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Abstract. We study the Hamiltonian for a system of three identical bosons
in dimension three interacting via zero-range forces. In order to avoid the
fall to the center phenomenon emerging in the standard Ter-Martirosyan—
Skornyakov (TMS) Hamiltonian, known as Thomas effect, we develop in
detail a suggestion given in a seminal paper of Minlos and Faddeev in
1962 and we construct a regularized version of the TMS Hamiltonian
which is self-adjoint and bounded from below. The regularization is given
by an effective three-body force, acting only at short distance, that re-
duces to zero the strength of the interactions when the positions of the
three particles coincide. The analysis is based on the construction of a
suitable quadratic form which is shown to be closed and bounded from
below. Then, domain and action of the corresponding Hamiltonian are
completely characterized and a regularity result for the elements of the
domain is given. Furthermore, we show that the Hamiltonian is the norm
resolvent limit of Hamiltonians with rescaled non-local interactions, also
called separable potentials, with a suitably renormalized coupling con-
stant.
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1. Introduction

In a system of nonrelativistic quantum particles at low temperature, the ther-
mal wavelength is typically much larger than the range of the two-body in-
teractions and therefore the details of the interactions are irrelevant. In these
conditions, the effective behavior of the system is well described by a Hamilton-
ian with zero-range forces, where the only physical parameter characterizing
the interaction is the scattering length.

The mathematical construction of such Hamiltonians as self-adjoint and,
possibly, lower-bounded operators is straightforward in dimension one since
standard perturbation theory of quadratic forms can be used. Moreover, the
Hamiltonian can be obtained as the resolvent limit of approximating Hamil-
tonians with rescaled two-body smooth potentials (see [4] for the case of three
particles and [18] for n bosons). On the contrary, in dimensions two and three
the interaction is too singular and more refined techniques are required for the
construction. The two-dimensional case is well understood ([11,12], see also
[19] for applications to the Fermi polaron model), and it has been recently
shown [17] that the Hamiltonian is the norm resolvent limit of Hamiltonians
with rescaled smooth potentials and with a suitably renormalized coupling
constant.

In dimension three, the problem is more subtle due to the fact that a
natural construction in the case of n > 3 particles, obtained following the
analogy with the one particle case, leads to the so-called TMS Hamiltonian
[35] which is symmetric but not self-adjoint. Furthermore, all its self-adjoint
extensions are unbounded from below. Such instability property, known as
Thomas effect, can be seen as a fall to the center phenomenon, and it is due
to the fact that the interaction becomes too strong and attractive when (at
least) three particles are very close to each other. This phenomenon does not
occur in dimension two because the singularity of the wave function at the
coincidence hyperplane is a mild logarithmic one.

The Thomas effect was first noted by Danilov [10] and then rigorously
analyzed by Minlos and Faddeev [28,29], and it makes the Hamiltonian unsat-
isfactory from the physical point of view (for some recent mathematical contri-
butions see, e.g., [5,6,14,22] with references therein). For other approaches to
the construction of many-body contact interactions in R*, we refer to [2,31,36].

We note that a different situation occurs in the case (which is not con-
sidered here) of a system made of two species of fermions interacting via zero-
range forces, where it happens that for certain regime of the mass ratio the
TMS Hamiltonian is in fact self-adjoint and bounded from below (for mathe-
matical results in this direction see, e.g., [7-9,15,24-27,30,32]). For a general
mathematical approach to the construction of singularly perturbed self-adjoint
operators in a Hilbert space, we refer to [33,34].

Inspired by a suggestion contained in [28], in this paper we propose a
regularized version of the TMS Hamiltonian for a system of three bosons and
we prove that it is self-adjoint and bounded from below. Furthermore, we show
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that the Hamiltonian is the norm resolvent limit of approximating Hamiltoni-
ans with rescaled non-local interactions, also called separable potentials, and
with a suitably renormalized coupling constant.

We stress that a more interesting problem from the physical point of
view would be the approximation in norm resolvent sense by a sequence of
Hamiltonians with (local) rescaled potentials as in [17] for the two-dimensional
case and [4,18] for the one-dimensional case. Such a result is more difficult to
prove, and we plan to approach it in a forthcoming work.

We also believe that our approach and results can be generalized to the
case of three different particles. For the case of a system made of N bosons in
interaction with another particle, see [13].

In the rest of this section, we introduce our Hamiltonian at heuristic level
and discuss some of its properties. Let us consider a system of three identical
bosons with masses 1/2 in the center of mass reference frame and let x;, xo and
X3 = —X; — X3 be the Cartesian coordinates of the particles. Let us introduce
the Jacobi coordinates ro3 = x, r1 =y, namely

1
X = X3 — X3, yzi(xgth;:,)—xl.
The other two pairs of Jacobi coordinates in position space are rg; = —%x +
y, ra = —%x— %y and rio = —%x—y, r3 = %x— %y. Due to the symmetry

constraint, the Hilbert space of states is

120 (R) = {4 € 2R st w(xy) = v(-xy) =6 (5x+y. 3x - 3y) }
(1.1)

Notice that the symmetry conditions in (1.1) correspond to the exchange of
particles 2,3 and 3,1 and they also imply the symmetry under the exchange
of particles 1,2, i.e., ¥(x,y) = w(%x -y, —%x — %y)

The formal Hamiltonian describing the three boson system in the Jacobi
coordinates reads

Ho + pd(x) + ud(y —x/2) + pd(y +x/2) (1.2)
where 1 € R is a coupling constant and Hy is the free Hamiltonian
3
Hy=-A, — sz. (1.3)

Our aim is to construct a rigorous version of (1.2) as a self-adjoint, and possibly
bounded from below, operator in L2, (R®). In other words, we want to define

a self-adjoint perturbation of the free Hamiltonian (1.3) supported by the
coincidence hyperplanes

T3 ={x2 =x3}={x =0}, m={x3=x1}={y=x/2},
me={x1 =x}={y = —x/2}.

Following the analogy with the one particle case [1], a natural attempt is to de-
fine the TMS operator acting as the free Hamiltonian outside the hyperplanes
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and characterized by a (singular) boundary condition on each hyperplane.
Specifically, on w3 one imposes

P(x,y) = #—l—ﬂg(y)—&—o(l), for x -0 and y #0 (1.4)
where x := |x], £ is a function depending on ¢ and

a:=-p1eR (1.5)

has the physical meaning of two-body scattering length (and it can be re-
lated to u via a renormalization procedure). Notice that, due to the symmetry
constraint, (1.4) implies the analogous boundary conditions on 73; and 7.

As already recalled, the TMS operator defined in this way is symmetric
but not self-adjoint and its self-adjoint extensions are all unbounded from be-
low. Therefore, the natural problem arises of figuring out if and how one can
modify the boundary condition (1.4) to obtain a bounded from below Hamil-
tonian. In a comment on this point, at the end of the paper [28] the authors
claim that it is possible to find another physically reasonable realization of H
as self-adjoint and bounded from below operator. They also affirm that the
recipe consists in the replacement

BE(y) — BEy) + (K&(y) (1.6)

in the boundary condition (1.4), where K is a convolution operator in the
Fourier space with a kernel K (p — p’) satisfying

K(p) ~ %, for p— o0 (1.7)

with p = |p| and the positive constant ~ sufficiently large. The authors do not
explain the reason of their assertion neither they clarify the physical meaning of
the boundary condition (1.6). They only conclude: “A detailed development of
this point of view is not presented here because of lack of space” and, strangely
enough, their idea has never been developed in the literature.

Almost 20 years later, Albeverio, Hgegh-Krohn and Wu [3] have proposed
an apparently different recipe to obtain a bounded from below Hamiltonian,
i.e., the replacement

Bé(y) — ﬁ£<y>+gs<y>

with y = |y|, in the boundary condition (1.4), where again the positive con-
stant 7y is chosen sufficiently large. Also, the proof of this statement has been
postponed to a forthcoming paper which has never been published. Even if it
has not been explicitly noted by the authors of [3], it is immediate to realize
that the two proposals contained in [28] and [3] essentially coincide in the sense
that in [28] the term added in the boundary condition is the Fourier transform
of the term added in [3]. Tt is also important to stress that, according to the
claim in [28], only the asymptotic behavior of K (p) for |p| — oo (see (1.7)) is
relevant to obtain a lower-bounded Hamiltonian. Correspondingly, it must be
sufficient to require only the asymptotic behavior vy~ + O(1) for y — 0 for
the boundary condition in position space in [3].
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The above considerations suggest to define our formal regularized TMS
Hamiltonian H,.; as an operator in Lgym (R®) acting as the free Hamiltonian
outside the hyperplanes and characterized by the following boundary condition
on 73

P(x,y) = iz) + (Tregé)(y) +0(1), for 2 —0 and y #0 (1.8)

where I'¢q is defined by

(Creg)(¥) = Treeg()E(y) = (6 n ;e<y>) €),  BER 750
(1.9)

and 6 is a real cutoff function. Due to the symmetry constraint, (1.8) implies
the boundary condition on m3; and 2

v0ey) =v(3x—y.—ox - Ly)
§(=%)
‘y*X/2| +(Freg5)(_X)+O(1), for ‘y—x/2| _>07 X#O
vxy) =6 (5% +y. ox - oy)
__ =
_m+(rreg€)(x)+0(1), for |y+x/2| 4)0, X#O

We assume different hypothesis on 6 depending on the situation. The first
possible hypothesis is

0 € L°(RT), |0(r) — 1| < er  for some ¢ > 0. (HI)

The simplest choice satisfying (H1) is the characteristic function

1 r<b
9(1"){0 r b b>0. (1.10)

The second possible hypothesis requires some minimal smoothness
0cClyRY) ={f: RT = R with f € C*(R")and f, f/, f bounded},
(H2)
0(0) = 1.

Examples satisfying (H2) are 0(r) = e~"/% or § € Cg°(R*) such that 6(r) = 1
for r < b, b>0.

We stress that (H2) implies (H1). Hypothesis (H2) will be used only in
Sect. 6, where we study the approximation with separable potentials, and in
Appendix A.2.

Note that the crucial point is the behavior of # at the origin, which
represents the minimal requirement for the regularization of the dynamics at
short distances. The support of the function 6 is not relevant, in particular a
simple choice would be 6(r) = 1.

Needless to say, the operator Hrcg is only formally defined since its domain
and action are not clearly specified. Our aim is to construct an operator which
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represents the rigorous counterpart of f{rcg using a quadratic form method.
The main idea of the construction has been announced and outlined in [14],
where a more detailed historical account of the problem is given. We also
mention the recent paper [22], where the construction is approached using the
theory of self-adjoint extensions.

Let us make some comments on the formal operator ﬁreg.

As we already remarked, the singular behavior of (I'yeg&)(y) for y — 0
corresponds in the Fourier space to a convolution operator whose kernel has the
asymptotic behavior (1.7). It will be clear in the course of the proofs in Sect. 3
that such a behavior is chosen in order to compensate the singular behavior of
the off-diagonal term appearing in the quadratic form. In this sense, one can
say that the singularity of (I'yeg&)(y) for y — 0 is the minimal one required to
obtain a self-adjoint and bounded from below Hamiltonian.

Concerning the physical meaning of our regularization, we recall that we
have replaced the parameter 8 in (1.4) with I'\g in (1.8). By analogy with the
definition (1.5), we can introduce an effective, position-dependent scattering
length

teir(y) == —Tren(y)

which can be interpreted as follows. For simplicity, let us fix 8 > 0 and choose
the cutoff (1.10). Consider the zero-range interaction between the particles
2,3 which takes place when xs = x3, i.e., for x = 0. In these conditions, the
coordinate y is the distance between the third particle 1 and the common
position of particles 2,3. Then one has
ay

y—na
i.e., the effective scattering length associated with the interaction of particles
2,3 is equal to a if the third particle 1 is at a distance larger than b while
for distance smaller than b the scattering length depends on the position of
the particle 1 and it decreases to zero, i.e., the interaction vanishes, when the
distance goes to zero. In other words, we introduce a three-body interaction
which is a common procedure in certain low-energy approximations in nuclear
physics. Such three-body interaction reduces to zero the two-body interaction
when the third particle approaches the common position of the first two. This
is precisely the mechanism that prevents in our model the fall to the center
phenomenon, i.e., the Thomas effect.

The paper is organized as follows.

In Sect. 2, starting from the formal Hamiltonian f]reg, we construct a
quadratic form which is the initial point of our analysis and we formulate our
main results.

In Sect. 3, we prove that the quadratic form is closed and bounded from
below for any ~ larger than a threshold explicitly given.

In Sect. 4, we characterize the self-adjoint and bounded from below Hamil-
tonian H uniquely associated with the quadratic form which is the rigorous
counterpart of ﬁfreg.

aet(y) =a if y>b, aet(y) = if y<b,
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In Sect. 5, we introduce a sequence of approximating Hamiltonians H.
with rescaled separable potentials and a renormalized coupling constant and
we prove a uniform lower bound on the spectrum.

In Sect. 6, we show that the Hamiltonian H is the norm resolvent limit
of the sequence of approximating Hamiltonians H..

In the Appendix, we prove a technical regularity result for the elements
of the domain of H.

In conclusion, we collect here some of the notation frequently used through-
out the paper.

- x is a vector in R3 and x = |x|.
- f = Ff is the Fourier transform of f.
- For a linear operator A acting in position space, we denote by A=FAF?
the corresponding operator in the Fourier space.
- H*(R™) denotes the standard Sobolev space of order s > 0 in R™.
- || - || and (-,-) are the norm and the scalar product in L?(R"™), || - ||z» is the
norm in LP(R™), with p # 2, and || - ||g+ is the norm in H*(R"™). It will be
clear from the context if n = 3 or n = 6.

f’ € H*(R3) is the trace of f € H3/?T5(RY), for any s > 0.
- B(IC 'H) is the Banach space of the linear bounded operators from K to H,
where K, H are Hilbert spaces and B(H) = B(H, H).
- ¢ will denote numerical constant whose value may change from line to line.

2. Construction of the Quadratic Form and Main Results

Here, we describe a heuristic procedure to construct the quadratic form
(%, regw) associated with the formal Hamiltonian Hreg defined in the in-
troduction.
Since we mainly work in the Fourier space, we introduce the coordinates
ko3 =k, ki = p, conjugate variables of x,y
1 1 2

k=- — , == + ——

5(P2=p3),  p=g(P2+ps) - 5P
where p1, p2 and p3 = —p1; — p2 are the momenta of the particles. The other
two pairs of Jacobi coordinates in momentum bpace are k3 = k + 4p,

ky = -k — 7p and ki = —%k — %p, ks =k — 7p In the Fourier space the

Hilbert space of states is equivalently written as
. - ~r1 3 1
12, (R)={v € L*®%) st. dlk p)=t(~k,p)=1(5k+ p.k—5p) }.
(2.1)

The symmetry conditions in (2.1) correspond to the exchange of particles 2,3
and 3,1 and they also imply the symmetry under the exchange of particles
1,2, ie., ¥(k,p) = w(%k — %p, -k — %p) Moreover, the free Hamiltonian is

- 3
HO = kz + 1]72
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We also introduce the “potential” produced by the “charge density” & dis-
tributed on the hyperplane mo3 by

(G24) (k. p) = \Fiﬁp) A>0 (2.2)

m k2 + ZPQ + A
and one can verify that the function G35¢ satisfies the equation
((Ho + X326 (x.y) = 4 £(3) 3(x) (2.3)

in distributional sense. Analogously, we have

(G2€) (k. p) = f £(k—4p)

™ k2 +p? + A

((Ho + NGE) (e y) = am ()5 (3x— ). (2.4)
= 2 {(k-3p)
(gi\zf) (k,p) == \/;14?24'4312?22‘1')\ )
((Ho + N)G1) (x,y) = dm ()5 (3 + ) (25)
and the potential produced by the three charge densities is
=z £(p) +&(k — 3p) +E(-k — 3p)
A — 2
(62¢) k. p) '_;( \/> k2 + 2p2 + A
(2.6)

Note that the function G AEA is symmetric under the exchange of particles; hence,
it belongs to LZ,,,(R%), see Eq. (2.1).

These potentials exhibit the same singular behavior required in the bound-
ary conditions (1.8). Indeed, we have for v — 0, y #0

2 1 dextipy  &(P)
(gé\i%g)(xay):\/;(zﬂ.):} /dkdpek +pyk2+i(’;p2+>\
\/7/dpelpy5  drx

:7_(%1)3/2 /dpe ,/%p FAED) +o(l).  (27)

Taking into account of the contribution of the other two charge densities, we
have for x — 0, y #0

(2¢) xy) = 2 - S fapemy [ 43 o) o)

! py L e €06 = 5D) + €(~k — §p)
d ipy dk ik-x 2 2
IRCORE / Pe 27r2/ ‘ K2+ 397+ A
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L fap! () ) +o(1). (2.8)

w2 T PP pR+pp A
The asymptotic behavior (2.8) suggests to represent an element 1 satisfying
(1.8) as
b =wt 4 GX¢ (2.9)

where w” is a smooth function. Using (2.8), the boundary condition (1.8) is
rewritten as

A

(Fregf) (Y) + (27_‘_:;3/2 /dp eip~y

3 ¢ 1 / é(p/)
<\/4p2+A é(p)fp/dp p2+p,2+p.p,+A>

=w*(0,y) (2.10)

where w*(0, ) = w)‘|7r23 denotes the trace of w? on the hyperplane mos.

We are now ready to construct the energy form (w,ﬁregw) associated
with the formal Hamiltonian ﬁreg defined in the Introduction. For ¢ > 0, let
us consider the domain D. = {(x,y) € R® s.t. |x; —x;| > ¢ Vi# j}. Taking
into account that f{reg acts as the free Hamiltonian in D., the decomposition
(2.9) and the fact that (Hy + A)G*¢ = 0 in D,, we have

(6 Huog) = Iy [ dxdy GO,3) (o) ()
=0 Jp_

=lim [ dxdy (w'(x.y) + GrE(x.y))
E— Ds

((Ho + N (* +62)) (. y) = A2
= (wAv (HO + )‘)wA)
— M + (G, (Ho + Ajw?). (2.11)

Using (2.3), (2.4), (2.5) and the symmetry properties of w™, the last term in
(2.11) reduces to

(%6, (Ho + Aju) = . [axay (6()360) + €(-x)6(y — x/2)
+ )0y +x/2))u (x,y)
=127 /dy@w’\(o,y). (2.12)

By (2.11), (2.12) and the boundary condition (2.10), we finally arrive at the
definition of the following quadratic form.
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Definition 2.1.

F(y) := FA(w) = Allp|* + 127w ®*(8), (2.13)

Fw) = /dkdp (2 + sz +A) [ (k. p)P (2.14)
L Z(r) § 2 ¢ _ i ’ é(pl) &2

() -—/dpi(p) (\/ JPPTAEP) 7r2/dp i ip pin (Fregf)(p))

(2.15)

where (l:‘regéC )(p) is the Fourier transform of the function defined in Eq. (1.9).
We define the quadratic form F' on the domain

D(F) = {6 € L3,,(R%) ¢ = v + G*¢, w* € H'(RY), ¢ € H'2(RY) .
(2.16)

Remark 2.2. From the explicit expression of the potential (2.6), one immedi-
ately sees that for any ¢ € H'/?(R?)

G e L*(R%), and G ¢ HYRS) for &+#0.

Therefore, we have D(F) D H'(R®) and, for fixed A, the decomposition ¢ =
w™ + G ¢ is unique.

In the rest of the paper, we assume Definition 2.1 as the starting point of
our rigorous analysis. Let us conclude this section collecting the main results
we prove in the paper. First, we show that for any v > ~., where

V3 < 47 )
=—|(—=—-1) ~0.782, 2.17
the quadratic form F on the domain D(F) is closed and bounded from below.
This is the content of the next theorem whose proof is presented in Sect. 3.

Theorem 2.3. Assume (H1) and let v > ~., then:

(i) there exists N\g > 0 such that for all X\ > X\ the quadratic form ®* in
L2(R®) defined in (2.15), is coercive and closed on the domain D(®*) =
H1/2 (RS);

(ii) the quadratic form F,D(F) on L2, (R®) introduced in Definition 2.1 is
bounded from below and closed.

Theorem 2.3 implies that F,D(F) defines a self-adjoint and bounded
from below Hamiltonian H, D(H) in L%, (R%). If we denote by I'*, D(I'*) the
positive, self-adjoint operator associated with the quadratic form ®*, D(®) =
H'/?(R?), then domain and action of the Hamiltonian are characterized in the

following proposition.
Theorem 2.4. Under the same assumptions as in Theorem 2.3, we have
D(H) = {w € D(F) |w* € H2(RY), € € D(IY), [¢ = wk‘m}’ (2.18)
Hiy = Hyw® — \G €. (2.19)
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The proof of Theorem 2.4 is deferred to Sect. 4.

The next question we address is the approximation through a regularized
Hamiltonian H., D(H.) with non-local interactions, also known as separable
potentials. In order to define the approximating model, we need to first intro-
duce some notation.

Let x € L?(R?, (1 + z)dx) N L'(R3, (1 + z)dx), spherically symmetric,
real-valued, nonnegative and such that [ dx x(z) = 1. Moreover, set

- (k)% (k)2
0= dm(x, (=4)"'x) :47r/dk |X§€2)| , A= 47r/dk X ;E;z)l ,

/
Yo = 3m4/ % (2.20)

For all € > 0, we define the scaled function y. as

Xe(@) = Sx(/2) (221)

and the operator g. on L?(R3)

ge i= 7471'% (]1 + %rreg) B (2.22)

with I'ieg given in (1.9). Then, the approximating Hamiltonian H., D(H.) on
L2, (RY) is defined as

sym

2
H. = Hy+ Z Sj(|Xs><Xs| & gs)Sj*v D(H.) = HQ(RG) N Lzym(]RG)
=0
(2.23)

where S is the permutation operator exchanging the triple of labels (1,2, 3) in
the triple (2,3,1). So that,

Sd(k,p) = @(Zp - %k, —%p —~ k)~ (2.24)

Taking into account that x. — § for ¢ — 0 in distributional sense, one sees
that the three interaction terms in (2.23) for e — 0 formally converge to zero-
range interactions supported on the hyperplanes mo3, 731, m12.

Moreover, the operator g. plays the role of renormalized coupling con-
stant. We also note that in position space g. reduces to the multiplication
operator by g.(y) which for £ small behaves as

€ e 2l 3
9:(y) =~ +dm 5 (B + 10)) + O)
In particular, if we assume for simplicity that  is the characteristic function
(1.10) then we find that for y > b we have the standard behavior required
to approximate a point interaction in dimension three with scattering length
—B71 (see [1], chapter I1.1.1, pages 111-112), while for y < b we have intro-
duced a dependence on the position y such that the modified scattering length

_(ﬁ + %)_1 goes to zero as y — 0.
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In Sect.5 (see Theorem 5.7), we prove a uniform lower bound for the
spectrum of H., i.e., we show that there exists A\; > 0, independent of €, such
that inf o(H:) > —\1.

Finally, we prove the norm resolvent convergence of H., D(H.) to H, D(H)
as ¢ — 0. More precisely, the following result holds true and it is proved in
Sect. 6.

Theorem 2.5. Assume (H2) and v > max{yo,2}. Moreover, let us define Apax :=
max{\,—inf o(H)}. Then, for all z € C\[—Amax, 0) there holds true

[(He—2)" ' —(H—-2)7"Y <ece®  0<d<1/2

3. Analysis of the Quadratic Form

In this section, we prove closure and boundedness of the quadratic form F
defined by (2.13)—(2.16) for v > . with v, defined in (2.17). To this end we
first study the quadratic form ®* in L?(R3) given by (2.15) and acting on the
domain D(®*) = H/?(R?). Recalling the definition of T'eq given in (1.9) and
using the fact that

Jiv Sl = 5z [fapaa P

2m2 Ip
we write
DNE) = DY (§) + D (€) + Preg (€) (3.1)

where

(I)()i\iag /dp \/ 7p + A |£

_ 1 / £(p)é(a)
4 + P+p-qt+ N
(I)reg(g) @Eég (5) + q)rgg; (f)

with

B (6) = /dya<y>|§<y>|2 L aly) =5+ 260) - 1),

836 = [y SJew)P = 5L [apda SR (32)

Note that a € L>(R3) if we assume (H1) and a,Va € L>(R3) if we choose
(H2).

We will show that ®* is equivalent to the H'/2-norm. First, we prove
that ®*(¢) can be bounded from above by |[£|%;, /.. This is the content of the
next proposition which ensures that ®* is well defined on D(®*) = H/2(R3).
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Proposition 3.1. Assume (H1), A > 0 and vy > 0. Then, there ezists ¢ > 0 such
that

O(E) < cll€l e
Proof. Using the bound (see [20 Remark 5.12] or [21,37])

[av 'f <7 [appé)? (3.3)

P
y

we immediately get

Brog(€) < llal = [¢I7 + [ dy B
Moreover (see [15, Lemma 2.1]),

k€ (k) [y * € (ko)
k2 (k2 + k3)ky'?

< (lallz= +v5 )||§||H1/z

2 .
(< [ diadi <t [ Ak < ¢l

(3.4)
Since @éllg is clearly bounded by [|€]|2,, ., the thesis immediately follows from
(3.1). O

The next step is to bound from below ®*, which is our main technical
result for the construction of the Hamiltonian. Our main tool is the decom-
position of the function é into partial waves (for an alternative approach see,

g., [30]). Then, we write

Z Z flm m(0p, ¢p)

=0 m=—¢

where Y, denotes the spherical harmonics of order £,m and p = (p, fp, ¢p) in
spherical coordinates. Accordingly, we find the following decomposition of the
quadratic form &*

PME) = BLL(E +Z Z 0 (Eem) (3.5)

£=0 m=—¢
where ¢} is the quadratic form whose action on g € L2((0, +00), p?\/p? + 1dp)
is given by (see, e.g., [8, Lemma 3.1])
2
67(9) = Siag(9) + O2a.(9) + Dan,o(9),

where

+o0 3
Paiag(9) = / dp p? Pl Mg(p)[?
0

9 [+oo +oo . 1 Py(y)

A 2 2

) == dp/ dp2 p19(p1)p29(p / d

b55,0(9) 7r/0 A 2P19(P1)P29(P2) Y P R ey + A

+oo +oo
Y —— Po(y
breg,e(9) = = / dp1 / dp2 pg(p1)p39(p2) / Y oy @)
™ Jo 0 1+ D5 — 2p1pay

(3.6)
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with Py(y) = 2”@' dy (y — 1) the Legendre polynomial of degree /.

In the next lemma, we investigate the sign of (béff’g_

Lemma 3.2. Let g € L?(R*,p%\/p? + 1dp) and X > 0. Then,

om,0(9) = o i(9) =0 for £ odd,

3.7
0= dogo(9) = 00g.4(g)  for € even (3.7)

Proof. The proof follows [8]. For the sake of completeness, we give the details
below. First, we rewrite

+ oo

A 2 [T [T g P ey g(ee) [t
W) =230 [ [ an PUABEEER [ v
=

too %) =S i N j
— 2Ny /+ dp /+ dpy P 90R; " 9(p2)
w240 = 0 o (p% +p§ + )i+l
1 74
o d
X /ldyydeJg(f - 1)2
T oo +o0 2+‘
= _LZ Z(_l)J/ dp1/ dpa p1 (p1)p2 (pl?)
m240! = 0 o (p? + p3 + \)i+

x /1 dy(ddegy )(1 — %)

where in the last line we integrated by parts ¢ times. Next, we note that

1 1 [t S22
- - = dy 1 e~ (P1HPa+AV
(P} +p3 + 27" j!/o e ’

hence,

(3.8)

—+oo
§ i —A
OH Z Bé] / dl/ Z/je v

+oo ) 5
/ dpp**g(p)e P
0

with

2 (-1 [ d ; 20
Byj = — d (— ]) 1- .
4 w20 4! ,/_1 Y dyey 1=y
It is easy to see that By; = 0 if £ and j do not have the same parity.

Moreover, By; < 0 if £,j are even and By; > 0 if £, j are odd. Then, (3.8)
yields (3.7). O

Thanks to Lemma 3.2, in order to obtain a lower bound we can neglect
gbg‘ﬂg’f with ¢ odd and focus on gbgﬂg,z which control Qsc))\ﬁ,é with ¢ even. In the
next lemma we show that (bgﬂ, ¢ and ¢reg ¢ can be diagonalized, note that we
also include the analysis of ¢gﬂ7 , with ¢ odd for later convenience.
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Lemma 3.3. Let g be a real analytic function whose Taylor expansion near the
origin

oo
y) = ch yn cn 20
n=0

has a radius of convergence bigger or equal than one. Define

ap = / Pi(y)gly)dy, (€N
with Py being the Legendre polynomials. Then for any ¢ € N, we have

ag =20 ap2 < ay.

Proof. Using Py(y) = 2@4, dy (y — 1)’ and integrating by parts, one easily
prove the first claim. Integrating by parts again, one finds

1+2(0+1) (! d'g
¢ 2 qy+1%9
20FL(( + 1) / dyly” -1 37 W)

and the monotonicity follows from the first claim. O

Lemma 3.4. Let g € L?(R*,p?\/p? + 1dp). Then,

e o(g) = / dEIg (B2 Som.e(k),  rege(9) = / K| ()| Sveg o ()
R R

where

Qo2 = ap + (—1)

1 .
gt (k) = N /Rdz e krer g e"),
smh (k arccos (%))

Sot,e(k 2—2/ dy Py(y
y4 sinh(7k)

! cosh (k arcsm(%))
/ dy Pe(y) for £ even,
V1 h)(kQ) (3.9)

h y
/dy (4 sinh(k a rcsm(2 ) for £ odd
e smh(kg)

and
smh k arccos(—y
regf - ’7/ dZ/ Z ( ( ))
V1 — y?sinh(kn)
h(k
%/ dyP(y) cosh( arcsm(y)ﬂ) for ¢ even,
_ 711 V1 —(y 2 cosh ((k:)g)) (3.10)
ol sinh(k arcsin(y
— dyP, for £ odd.
2 /_1 vPy) /1 —y?sinh (k%)
Moreover,

Soft,0(k) < Soie+2(k) <0 forleven,
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Soﬁ"yg(k) 2 Soﬁ7g+2(k) 2 0 forfodd (311)
and

Sreg,g(k) > Sreg’gng(k) >0 W>0. (3.12)

Proof. The proof is similar to [8, Lemma 3.3, 3.5]. For reader’s convenience we
give the details below. With the change of variables p; = e** and ps = %2, we
rewrite

2 - ! P
beele) = =2 [ans [ ansengiemenge [ ay £lv)
™ JR R

-1 62931 + e2:r2 + ea:1+:v2y

1 — ' P
= —f/dxl emg(ezl)/dxg emg(e“)/ dy e(y)
T Jr R

_y " cosh(zy —x) + 4

Taking the Fourier transform, we get

. o(0) = / ke |gF (k) 2 Sor. o ()

with (see, e.g., [16, p. 511])

Pi(y)
- —ikx \y
Sott,e(k) = /dxe / yCOth)+%

sinh (Ic arccos ( g)

= —2/ dy Pe(y)
-1 V11— yffsinh(wk

Proceeding analogously for ¢reg ¢(g), we find

brese(g) = / ke |gF (k) [2 S o ()

Stegt( o / dre™ / W o) — g cosh

smh k arccos(—y
—7/ dy Pe(y ( = )) (3.14)
V/1 — y2sinh (k)

Finally, noting that sinh(k7) = 2sinh(k%) cosh(k%) and

(
). (3.13)
)

where

sinh (k arccos(a)) = sinh (k§ —k arcsin(a))
. ™ . ™ . .
= ginh (k§) cosh(k arcsin(a)) — cosh <k§) sinh(k arcsin(a))

and recalling that P, has the same parity of £ we get (3.9) and (3.10).
In order to prove the monotonicity properties (3.11), it is sufficient to
notice that the Taylor expansions of

cosh (karcsin(¥)) sinh (karcsin(%))

2 2 ’
V1-2 -2
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have positive coefficients and invoke Lemma 3.3. A dilation of a factor 2 pre-
serve the positivity of the coefficients and then also (3.12) follows from Lemma
3.3. O

Notice that

V3 [tee V3
Buuse) =20 [l = % [ awetigerp = 2 [ anlgr .

(3.15)

Then, we rewrite the quadratic form as
oh9) = [ Akl WP S0, (3.16)

where
3

Sg(k) = g + Soﬂ‘j(k) + Sregj(k). (3.17)

Notice also, see (3.15), that if &(p ) = g(p) Y.l (0p, 0p) then |¢*r2m) =
1€1l 77172 (=) - Equations (3.16) and (3.17) suggest that we need to ensure that
Sy is positive for v > ..

From Lemma 3.4 and [6, Lemma 3.2], it follows that for any ¢ > 2 even

Sort,e(k) = Som2(k) > —B (3.18)
where

B = (Zg 13—0 3+ g — % arcsin (%)) ~ (.087.

This is enough to control ¢Jg , for £ > 2 even with gbfl‘iag as we will show in
Proposition 3.6. It remains therefore to study what happens in s—wave. To
this end, we introduce the auxiliary quadratic form ©2(g), s € (0, 1) acting on

L?(R*, p?/p? + 1dp) and defined by
02(9) = 5 Ddiag(9) + P0m0(9) + breg0(9)-

A key ingredient of the proof of closure and boundedness from below of ®* is
the following lemma.

Lemma 3.5. Let g € LQ(R+,p2de) and v > ~y.. Then, there ezists
€ (0,1) such that ©.(g) = 0 for any A > 0.

Proof. Since gzﬁgiag (9) = qﬁgiag (9), by Lemma 3.4 we have

V3 ! ~ cosh(karcsin(y)) cosh (k arcsin(%))
A CRNEI P ol _ 5 .
©:(9) 2 /delg (k)] [ 2 +/,1dy (2 VI—yZcosh (k3)  /1_ yjcosh(kg)ﬂ

(3.19)
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The explicit computation of the two integrals in (3.19) yields

\f 2y sinh( g) 8 sinh (k:l)
03(9) = dk |g* ()|? [ +%kcosh (k) /3 kcosh (k?g)
f ak | (R) £ (7).
where
Flk) = filk)  V3skcosh (k%) 4 2ysinh (k%) — 8sinh (k%)

fa(k) V3k cosh (k%)

It remains to show f(k) > 0 to conclude. We note that f(k) is even and thus
it is enough to consider k£ > 0. We have f(0) > 0, fa(k) > 0 and

fi(k) = (V/3s 4 my) cosh (lcg) + \/2§7T s ksinh (kg) - 4% cosh (kg)

> (\/§3 + ) cosh (kg) — 4% cosh (k:%)

> (\/§s+7r'y 4;) cosh (k%)

For v > ~,, let us choose s* such that max{0,1— %(77%)} < s* < 1. Hence,
we also have fi(k) > 0 and the proof is complete. O
We are ready to prove the lower bound for ®*(¢). This is the content

of the next proposition which together with Proposition 3.1 shows that ®*
defines a norm equivalent to || - || g1/2-

Proposition 3.6. Assume (H1) andy > ~y.. Then, there exist \g > 0 and cg > 0
such that
E) > co [l€F/
for any A > Xo.
Proof. By (3.5), (3.6) and Lemma 3.2, we get
400 L

X&) 20U + D D [BhiaeEem) + 00.0(Eem) + Preg.e(Eem)]

=0 m=—¢
leven

“+o00 Y4
+Z Z (rbc/}iag(éém)'

(=1 m=—¢
Lodd

Then, using Lemmata 3.4, 3.5, we obtain

(p (g) >®£éé(£) (1 —s" (bdlag 500 Z Z |:¢d1ag me + ¢0ff Z(ffm)i|

(=2 m=—1
leven

“+o00 ¢
+ Z Z (b()i\iag (éfm) .
foaa™ "
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Now, we note that Lemma 3.4 and the estimate (3.18) yield

io Z [(/I)dlag Eim) + 60x e(fem)} 2 (1 - B) Z Z ¢d1ag Eom)

(=2 m=—4 (=2 m=—1¢
leven leven

where (1 — %B) > 0. Hence, setting A = min{1 — s*,1 — %B} > 0, we get

(I) (f) (bl(‘é;, +AZ Z ¢d1ag fﬁm = reg(€)+A¢d1ag(é)' (320)

=0 m=—¢

To conclude, we note

B () + ABYy (€) ZABYy (€) — all i~ /dy )P

AP}, () _ llallz~ /dp,/ P2+ A€ (3.21)

N v

From (3.20) and (3.21) choosing A large enough we get the thesis since clearly
(I)élag(g) 2 cH&”?{UZ' O

We are now in position to prove Theorem 2.3 formulated in Sect. 2.

Proof of Theorem 2.3. Point (i) is a consequence of Propositions 3.1 and 3.6.
For the proof of point (ii), we follow a standard strategy (see, e.g., [8]). For
the convenience of the reader, we give the details below. By Proposition 3.6,
we have

F(y) = FAw) + 127 @) — M) = =X |2

for any A > )¢ and then the form is bounded from below. Moreover, let us fix
A > A and define

F@) = F(¥) + A[9]* = FH(w?) + 127 92(), (3.22)
on the domain D(F). Let us consider a sequence {1, = w) + G &, >0 C
D(F), and ) € L2, (R®) such that lim,, [|¢, — ¢|[2 = 0 and lim, ,, F* (¢, —
) = 0. By (3.22) we have lim,, ,, F*(w)) — w)),) = 0 and lim,, ,, ®*(&, —
&m) = 0 or, equivalently, {w) }n>0 is a Cauchy sequence in HZ  (R°) and, by
Proposition 3.6, {€,} >0 is a Cauchy sequence in H'/2(R?). Then, there exist
w? € HY  (RY) and ¢ € H'/?(R3) such that

sym
lim |w) —wMgr =0,  lim||&, — €] 12 = 0. (3.23)
Moreover, we also have

lim |G*¢, — G*¢|l = 0. (3.24)



242 G. Basti et al. Ann. Henri Poincaré

Formulas (3.23) and (3.24) imply that 1, = w)} + G*¢,, converges in L?(R®)
to w* + GM¢. By uniqueness of the limit, we have that ¢ = w* + G ¢ and then
1 € D(F). Furthermore, by (3.23) we have

hmF’\(w @/Jn)—hm}"\(w —w)) + 12702 (€ — £,) = 0.

Thus, we have shown that F* and, a fortiori, F' are closed quadratic forms
and this concludes the proof. O

Remark 3.7. By (3.21) one has

5 = (lallz= ?
0 A

We underline that Ao depends on « both via |jal|r~ and via A. In particular,
as 7 — . we have s* — 1, so that A — 0 and \yg — oo. In the concrete case
(1.10), we can take

2 2
7 (1816 +7)
Az 020 =T
From the proof of Theorem 2.3, it is clear that —\g is a lower bound for the
infimum of the spectrum of H.

\o = if B<o.

Remark 3.8. We expect 7. to be optimal that is, if v < 7. one could argue as
in [15] and prove that F is unbounded from below.

4. Hamiltonian

In this section, we explicitly construct the Hamiltonian of our three bosons
system. Let us first consider the quadratic form ®*, D(®*) = H'/2(R?) in
L2(R3) (see (2.15)). As a straightforward consequence of Point (i) of Theorem
2.3, such a quadratic form is closed and positive, and therefore it uniquely
defines a positive, self-adjoint operator I'* in L?(R3) for A > \g characterized
as follows

D) = {¢e€ H'?(R%) |3g € LX(R®) s.t. @*(n,€) = (n.9)
for any n € H1/2(R3)} (4.1)
M¢= g for £€DI?). (4.2)

In the appendix , we prove that D(I'*) = H!(R3) for v > 7 (see Proposition
A.2) and

o n 3 . 1 3 —~
PGm) =552+ 3 ) - 5 faa Y @O )

£(q)
- ﬁ p—qf?
= (M) () + (Fogd) (p) + (T (p) + (TR (p) - (4.3)

Let us now consider the quadratic form F, D(F) in L2, (R®). By Theorem
2.3, such quadratic form uniquely defines a self-adjoint and bounded from
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below Hamiltonian H, D(H) in L2, (R%), next we prove Theorem 2.4 which

sym
characterizes its domain and action.

Proof of Theorem 2.4. Let us assume that 1) = w* +G*¢ € D(H). Then, there
exists f € L2,,,(R®) such that F(v,v) = (v, f) for any v = w) + G &, € D(F)
and f = Hv. Let us consider v € H(R®), so that £, = 0 and
3 -
Jap (12 4 G0+ X)P0B) 0 (k. p)  Aw. ) = (0. ).

Hence, w* € H?(R®) and (Ho+\)w* = f+\p = (H + )y which is equivalent
o (2.19).
Let us consider v € D(F') with &, # 0. Then,
3
Jatp (2 392 4 A) B0 ) (k. ) = Av. ) + 127 8260, = (01 ).
(4.4)
Taking into account that
(v, f 4+ M) = (Wi, (H + N) + (G0, (H + Ne)
= (W, (Ho + Nw?) + (978, (Ho + Mw?)
equation (4.4) is rewritten as
1
O (&0, €) = 15— (G, (Ho + M), (4.5)

It remains to compute the right hand side of (4.5). Using (2.6) and the sym-
metry properties of w* (see (2.1)), we have

(g €U7 (HO + /\) )
V2
o 1273/2

! 1
— g (é‘vvﬂ)Alﬂ'Qg) 6\/‘3;2 dkdpgv ( — 2p> /LZ}A(k,p)

_ 1 A \/> 1 A 1 3 1
§ (&)7“) "nzs) + 61 A-3/2 dkdpfv (k - 21)) w (2k+ Zp,k - 2p)
_ A
- (gvvw ‘ﬂ_%)
and by (4.5) we find the equation
N, ) = (&oyu?)

for any &, € H'/2(R?). By definition of the operator I'* (see (4.1), (4.2)), we
conclude that ¢ € D(I') and I''¢ = wA|7T23.

Let us now assume that ¢ € D(F) with w* € H?(RS), ¢ € D(I'*) and
A = w>‘|ﬂ23. For any v = w) + G¢, € D(F) we have
F(an) = (wiv (HO + A)wA) - A(’U,’l/)) + ¢)\(§va€)
= (v, (Ho + \w™) = (G7&y, (Ho + Nw?) = A(v,9) + (£, T7€)

127
dctp (&(0) + &0 5p) & (k- 5p)) 0 0op)
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= (v, (How* = AGA€)) = (&o, | ) + (6,174
= (v, (Hyw™ — X\G¢)).

It is now sufficient to define f = How* — AG*¢ to obtain that ¢ € D(H) and
f = H1 and thus to conclude the proof. O

Remark 4.1. We emphasize that the Hamiltonian H,D(H) is the rigorous
counterpart of the formal regularized TMS Hamiltonian introduced in Sect. 1.
Indeed, for any ¢ € L2, (R%) N C§°(R®\ Uj<; m;;) we have ¢ € D(H) and
Hvy = Hg, i.e., the Hamiltonian acts as the free Hamiltonian outside the
hyperplanes. Moreover, we show that the boundary condition (1.8) is also sat-
isfied. Let us consider ¢» € D(H) and let us recall that the corresponding
charge ¢ belongs to H'(R?). For x # 0 we write

) _ )4 (@9 xy) + (GO y) + 0 (x,)

(4.6)

Tl)( X,y )7 (QQASE)(va)

and we compute the limit of the above expression for £ — 0 in the L?-sense.
Taking into account of (2.7), we have

v,

2

eV %p2+)\x —1 A

(degg)( ) E(p)

Ja ‘(Gégﬁ)(x, ¥)-

+\/§p2+>\5(p)

which, by dominated convergence theorem, converges to zero for z — 0.
Moreover, for any n € C§°(R3), with |||,z = 1, we estimate the difference

(G216 (x,¥) — (G216)(0,y) proceeding as in (3.4)

/dp/dq (cHtimr =) dta)

p? +q +p-a+tA

2

‘/dyn(y) (G316 (x,y) — (G31:6)(0, y)] ‘ Py

Notice, see Remark A.3 that

p)l[é(a)]
Janfaa R,

then we conclude that (G31€)(x,y) — (G3,€)(0,y) — 0 for # — 0 in L?(R?)
by dominated convergence theorem and the same is true for (G1%¢)(X,y) —

(G2€)(0,y). Note that (G3;)(0,y) + (G158)(0,y) = —(I348)(y). For the last
term in (4.6) we have

2

/dy|wk<x,y>fwk<o,y>|2 dp\/dk (e — 1) (k, p)

zkx_
(/dk CERE )/dpdk|k;2+1 (kp)|
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and then w(x,y) — w*(0,y) — 0 for z — 0 in L?*(R3). Taking into account
the above estimates, the condition T*¢ = w)"m3 and the decomposition I'* =

I‘é‘ldg + F(}H + I'teg We conclude
. §
Ihi% ¢(X7 ) - E - Fregf

which is precisely the boundary condition (1.8) satisfied in the L?-sense.

Let us characterize the resolvent of our Hamiltonian. We first introduce
the shorthand notation for the operator G3; = G* (see (2.2)), i.e

G*: LQ(Rg) - LQ(RG)a (G"\é)(k,p) = \/EM%(D) (4.7)

its adjoint is

G : L*(R%) — L%(R®), (G f) \f/ g 2+Af(k,p)

Next, we prove the following preliminary result.

Proposition 4.2. For any A > 0, there holds G* € B(H*~=(R?), H*(R%)) for

all s < 1/2, hence, GM € B(H*(R%), H5"3(R3)) for all s < 1/2. In partic-

ular, G € B(L*(R?), L*(R%)) and G** € B(L?*(RY), L?(R?)).

Proof. We note that
N
(K2 4+ 5p% + 2)?

< max{(4/3)%, 1/)\2}m.

Hence,
/dk(kQ‘LpQH)s <c /wdkk2(k2+p2+l)s = O (R 1)
R TP E Frpprnz P
So that
R (k2 +p>+1)* .
1660, = 2 [ akap St I @I < Ol

O

Let us recall the definition of the operator S given in (2.24), additionally
we notice that

S%p(k,p) = (—ip — %k, —%p + k) : (4.8)

If o € L2, (RY), it holds true

U(k,p) = SU(k,p) = 5% (k, p).
We note that the second equality is a consequence of the first one. Furthermore,
we have S* = $2. Taking into account of (2.6), (4.7), (2.24), (4.8), we can write
2
Gr=> SaGM

=0

sym
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We claim that the resolvent (H+\)~! of H, D(H) computed in z = —\ < —)\g
is given by

2
1 .
A o J )\F)\fl Ak
+4W§_7SG( e

where R} = (Ho+A)~! and (I'*)~! is a well-defined and bounded operator in
L?(R3) since ®* is coercive. Indeed, let us consider R*f for f € Lsym(RG). We
have R} f = w*+G*¢, where wA:RS‘fEHz(]RG), £=4m) 1IN TGMf e
D(T*) and ¢ = (4m)7'G*f = R} f|,,. Hence, R*f € D(H) and (H +
MR f = (Hy + AR} f = f. Therefore, we conclude that R* = (H + \)~!

5. Approximating Hamiltonian

In this section, we prove a uniform bound on the infimum of the spectrum of H.
introduced in Sect. 2 and obtain the Konno—Kuroda formula for its resolvent
(Theorem 5.7).

Remark 5.1. Let us recall the scaled function x. defined in (2.21), and the
definitions of the constants ¢ and ¢ in (2.20). The assumptions on y imply
that ¥ is real-valued, Lipschitz, that ¢, < oo, and that

[adi—SOF

Moreover, we recall the definition of the infinitesimal, position-dependent cou-
pling constant in (2.22). In the position space g. is just the multiplication
operator for the function (which we denote by the same symbol)

_ 545200 = —anl(145 AN,
0:(y) =~ (14 50+ 5 000) =~y (14 Ga)+ 0 )

where a(y) was introduced in (3.2). From now on, we always assume that
e < t/(2ljal|p) so that 1+ Fa(y) + 77 > 1/2 and g., as a function, is
bounded, in particular ||g:||r~ < 8me/L.

Let us consider the Hamiltonian H. defined in (2.23). We remark that
the term Z?:o S9(|x=)(x:| ® g-)S?" is bounded (although not uniformly in
g) in L2(R®), with norm bounded by 3|x.||?|lgc|ln~ < (247/0)e=2|x||?, and
therefore H., D(H.) is self-adjoint and bounded from below for any ¢ > 0.

As a first step, we introduce the following operators which will play a
crucial role in writing the Konno-Kuroda formula for the resolvent of H. (see
Theorem 5.7).

Definition 5.2. For any A > 0, let us define
P)\ : D(Fmg) - LQ(RS) - L2<R3) F - Freg + Fdlag € + I‘oﬂf €

where T') and Féﬁ’ . are the bounded operators (see the remark below)

diag,e

Phage t ) = L2E) (P i) =y 202+ A(\/ Sp A) ép).
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with
— (R
r(s) = 47r/dk R+ 1)

Foffe LQ(RB) - L2(Rd) (Foff € A)(p)

X(elzp +al)x(elp + 3a]) ¢ (5-1)
= — d .
87T/q PP+ +p-a+ A (@

and

We also define the quadratic form associated with '}
D(@2) :={¢ € L2(R%) s.t. | [ 2¢ € LX(R)}
(I);\(é—) = (57 Péiag,a&) + (67 Fregg) (5 Foff 56)

We will show in the proof of Lemma 6.2 that the operators I‘()i‘iag, . and

—~~
W N
 —

F(’)\H’E converge, as € — 0, to the corresponding limiting operators I').  and

diag
I, defined in Eq. (4.3).

Remark 5.3. We observe that [|x||z~ < (27)73/2||x|[z: = (27)~3/2, so that
r(s) <1 and also 7(0) = 1. Additionally, we note the trivial bound sr(s) < £.
The latter implies ||Tgiag c||p(r2) < £/€.

We also note that sr(s) as a function of s € [0, +00) is strictly increasing,
this is an immediate consequence of the identity

X(k)*  s®
sr(s) =4n [ dk .
() / R
Since x is a Lipschitz function, interpolating with the L°° estimate, we imme-
diately obtain

Ir(s) —1] <cls]® 0<d<1/2. (5.4)
Moreover, by the Cauchy—Schwarz inequality, we find

2
X(elp + 3a .
T3 €12 <(87)2 | xe 2 / apdq —XERH S oo
(p2+q2+p~q+/\)

(32 e 121E)2 4 2
o P = o S IPlel”

Hence, ||Tof e 5(r2) < CA~Y4e73/2|x|| for some numerical constant C.

We want to obtain a lower bound for ®2(¢). In the next lemma, we first
analyze (¢, Tog .€).

Lemma 5.4. Let £ € D(®2), A > 0 and v as in (2.20). Then,

(&,Tog,:€) > / dy == (5.5)
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Proof. By (5.1), the change of variable k = —q — %p and the action of the
operator S (see (2.24)), we find

x(e|ip — 3k|)E(~ 3p — k)
k2 + 3p2 + A

(€, Tg.6) = —8n /dp dk X (k)E(p)
)

= —87T(X5£, SRE}XE& .

Tt is convenient to write the r.h.s. of (5.6) in the position space. To this aim,
we denote by R)(x,y;x’,y’) the integral kernel of the operator R}. Its explicit
expression is given by the formula

(5.6)

R . 1 dkd etk (x—x")+ip (y—y')
O(x7y7x7y)_W/ P k2+%p2+)\

. 1 wo(y on Doz 1y - y12)
T k- P oty v

(5.7)

where %5 is the modified Bessel function of the third kind and it is a nonneg-
ative function. By the definition of S, see (2.24), we obtain the formula

(€T 8) = —8ﬂ/dxdyxa(fc)@/d)<’ dY’RS(— %x ty, - X %y;X’,y’>
xe(z)E(').

To proceed, we add and subtract to £(y’) the function £(y) and obtain

(6T .6) = — / dyl&(y)|2J-(y) - / dy dy €Iy, y) (E) — £(3))

(5.8)
where
/ / I DA 1 3 1 A
Je(y) = 87r/dxdx Xe(z)xe(x )/dy Rg ( — §X+y7 —XTYixX,y )
and
J(y,y') = 87r/dxdx’ Xs(a:)xs(z/)R())‘( - }x +y,——x— 1y;x/,y/).
2 4 2
We claim that
- [y YT Ly v () - €lw) 20 (5.9)

To prove inequality (5.9), we reason as follows. The integral kernel of R(J\ is
(pointwise) positive and y is a nonnegative function; hence, J. > 0. Moreover,
the expression

1 2
J**X+y X 1572
is invariant if one changes (x,y;x’,y’) — (—=x',y’; —x,y) (as one can check

with a straightforward calculation), and R} ( — fx—&—y, —fx— fy, ,y’) shares
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the same property. Taking also into account the fact that x is spherically
symmetric, it follows that J (y,y') = J (y',y). The symmetry of J implies

[ &y &y T3 (66 - €3)
—; [ TSy - )
4y [ TG () - €0)

1
=5 [ ay Lyl - o) <o

from which the inequality (5.9) immediately follows. By (5.8) and (5.9), we
find

(€000 > - [ dvlePL) (5.10)

To conclude the proof, we are left to show that (5.10) implies (5.5). The fol-
lowing identity can be obtained by integration starting from identity (5.7)

1 3 1 e~ VA ly—(Fx+x)|
d ’R*(— Zx+y, : ) :
/ y fig 2x+y 4 2y x Y 47r‘y X—l—X’)‘

Hence,

e~ VAly—(3x+x))]

/dylﬁ(y)ngE(y) =87r/dy|€(3’)\2/dde'Xs(x)Xe(xl Inly — (x4 x|
2

1
47r|y — (%X+X/)|

<87r/dy|§(y)\2/dXdX/ Xs(x)Xs(x/

eik-y
—sr [ dyleP [ dkc G ehir/2)
B sin(ky) .
—a2e? [[ayley)P / e GONCICRE)

To proceed, we use the identity

/Ooodksmling( W(ek/2) = / dkz/ PR ( (k)% (ck/2)).

It is easy to check that for £ > 0 the function fok ds Si;’s has maxima in k = n7w
for n € N odd, minima in k£ = nn for n € N even, it is positive and has an
absolute maximum in & = w. Hence, \fok dsSi’sls| < foﬂ dSSi—gs < 7. By the
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latter considerations, we infer

RS ERE

0o k :
1
gg/ dk / dsS Y| oy v(ek/2) + SR (h) ¥ (ek/2)
0 0 5Y 2
T/ 2 1, ..
< (IR R/ 0.y + 5 IRH /D 0,0)
z?:f N T 3V2 M’f
y 2 L2(0,00) (47‘1’)2 9 y'

Using the latter bound in (5.11) gives

/dy\ﬁ )2 (y

with the explicit expression for vo. By (5.10) and (5.12), we conclude the proof
of the lemma. 0

(5.12)

Using the previous result, we can now establish a uniform lower bound
A
for ®2(¢).

Lemma 5.5. Assume (H1), £ € D(®)) and v > o (see (2.20)). Then, there
exist €9, A1, ¢ > 0 such that

2(e) > c(a (1+ |1|)§> (5.13)
forall A > X and 0 < e < gg.

Proof. We recall that in the position space the operator Ity (see (1.9) and
(3.2)) is just the multiplication by the function (denoted by the same symbol)

Treg(y) = g +a(y).

So that

(6, Tregl) > / dy ~ lallz~ ]

By the above inequality and Lemma 5.4, we infer

o> [ap W a2 +a) - ||a||Lm> @)
+(’y—%)/dy|§(z)|2-

Since s — sr(s) is strictly increasing (see Remark 5.3) one has that for all

A=)\
VZPZ +)\r(51/ip2+)\> > \/Er(e\/x)

(5.14)
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Now, fix A1 so that v/A\1 > ||la||L~ and €y so that for all 0 < € < ¢ there holds
VA r(ev/A1) > |lallpe (which is possible since limy_.q 7 (s) = 1). Then,

3 3
2.2 2 9 _ >
\/4]9 +)\r<5\/4p +)\> llal|pe > ¢

for some positive constant ¢. Hence, from inequality (5.14), taking v > 7, we
infer the lower bound (5.13) with ¢ = min{é, v — 0} O

To proceed, we need some further notation. We denote by -~ 1 the multi-
plication operator for 2 v and define the operator

B B e (145 ) ()

Similarly to g., in the position space the operator v, acts as the multiplication
by the function (denoted by the same symbol)

ve(y) = <(1 + %a(y))l/2 + i(;;>1/2)

Obviously, we have

c Y2 e v 2\ T
(5 G
(U T
Moreover, there holds the identity

8 *
ge = _47TZV6V5 ,

and the bounds |[v.||p(z2) = [|VZ|5(r2) < V2 for all e < £/(2]|al|=).
In the next lemma we study the invertibility of the operator v T'2v.

Lemma 5.6. For any X\ > 0, there holds true the identity
— v T, = —- - B> (5.15)
™ 7r

where B2 is the bounded (although not uniformly in €) operator
2
BY: L*(R%) —» L*(R%) B2 =) ((xe| @ v2) SRy (|xe) @ ve).
j=0
Moreover, assume (H1) and v > 9. Then, v T2v. is invertible in L*(R3) for
all X > Ay and € small enough, with inverse uniformly bounded in € and A.

Proof. We start by pointing out the identity (note that, obviously, v, v*, and
Iiey commute)
17 l 17
>k1—‘re e — _77Fre e = (H - 6)7 1
Vel regl dmre g9 + 4 e pe (5.16)
hence, v} Tieg is well defined in L?(R?) with norm bounded by 3¢/e. Let us
consider the quadratic form associated with 1 LB,

D(®)) =L*(R%)  dX(¢) = —f||5u2 (&, BX¢).
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We set
Béiag,a = ((xel ® V;)Ré(|X5> ®v.) and
Bl = 22: (x| ® v2)STRY (Ix2) @ ve)
j=1
so that
B Bdlag et Boff e
and

D2 (€ >——f||5u2 (&, Bliag <€) — (£, By &)

We first study the term = £[[€[|% — (&, Bé‘iag,ef) making use of two identities.
The first one is

RGN 1\/32 \/32
/d RS2 ea dre arVa? FAT e A )

and gives

ek 21F 2
(<& Roxe€) :/dpdk%

4M||52—/dp\/ par( B )

= IR — (6 Thag )

A e

The second one is vl v, =1— V ? I'ieg Ve. Now, we can compute

17 174
= €12 = (€ Bhag c©) == 2 l61” — (& (el @ v2) B (1xe) @ v2)€)
l
= Sl — (e (28, B o))
17 1/ 1
:7g||§”2 - Eg”yEé-HQ + 7(V€§7F3iag,€V€§)

1 1
4 (Vﬁg Fregyifg) 7_((1/55 1—‘dlag 5V€£)

(5.17)
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Next, we study the term (&, Bg\ﬂcygf). We have that

2
_(gaBg\H,a = (&az Xal ®V SJRO (|XE> ®VE)§)
Jj=1

||
Mw

(Xe(Vaf) S RO Xe (Veg))

1

J

/dpdk X(ER)vE(p) X[ §p — 5K|)v=t(— s — k)
k:2+ IPE A

/ﬁpdk X(ek)v=E(p) (e[ 3P + 5k|)v=t (~ 3 + k)
k2 +2p2 + A

- X(e[p + La]) R(e|ip + a|)reé(p) vE(a)
a Q/dpdq PP+ +p-qtA

1
EE(”&& Fg\ff,ngf)-
(5.18)

By (5.17) and (5.18), we find

P2(¢) = |mP (€ BX¢)
:%((V5€7Pr8gysf) + (Vgg’r(/}iag,sygf) + (Vgﬁ,l—‘g\ff’gugg))
Zﬁ(fwﬁ“?vsﬁ)

which concludes the proof of identity (5.15).

We are left to prove the second part of the lemma. We use Lemma 5.5
by noticing the identity 5;‘ (&) = £ 02 (v:€) with ®2(€) defined in (5.2)-(5.3).
We stress that the identity makes sense for all £ € L?(R3) since v.£ € D(®2)
(recall the remark after (5.16)).

Then, from Lemma 5.5 we obtain

1

~ 1 1 ! 1+ 9
(I)s(g) > ECO <Vs€7 (]I+ H)ng) - 47Tco/dy1 n - S )|£(y)|

s(8+ 260
> clle]?, (5.19)

where we used the inequality

1
1+y Emin{Q,m}.
+5(6+200)) 3
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To see that the latter inequality holds true, recall that We are assuming e <
t/(2llal|lL=) so that 0 <1+ 78+ 7210(y) =1+ Za(y) + ¢ < + 77, and

1+ 1+ -
Y > y_ =2 y+1 > min 201 > min 2 2z~ .
c /§ 21 3 2£ = 37 = 37
+5(6+20) " 2T Ey w2 =7 !

Since <I>)‘ is the quadratlc form associated with - — B2, the bound (5.19)
implies that EZ — B2 is invertible, with an inverse bounded by 1/c, and this
concludes the proof. O

The last preparatory step is the definition of the bounded operator
A LA(R?) — L*(R%) A2 =4rRy(Ix-)®v:)  A>0.
In Fourier transform,

X(ek)  —~

(A;\é)(k, P) = 4Wml/e§(l))~

Hence (recall that |x(k)| < (27)73/2 so that 4 |x (k)| < \/2/7)
2 1 -
|(A)‘ k,p | < \/;“Vef(p)v (5.20)
1

[A2€] < GMIBr2ms), 2oy [V=Ell < V2(GMls2@s), 2oy lI€]l, and A2 is
uniformly bounded in .
In what follows, we will use the identity

XY oxel © g =~ (Ixe) @ v2) (x| @ 27)

and write

2
H. = Ho — 4> ;sﬁ(m ©ve) (x| @) 57"

We are now ready to formulate and prove the main result of this section.

Theorem 5.7. Assume (H1) and vo, A1, and ¢ as in Lemma 5.6. Then, for all
v >, 0<e<eq, and A > A1, the operator H. + X\ has a bounded inverse in
LZ,,(R%). Moreover, denoting its inverse by R2, one has the Konno-Kuroda
formula

2
1 )
R =R} + o > ST A T ) AN (5.21)
Jj=0

Remark 5.8. As a matter of fact, see, e.g., [18, Theorem B.1], the Konno-
Kuroda formula holds true for all the complex A such that —X\ € p(Hp)Np(H.).
The relevant information of Th. 5.7 is that there exists a real A1, independent
from ¢, such that R? is a well-defined bounded operator for all A > A;. This
is equivalent to the lower bound inf o(H.) > — ;.
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Proof of Theorem 5.7. The action of H. on a (symmetric) wave function in its
domain is given by

2
Hop = Hop+ Y S (Ixe)(xel @ g2)v Vo € D(H.).

=0

We describe how to obtain formula (5.21). For a given function ¢ € L2, (R%),
and A large enough, assume that ¢ € D(H.) C L2, (R°) is a solution in of
the equation

(H et A)we = ¢.
The latter gives

2
(Ho+ AN = ¢ — Z Sj(|Xs><Xs| ® 95)1/15,
7=0

and, recalling that R} = (Hy + A\)~! is a well defined bounded operator,
2

1/)5 = Ré(b - ZSjR(/)\(|XE><XE| ®g€)¢€7

Jj=0

where we used the fact that R} and S commute. Hence,

2
Vo= Ryo+4n= Y IR () 0 ) (el @00)we (5.22)
7=0

Set

he == (<X€| ® V;)'(/}m
and rewrite (5.22) as

2
b = R)o + % SS9, (5.23)
3=0
We want to obtain a formula for h.. To this aim, apply the operator (<Xs | ®1/;‘)

to (the left of) identity (5.22). By simple algebraic manipulations, it follows
that

2
( %Z (xel® v? S]RO(|XE>®V6)>h6:(<X€|®V:)R(/}¢~
7=0

By Lemma 5.6, the operator at the L.h.s. is invertible and

1¢,1¢ -1 17
(- B) (lew)Ro= - (nThv) " A,

° A e

dme
(5.24)
where we used the identity

Ag‘* = 47r(<x€| ® V:)Ra\.
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Using the identity (5.24) in (5.23) we obtain the formula
2
1 .
_ pA A/, %A —1 g%
QZ)S _RO¢+EZJSJAE(V€FEV€) Ae ¢
Jj=

Now, as suggested from the formula above, one can define R2 as in (5.21) and
show by a straightforward calculation that (H. + A)R2 = T on L?(R®) and
RX(H. + \) =T on D(H.), from which it follows that R} = (H. +\)~!'. 0O

6. Norm Resolvent Convergence

In this section, we prove that H. converges to H in the norm resolvent sense
and we give an estimate of the rate of convergence.

Proof of Theorem 2.5. It is enough to prove the statement for some fixed z =
—X < —Amax, then it holds true for a generic z € C\[—Amax, 00) by analytic
continuation.
Since
1
47
we need to show that for some A large enough there holds

I(AZ(v2T2ve) T PAY = GAINTIGM)ol < cellgll Vo € L3 (RY).

Without loss of generality, here as well as in the proof of the Lemmata 6.1
and 6.2, we can assume A > 1. All the generic constants denoted by c¢ are
independent from A for A > 1. We start with the trivial identity

AXEETA0) AN — GANIY) TGN (A2 - G TRw) LAY
+GAIT2v:) 7 (AY = G™)
+ GM(UTive) = (MY H G
By Lemma 6.1, and since (vT'2v.)~! and A2 are uniformly bounded in ¢ (see
Lemma 5.6 and the remark after (5.20)), we infer

||(A? — G/\)(V:F?VE)_lA?*||B(L2(R6)) < 065 0<d< 1/2

R} — R = — (A2 Tv) T AX — GMIM)TIGM),

and

|G (V2T 2ve) T AL — G Breey < ce® 0<8<1/2.
We are left to prove that

(G (WT2ve) ™t = (TN GM9| < ce’[l4]. (6.1)

We note the identity

(veT2ve) ™ = (PN 7! = —(uiT2we) ™! (T 2w = T)(IY) 71
So that, taking into account the fact that G* is bounded and (v:T2v.)~ ! is
uniformly bounded in e, we infer that (6.1) is a consequence of

[T 2w =T (@) 716 0]| < e2’|0

which holds true by Lemma 6.2. g
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Lemma 6.1. There exists ¢ > 0 such that

|42 — GM|p(z2e), L2(rs)) < c€°
for all0 < 6 <1/2 and for all A > 1.
Proof. We use the identity

and write
A=A+ A3,
with
A e =47Ry(Ixe) @) and A3, =47R(Ixe) @ (ve — 1))
For all £ € L?(R3), one has
X(ck) — x(0)]* 2

I4d = el = (am? [ akap B R o)

[ XOE ez — ey

Concerning A3 ., we note that one has

143,61 ~(am? [ e X (- 1)) o)

<(47r)2H(—A+1)_%( -1 {H Sup/dkb((k(i]TS;p? :‘;))22

p>0
We have
-1+ 5aly) —i /51
Y
Vs(y) —-1=
1+ Saly) +1 ey

Hence, taking into account Remark 5.1 and the inequality |1 — (14 s)%| < |s|
for all s > —1, one has

) =11 < v (14 =7 ).

Setting O := |-|~1/2(=A+1)~ %, inequality (3.3) reads ||Of]| < ZIIf11?. which
implies also

1

1
|- ]2

_1 * ™ %
[ca+D=t =] <107 Isalfll < (5) 71151

and we arrive at
-+ 1o, — 1] < et

Moreover,

1 1 ~
o [ XERPE+DE _ 1 @R E o RBP e
1% k2 3,2 2)2 N 16 1% 1-9 f2+6 N 160
p>0 ( + 3p° + ) € p>0( P Jr)\) 2 €
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so that
143 €l <eellél 0<a<1/2
Hence,
1(A2 = GMENl < N1(A2 c = GMEN + 1143 €1l < e€lgl,
which concludes the proof of the lemma. O

Clearly we have also
A2 - G/\*HB(LZ’(RG),B(RB»)) <ecé’
for all 0 < § < 1/2 and for all A > 1.

Lemma 6.2. Assume (H2) and X\ > 1. For any ¢ € L2, (R), there holds true
[|(v2T2v. —TM)(TM) TGN < c®llo]  0<d<1/2.
Proof. In this proof we set
&= (M) ~'aMg,

and we know by Proposition A.4 that

lell s <cllol  and P3¢, 5 =G0l 1 <cloll.  (6.3)
We use again the identity (6.2) and obtain

VIT2ue = TA =T2 =T 4 (v = D2 + T2 (ve = 1) + (v — DI (ve — ).

We are going to prove that for 0 < § < 1/2, we have:

(T2 =T < ee’lloll, (6.4)
|(vz = Dr2¢|| < ce®ll¢, (6.5)
T2 (ve — )| < c£°)9ll, (6.6)
(v = DT2(ve = DE|| < %))l (6.7)

Let us prove (6.4). We have that
F;\ - FA - ngag,s - Fgl\iag + Fc))\ff,e - Féff'

Concerning the first couple of operators, using (5.4), we have for 0 < 6 < 1/2

2
(s = Phaél = [ap (524 0) (r(ey/ 52 40) 1) Tétwr?

3 146 R
<o [ap (4p2 ; A) D) < e 6]
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On the other hand, using (5.4) and the boundedness of ¥, we have

X(elp + Sa)) % (e|p +al) — (x(0)
/dq P+ +pa+ ) (@

([~ e)étw)| = o7

o [ g IR Al iR+ a) - (20)°
b 7T/ 4 PP+a*+pg+A
)5/2

2+2 R
gc&/dq (" +4 E@)]  0<ds<1/2.

P+ +p-g+A
Due to (6.3), it is sufficient to prove that
5
(* +¢°)
(P*+a®+p a+A)(g®+1)3/4

T(p,q) =

is the integral kernel of an L2-bounded operator for 0 < § < 1/2. If we put
f(p) = (p* +1)73/4, it is straightforward to prove that for 0 < § < 1/2 we
have

/ T(p,q) f(q) da < c1 /(p) / T(p,q) f(p)dp < e f ().

then the claim follows from Schur’s test.
Let us prove (6.5). We claim that for all s € [0,1/2) there exists C' > 0
such that

IT2€ mrs < el|€]| o < |- (6.8)

Due to Remarks A.3 and A.5, it is sufficient to control each term in I'2¢ with
corresponding limit uniformly in . It holds true for T'}. &, since 0 < 7(s) < 1;

diag,e
see also (6.3). It holds true for I‘())‘H)Ef since

. A 1
) </d
’ of‘f,eg(p” qp2+q2+pq+/\

Therefore, estimate (6.8) holds true. We have

1= /1+ Zaly) +i,/72
vely) —1=

£(@)] = T2alél(p)-

p : = fi(y) + f2(y),
V1+ Saly) — iy /%%
with
1 —/1+ %a(y) iy

) = fa(y) =

and, due to Remark 5.1, we have the estimates

AG) <evE  |fo)] < evE——

\/y+2€7/€'

(6.9)
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Moreover, with straightforward calculations, one has for p > 6
€ oo
1
P 2 /2 _ 3
el <c [ dpses [ idy = (6.10)

By Sobolev embedding and (6.8), we have||[T2¢||Le < C|| || for Vg € [2,3).
Using Holder inequality, (6.9) and (6. 10) we have

(v = DE2¢|| < |AT2E] + || fI2¢] < c(We+¥P)lgll p>6,

and (6.5) is proved.
Let us prove (6.6). Due to estimate (6.3), it is sufficient estimate ||(v. —
1)€||g1. We start from

[0 = D80 < [l ve = el + e~ %] + el o)

The second term in (6.11) can be estimated as (6.5); also the first term, even
if it is more regular, can be estimated in the same way. We discuss the third
term. First notice that

1 € e 1
vi(y) = — 3 ( —1 7)
c = /2 02, /1+¢ 0 2y3
( 1+za(y)+z,/?%) 2y/1+ galy) 2y

= f3(y) + fa(y)
with
€ a'(y)
f3(y) =73
ty ( 1+ 2aly) +z'\/%>2 T+ Za(y)
f4(y) = ‘ %’7 1%

Taking into account that
O(y) —1—yb' 1 [
o (y) = — () —y ) _ 72/ 50" (5)ds
Y y=Jo
is bounded, we have || f3||L~ < ce. Moreover, we also have for 2 < p < 6

_ o 1
Ifallze < e ”/2/0 v p/2dy+f”/2/€ sy =ce”

By Sobolev embedding ¢ € L9 for 2 < ¢ < oo, then using Holder inequality,
we have

[V2E]] < ell Fs€0 + N Fa€ll < fsllzoe €N + 1 fallzo €]l e < ele +e¥P 7)€l /-

where p~! +¢~! = 1/2, and (6.6) is proved.
Let us prove (6.7). This estimate immediately reduces to (6.6) since ||v* —
1]|z> < ¢ uniformly in e. O

Funding Open access funding provided by Universita degli Studi dell’Insubria
within the CRUI-CARE Agreement.



Vol. 24 (2023) Three-Body Hamiltonian with Regularized 261

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

Appendix A. Regularity of the Charge

In this appendix, we characterize D(I'") and we prove a regularity result for
the charge associated with ¢ € D(H).
A.1 Domain of T}
Here, we prove that D(I'") = H'(R?).
Remark A.1. By Proposition 3.6, the spectrum of I'* is contained in [co, o0),
co > 0. Therefore, (I')~! exists and it is a bounded operator in L?(R?) with
norm less than cj'. That is, for any f € L?(R?®) there exists & € L?*(R?)
solution of the equation T*¢ = f and [|€] < cg || -
We want to prove that &€ € H(R?), that is (I'*) "1 € B(L?(R3), H'(R?)).
For the sake of notation, we introduce the operator T' defined as:
VB £(a) v £(a)
T I _ d — d . Al
£(p):=5pEP)— /3 e p a2 9Up o (A1)
Let
. 7
= i\f— 2~ 1.031.

Proposition A.2. Assume (H1) and v > ~%, let f € L?(R3) and let & be the
solution of

=, (A.2)
then € € H' and ¢l < cllfllcoqeo)-
Proof. Set f*:= f — (I'* = T)&, and recast (A.2) as

TE = fA (A.3)
By (4.3) and (A.1), there follows

A (p) = f(p) — (af _E&
) = f(p) — (a&)(p) Brr VPt
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A £(q)
-z . A.
772/Radq(p2+q2+p-q+/\)(p2+q2+p-q) (A4)

We start by noticing that f* € L?(R3). To see that this is indeed the case
recall that by our previous remark ¢ € L?(R?) and notice that all the terms at
the r.h.s. of identity (A.4) are in L?. To convince oneself that this is true also
for the integral term (for all the others it is obvious), it is sufficient to notice
that the integral kernel is an Hilbert—Schmidt operator. To this aim, one can
use the inequality

1
dpd
/Rs P e rp at 2+ T p- )
1
P+ ¢ +20)%(p* + ¢%)*’
and introducing polar coordinates in RS verify that the latter integral is finite.
To conclude the proof of the proposition we need to show that

IVEN < el fA]-

Decomposing é and f * on the basis of spherical harmonics, and setting p = e,
Com(x) = €5/2%&4,, (%), and hep, () = €3/27 f4,,(e*) we obtain:

2 _ 3 2,4 — 2
Vel =3 [ om0 ap =3 [ (o)

<16 dpdq
R? (

and
A2 A 2,2 _ 2 .
1P = 3 [ Vb Prap =3 [ honte) iz

here, clearly, fj;n(p) € L*(R*,p*dp) for £ € Nand, m = —¢,...,£. We look for
an inequality between the L?-norms of the functions (e, and Ay, of the form
ICem || < ¢||hem || with ¢ independent on ¢ and m. To proceed, we decompose
(A.3) on the basis of Spherical Harmonics and obtain:

Y 2 [ a2 ! Py(v)
7P§zm(P)—;/0 dgq €em(Q)_[1de
1
b o Py(v) _ A
+ 71_/0 dqq gfm(q)/_ldypg +q2 — 2pqu - f@m(p)
(A.5)

Then, we multiply the latter equation by p?/2 and change variables as above,
with p = e” and ¢ = €Y, to obtain:

1
Y a) =2 [ty ete a0 P

2 _1 cosh(x—y)+u/2+
1
Y (z— )/2/ Py(v) _
— [ dy Cem v dv ———————— = hy(@).
t s A Y Cem(y) e V@ = (z)
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The latter equation can be seen as a convolution equation on L?(R) and dis-
cussed by Fourier transform, to this aim we note the identities:

l —ikx jx/2 /1 Pg(l/) _ 1
w/ﬂkdxe ¢ _1dy cosh(x) +v/2 ot ( F+ 2

1 .
il ik o2 _ Ry i
2m /Rdx ©° /_1 v cosh(z) — v Sreg.e B+ 2

(which hold true because So ¢(k) and Sieq,¢(k), defined in (3.13) and (3.14),
admit an holomorphic extension to the strip {|Imk| < 1}); therefore (see

(3.17))
Se (k + Z) = V3 + Soff ¢ (k + ;) + Sreg,¢ (k + ;) : (A7)

and

2 2
Then, (A.6) is equivalent to

St (e 5 ) Gom0) = ).

To conclude the proof of the proposition, it is sufficient to prove that
|S’g (k + %)| > ¢ > 0. We shall focus on the real part of Sy and prove that

Re S, (k + ;) >e>0. (A.8)

Starting from (3.9) and (3.10), with some straightforward calculations one
arrives at

cosh (k arccos (%)) sin (3 arccos(%))

\/1-— 97‘2 cosh(mk)

cosh (k arccos (%))

1 + ¥ cosh(rk)

. 1
Re Soft, ¢ <k+ ;) = —2/ dy P(y)
-1

-2 [ arw (A.9)

and
- 1 (1
i cosh (k arccos(—y)) sin (3 arccos(—y))
ReS;eq k—i—): / dy P, Z
= ( 2 ! 1 v Pulw) V1 —y?cosh(km)

cosh (k arccos(—y))

L (
= ﬂf,l dy Py(y) VT = ycosh(kr)

(A.10)
We analyze separately the cases ¢ > 1 and ¢ = 0. We start with ¢ > 1. Notice

cosh | k arccos(—y . . . .. .
that % has a series expansion with positive coefficients. To see

that this is indeed the case recall that: (see [16, (1.112.4)])

Ty 2@k

1 +§:(2k+1)!! -
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and arccos(—y) = 7/2 + arcsin(y) as well as cosh(x) have positive coefficients
series. Then,

cosh (k arccos(
eny” cn =0 (A.11)
— Z
and
Re Sre.¢ (k + ;) >0 (A.12)
by Lemma 3.3.

Now, we prove some suitable lower bounds for Re Sog¢. By (A.11), we
infer

cosh (k arccos (%)) oo

o sre ()’

n=0

so that we cannot apply directly Lemma 3.3 to Re Sog . However, due to the
parity properties of the Legendre polynomials, we can apply the lemma for ¢
even and ¢ odd separately. We start with the analysis of the case ¢ odd. We
have that

i V2 1 cosh (k arccos (%))
Re S, k4+=-)=— ——— dy P,
©2off £ < 2) cosh(mk) /,1 yPely) VI+4

V2 ! - y\"
=—Y= [ ayp (£) =0 ¢-odd
cosh(rk) /,1 y Pely) Z_% 2 ©
n'"" odd
(A.13)
where the latter inequality is a consequence of Lemma 3.3.
On the other hand, for £ even we have
7 \/§ > Y\ "
o (k4 o —=_ [ ayP, n(,) ¢ - even.
Re Soft ¢ ( + 2) cosh(nk) / y Po(y) nz::o c 5 even

Hence, using again Lemma 3.3, we infer

2 ™ <]}¢ (4)
1 cosh (k arccos (%))
B \/icosh(ﬂk)/ WGy -y

1 / . ) cosh (k arccos (¥ )
/2 cosh(rk) ly|<1 y @y’ VI+4
cosh( k) / 5 4
— dy By —1) > —— £ - even.
cosh(mk) L<lyl<t y(By ) 33
(A.14)

0 >Re So ¢ (k + ;) >
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To get the lower bound in the second to last line, we restricted the integral
where the second Legendre polynomial is positive, so that we can infer the
bound (A.14) by using the monotonicity properties of the integrand. The re-
maining steps are elementary inequalities.

Therefore, by (A.7), together with the lower bounds (A.12), (A.13), and
(A.14) we have

for ¢ > 1 odd Re&g}§
for ¢ > 2 even Re S, > \1/783

These give the lower bound (A.8) for ¢ > 1. We remark that the lower bound
for £ > 1 holds true whenever v > 0, hence, for these values of ¢ the regularizing
three-body interaction does not play any role.

To obtain the bound for ¢ = 0, we reason like in the proof of Lemma 3.5.
We prove that for any fixed v > 7 there exists s > 0 small enough, such that

Re (ég(l —5) + Sot,0 (k + ;) + Steg,0 (kﬁ + ;)) 2 0. (A.15)

If this is the case, by (A.7) we obtain the needed bound by noticing that

Re Sy <k:+ ;) = ?s—#Re <\g§(1 —8) + Soft e (k+ ;)

i V3
) > ="s.
+Sreg,é (k + 2)) = 9 S

Changing variables in (A.9) and (A.10), we obtain

Resoﬁyo(m 5) = \f /

4 cosh( t)
— ) A sh(kr)

cosh (k arccos (y))
Vi+ty + y cosh(km)

1
2

Wi

and

cosh ( karccos(y) /
Re Sre k dtv1
€ res, O + f / V1 +y cosh(kr) f

cosh(kt)
COSh(le’) '

Next we use the identities
2

/3 dt+/1 — cost cosh (kt)
z
s V3 cosh (k%) — 2k sinh (k%) + 2/3k sinh (k%ﬂ) — cosh (k%w)

1+ 4k2
and

1+2 h
/ dt\/l—costcosh(kt)—Q\f%w,
0
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to obtain the formulae
v/3 cosh (k%) — 2k sinh (k%) + 24/3k sinh (k%w) — cosh (k%ﬂ')

i
Re Sosr,0(k+ ) = —4
€ Soff,0 ( + 2) (1 + 4k2) cosh (k)

and
1+ 2k sinh (k)
(1 + 4k2) cosh(km)”

Re Sieg.0 (k + %) =2y

So that,

/3 i V) )+ A
Re (2(1 = 5) + Sot.s <k + 2) + Sreg,¢ (k + 2)) (1 —£4k‘2) cosh(km)

with

fo(k) = ?(1 — s) cosh(km) 4 4 cosh (k%r) — 4V/3cosh (kg) + 27,

F1(k) = 2v/3(1 — s)k? cosh(kr) + 4k (7 sinh(k7) — 2v/3sinh (k%) + 2sinh (k%)) .

To prove the bound (A.15), it is enough to show that fy + f1 > 0. Since fy
and f; are even functions of k, it is enough to consider k > 0. We have

fdk)z%@(?) (?(1—5)-9%4.41—4\/3) + 2.

Noticing that for s > 0 small enough one has v/3(1—s)-97/2+4-49 —4/3 > 0
for all j > 1, we have the lower bound (it is convenient to keep the first two
terms of the series)

fo(k) =2 <7 —Ye — s?) + (?)2 (‘f(l —9s) +8)

with v = %\/3 — 2. Similarly, we have

s kr ; 1 e\ 21
fi(k) = 2v3(1 - s)k gz_:o(;”'(?’) R k22+1)(3)
(7 S3UTL _9y/3. 2% 4 2) :

Since v - 3%+ —24/3.22*+1 £ 2 > 0for v >~ > 1 and j > 1 we obtain a
lower by keeping only the term j7 =0

k 63
fi(k) =k (;) (\f(l —5)+12y — 16V3 + 8).
7r
Hence, taking into account the fact that we are assuming v > ¥, we have

fo(k) + fi(k) =2 (7—7: - 8?)

+k (k;) (fw@ —9s) + i + M(1 — )+ 129" — 16\/§+8)
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and the r.h.s. is positive for s > 0 small enough because v —~v> > 0 and
Var 4 84 68 1 129F — 163+ 8~ 4.8 > 0. O

Remark A.3. As a consequence, we have

.y : 1 é(a) —~
(M) (p) /R;iolpuq2 g T @O
T qe @)

+ -~ [ dg —"—
272 Jps " |p —q?
= ([0 (P) + (T2€) () + (T (p) + (T8 (),

since every term belong to L? for £ € H!(IR?), that is all four operators are

bounded from H'! to L2. The claim is obvious for Fé‘iag, it was proved in [23,
(2)

Proposition 5] for T'), while regarding Frgg it amounts to Hardy’s inequality.

I

\

S
%)
_l’_
>
pAg
)

I

It is trivial for I‘Eég, since a € L°°.

A.2 Regularity of the Charge

Now, we study the regularity of the charge associated with ¢ € H, that is the
solution of the equation appearing in (2.18).

Proposition A.4. Assume (H2) and vy > 2, let f € HY/?(R?) and let ¢ € D(T'?)
be the solution of

¢ = f, (A.16)
then € € H32(R3) and ||€]| g2 < || fllgise.

Proof. We argue as in Proposition A.2 and recast (A.16) as T¢ = f* (see (A.1)
and (A.4)). We note that f» € H'/2(R3). To convince oneself that this is the
case, recall that by Proposition A.2, £ € H(R3) then a¢ € H*(R?) since a and
a’ are bounded; moreover, it can be checked that the last term at the r.h.s. of
Eq. (A.4) also belongs to H'/?:

{(a) 2
/dpp‘/dq(p2+q2+p-q+2)(p2+q2+p-Q)’

. 2
q"?|é(q)]
< 16/dpp </dq 2(p? + ¢ + 2)0)(p? +q2)>

< 16¢|2 /d /d P
I€l1Z/2 [dp [da a0 + @ + 2022 + ¢2)2
) ) [e%s) e} qu
= 256 d d )
u Hf”Hl/?/O p/o q P2+ @+ 20)2(p% + )2

introducing polar coordinates, one easily sees that the last integral is finite.
To conclude the proof we are going to show that

1A2ZE]| < el f 1 e (A.17)
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Decomposing ¢ and f* on the basis of the spherical harmonics, we obtain

A3/2 2 — >~ Am 2 5d ,

a7 =3 / Eem(p)29" dp
A2 S 2,24

7= / ()PP dp,

and
o0
INTREED S R ABIER

Im

where f;‘m (p) satisfies the condition
[ 1P <o CEN, =t
0

To prove the bound (A.17), we will show that

/ |égm(p)|2p5 dp < c/ |fe)‘m(p)|2p3dp VWeN, £>21, m=—{...1¢
0

(A.18)
where ¢ does not depend on ¢ and m, and
| P ap < c [ 100+ ) (A19)
0

We remark that for £ = 0 we have a slightly weaker bound involving both || ||
and A2 £

i) Case £ > 1.

Decomposing the equation T¢ = f» on the basis of the spherical harmonics,
we obtain (A.5). We multiply it by p?, change variables as p = e®, and q = e,
and set Com (1) = €37Em (€7), and Ay () = €27 fn (e®). In this way, we obtain
the equation.

1
Clm /dy C@m (z—y)/ dv
-1

cosh(x - ) +v/2
1
P,
o /R dy Gem () €V / v — )

_; cosh(z—y)—v

/ |Eem ()] *p° dp = / Com (2)]? da
R+ R

/ () PP dp = / oo ()2 e,
R

(A.20)

Since

and
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the bound (A.18) is equivalent to the inequality
HC@m”L%R) C”h@an2 (A.21)

The integral equation (A.20) can be conveniently studied via Fourier trans-
form. To proceed we start by noticing that, taking into account the identity
f_lldVPg(V) =0, £>1, we have

_ 1 —ikx ! PZ(V)
Sott.e(k) = T /Rdxe /_dy cosha +v/2

1 —ikx / 1 1
S P,
/ due dv P(v) coshz +v/2  coshz

—ikx V) v
> 1. A.22
/dxe /d coshz ( coshx+y/2) ¢ ( )

The representation formula (A.22) shows that Sog ¢(k) can be holomorphically
extended to the strip {|Imk| < 2} The same argument can be repeated for
Sreg,e(k). Therefore, in Fourier transform, (A.20) reads

Se(k +)Cem = Tom, (A.23)
with Sy given as in (3.17), i.e

3
Se(k +1) = g + Soft,e(k + %) + Sreg,e(k + ).

By the unitarity of the Fourier transform to prove the bound (A.21) it is enough
to find a lower bound for |Sy(k +14)| (see also the similar argument used in the
proof of Proposition A.2). We concentrate on the real part of Sy(k + ).

With straightforward calculations, starting from (3.9), one finds:

_/1dVPg(V)V sinh(k arcsin(v/2))
2y/1 — v2/4 sinh(kw/2)

1 ‘ p
/ dv Py(v) v cosh(k arcsin(v/2)) for I odd.
—1 1 —v2/4 cosh(km/2)

for [ even,
Re Soﬁyg(k + Z) =

Analogously

1 . )
sinh(k arcsin v)

’V/dl/Pg(V)l/ —

Re Syeg o (k + i) = -1 2v/1 — 12 sinh(k7/2)

! cosh(k arcsin v)
dv P, for I odd.
7/_1 v By 2v/1 — v? cosh(km/2) oo

Let us observe that, using the recurrence formula for the Legendre polynomials
L+ 1)Pry1(v) = (20 + 1) wPy(v) — LPy—1(v), we can rewrite

for [ even,

. (+1 4
= - _ A.24
Re Soft ¢ (k + 1) 220 +1) Sot,e+1(k) 2020+1) Sott,—1(k) (A.24)
and analogously
) (41 14
Re Sreg o(k +1) = msregﬁl(k) + msreg,é—l(k)~
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Then, using Lemma 3.4, for any &k € R we obtain that
Re Some(k+14) <0  for ¢ even, Re Some(k+14) >0 for ¢ odd
and
Re Syege(k+1) >0  for any /.
Hence,
V3
2

Next, we focus attention on Re Som ¢(k + ¢) with ¢ even. Notice that (A.24)
and Lemma 3.4 imply

Re S¢(k +1) > for ¢ odd. (A.25)

1

[ Sote.1(k) = =5 Sotr.1(k):

+1 L

1
“2l2rr1 T2ra

Then, using [8, Lemma 3.5], we obtain

, \/g 4 \/g 8 4 \/g
> — = —
RQSOH’[(]C +z) > 2 3 5 ( ) :

Re Soff,é(k + Z) 2

V3r 3

where d € (0,1).
Therefore, we find
Re Sy(k + i) > ?(1 —d)  for £ even.

The latter bound, together with the one in (A.25), give (A.18) with ¢ = (73 (1—
d))~2 for all £ > 1.

Next, we proceed with the analysis of the case ¢ = 0.
ii) Case £ =0

For ¢ = 0, the kernels in (A.20) are too singular, in particular the regular-
ization described in (A.22) does not apply; hence, we cannot extend Sog (k)
and Syeg,0(k) to Imk = 1 and proceed starting from an equation of the form
(A.23).

In order to circumvent this difficulty, we define

Colz) := eB7DZ £ (e), z € R, (A.27)

for t € (0,1). Then, we multiply (A.5) by p>~! and introduce the change of
variables p = e*, ¢ = €Y to obtain

? Ge(z) — % /Rdi‘/ Gt (y) e1=0E=v)

[ i
dv
_; cosh(z—y)+v/2

1
gl (H)(H,)/ 1 _
T [q v— =}
+ 27 /R yGly)e -1 Y cosh(z —y) — v ()

where
hy(z) = e@7D% 3 (7).
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The integral kernels in (A.28) are regular for ¢t € (0,1). Let us rewrite the
equation in such a way to isolate the term that becomes singular for ¢ — 0.

V3 6(1 t)(a—v)
7Ct +7/d GY) —7——

cosh (x —y)
S1—t)(a—y) 1 ,
ton /dy () cosh(z — y) /,ld cosh(z —y) +v/2 (4.28)
wwuw 1 5
+ —/dy Gy cosh(z — y) /,1d1/ cosh(z —y) — v = ()

In the Fourier space equation (A.28) is

Bty + () + QL) + Q20 aby =hnl)  (A20)

where

y—2 ECIC L | y—2

Q)= 2= [due -
2 Jr coshx 2.0 (%k+i§(1—t))

1 v—2
" 2sin gt cosh gk + 14 cos %t sinh gk
—2 sin = 5t cosh gk — 1 COS %t sinh gk

2

2
(Sm Zt cosh ”k:) + (cos gt sinh gk)

1 ik e(l—t)x
_ 1RT A
Qi (k) = 27 /1d /dxe coshz (coshz + v/2)’ (A.30)
1 (1—t)x
2 2l —ika €
= — . A.31
@ (k) 2 /_1dy v Rdxe coshx (coshz — v) (A-31)
From equation (A.29), we have
2 he(k)|?
|<t(k)|2 — v | t( )‘ y
[+ QUk) + Q1 (k) + Q3 (k)
A (A.32)
g ()P

V3 0 1 2|
[7+m@w+mgw+MQW}
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We notice that
Re@V(k) =0 for v > 2. (A.33)

Moreover,

11/ /" ; e
ReQg(k) = =5 | [ dvv[dze ™
e Qo(k) 2m 2 (/_1 VV/R ve cosh (coshx + v/2)

1 T
d d ikx €
+/1 nyxe cosha:(coshx—i—l//Q))

(in the second integral we change x — —x)

72kz 1 \/g
=— [ d d - k)>——d
/ VV/ xcosha:—&—y/Q 2503’1() 2

by [8, Lemma 3.5], see also (A.26). Similarly,

7Zk)$
Re QO / dv I//d:E = Sreg,1(k) 20

coshz — v

Hence, we have

Re Q) (k) = Re Q}(h) + Re (@1 (1) — Q(1) > — 22 d — Q} — Qbl.~

(A.34)
where (see (A.30))

1 (e7¥ —1)e® ! v
1_ Al
_ o < — N —
1Q: = Qollz~ < 27r/dx‘ cosh x /_1dy coshz +v/2

1 et — 1| e”
< — [dx .
27 coshz (coshx — 1/2)

By dominated convergence theorem, we find that ||Q} — Q|| L~ — 0 for ¢t — 0.
Analogously, we have

Re Q7 (k) = Re Q5(k) + Re (QF (k) — Q5(k)) > —1|1Q} — Q3ll~  (A.35)
where (see (A.31))

1
1
o < — . A.
HQt Q0|L / cosh:r /1dycoshx—1/ (A.36)

The last integral in (A.36) can be estimated as follows. For |z| < 1, we have

1
1
/dui
_1 coshx —v
1 1 1 1
1 1 1 1
o coshz+v 0 coshx —v 0 1+v 0 1+L_V

2 2

T z 1
:10g2+log(1+?)—logiglog?—l—c
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where we have used the inequality coshx > 1 + % For |z| > 1 we have

1 1
1 1 2
dv —— < [ d = .
/_1 Y coshz — v /_1 Ycoshz —1  coshz —1

Using the above estimates, we can apply the dominated convergence theorem
in (A.36) and we find that [|Q? — Qreg0llL= — 0 for t — 0. Taking into
account (A.33), (A.34), (A.35) and considering ¢ sufficiently small, from (A.32)
we obtain

/d:c|<t<x>|2 :/dk\c}(kn? < c/dkmt(k)\? - c/dxmt(x)ﬁ - c/()mdppzp“?t\féamﬁ

< c/owdppza + D) f2 ()2

where c is a constant independent of t. Moreover, by (A.27) we have |(;(z)]? =
|G 00 (e)|? — [€3% €go(e®)|? for t — 0 a.e.. Then, applying Fatou’s lemma,

we find

/ dPP5 |€00(P)|2 = /dx |€3wé00(€$)|2 < ligniglf/dx|(t(:c)|2
0 el

<e / (14 D) f2 )2,
0

this gives the bound (A.19) and concludes the proof of the proposition. g

Remark A.5. Notice also that I'* : H5T! — H* for s € (0,1/2).The claim is
obvious for I‘(’}iag and it was proved in [23, Proposition 5] for I‘g‘ﬂ. Regarding
I‘gé, due to Hardy’s inequality, it is sufficient to prove that it is a bounded
operator from H*t! to H* for 0 < s < 1/2. Let us consider

S

p
P+ +p-at+ gt

T(p,q) =

If we put f(p) = p~3/2, it is straightforward to prove that for 0 < s < 1/2 we
have

/ T(p,q) f(q) da < c1 /(p) / T(p,q) f(p)dp < e f ().

and then T is the integral kernel of an L2-bounded operator by Schur’s test

and the claim on Fg% follows. For Fg%, the claim is trivial since § € C?.
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