta.
=0

And, as a consequence (60) follows. Theorem 4.1 is proved.

Due to Theorem 4.1, we obtain a three-term recurrence relation that the sequence
{Z(x; @) bn>o satisfies.
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Theorem 4.2. Let { Z,(x; )}, be the sequence generalized discrete U— Bernoulli— Korobov
—kind polynomials which are orthogonal on N for the inner product (58). Then, they satisfy
the following three-term recurrence relation:

m@n—l(m;a) - f)/nf@n(rrva/) +€nf@n—1(T7Q) =+ )\n'@n—Q(’T;a)? n > 27 (73)
with
_na
’Yn - 2 9
a2n+1
6 = |(stn = 1.0 =) = s(an - 1)) - 25D, )

(=o)(n—17°T(n —1)
n(n—3)2 T[(n-2)

A =
and s(n, k) given in (6).

PROOF. To prove (73), we first expand the polynomial 2, 1(x; ), which is of degree n in
terms of {2, (x; a) }n>o:

" a(k,n—1)
x P, _1(r; ) = — P (x; ), 75
with a < 0 is a fixed parameter, n € Nand x € Ny. From the orthogonality of {2, (z; &) } >0,
we obtain
ak,n—1)  (@Zp1(z;0), P(2;0)) 0
gr() (Pr(x;0), Pi(r;0)) 0
_ (Pnalwi0), 2 P(2;0)) 0
(Prla; ), Pr(a;0))

As P (x; ) is a polynomial of degree k + 1, by orthogonality a(k,n—1) =0 for k <n—2
and therefore (75) can be written in the form

a(n,n —1) aln—1,n-1)

Py (x;0) = (@) Pp(r;a) + a () Pn1(z; ) -
a(n—Q,n—l)gz (1)
gn—Q(Oé) " e

On the other hand, taking (6), (20) into account, and (76), we can obtain:
Po(r;a) = Po(a)z" + (Wo(a)s(n,n — 1)+ 2 («a) (n i 1)) o1

+ (gzo(a)s(n, n—2)+ 2 (a) (n " 1>s(n, n—2) + Py(a) (n " 2)) 2
(77)
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moreover

also, we can write 2.2, _o(x; @) in terms of {2, (z; @) }n>0, we have

n—1
kon—2
Py o) = %@k(m;a)
— Ik
a(n—1,n—2) a(n —2,n —2)
= P (x; + Pp_ao(x;
ey el Ty Pl
a(n —3,n —2)
P _3(x; ).
gnos(0) i{7:0)

Now, from (79) and (82) we deduce:
an—1,n—-2) (n— 1)
gn-1(ax) no )

n—1

So,

Py _o(x;a) = (
From (76) and (84) it is seen that
aln—2,n—-1) (Zpa(v;0), 2P, 9(v;Q)) a

) D1 (150) + P(2).

n

gn—?(a) gn—2(a)
_ (n — 1)gn—1(a)
ngn—?(a) .

(81)

(82)

(85)
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Also, using (76), (77) on (78), we obtain

a(n,n—1)  Pi(a) n
e e () 0
Substitution of (85) and (86) into (76) gives
P n . aln—1,n—2) .
) = G, L) P + R ) &)
(n _ 1)gn—1(a) P 2(37, CY)
ngn—Q(a) " T

Comparing the coefficients of the highest terms on the left-hand and right-hand sides of (87),
we have

a(n—l,n—Q)_Sn_ 9\ — sl — _a(2n+1)
i (sl = 1= 2) = s 1)) = S, 89
Because of Theorem 4.1, it follows
an—2,n—-1) (—a)(n—1)°T(n—1)
Gn—2() N n(n—3)2 T'(n—2) (89)
and from (86)
a(n,n—1) na (90)

(@) 27
Theorem 4.2 is proved.
By using the orthogonality of the polynomials &2, (x; ), we give the following relation.

Proposition 4.1. The generalized discrete U— Bernoulli— Korobov—kind polynomials, which
are orthogonal with respect to the inner product (58), fulfill the relation

APy (v;a) = Jp, P (25 0), (91)
where Jit, are the Fourier coefficients.

PROOF. If we write the polynomial AZ,(x; ) in terms of {22, (z;a)}n>0, we have

3
—

Pz + 10) — Pp(z;a) = JinPr(x; ),
0

=
Il

besides, for 0 <k <n—1

o _(AZ0 P
kon T <@k, e@—k>wa .
113
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Hence, by (4) and (13), we have
<’@k7 yk>wa Jl?,n = <A‘92n7 ngk)(,u‘l

=" AP, (g;0) Pr(g: ) (g: B)

= =D Zulg;0)V(w*(g; 5) Pu(g; )
== Pulg;0)w(9: )V Pilg;a) = Y Pulg; ) Pilg — 1;0)Va(g: B).

from which, by orthogonality, the first sum is zero since V&2 is degree k < n + 1. For the
second sum let us consider (59)

<’@k7 @k>wa Jl?in - a/),@k(g - ]_,CE)(O[ +g)wa(g76)7

I
N
s

if we use orthogonality again, only J_, , can be non zero, and as a consequence (91), follows.
Proposition 4.1 is proved.
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