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Introduction

Extended Hypergeometric Functions and Orthogonal Polynomials presents a com-
prehensive and accessible resource for researchers and graduate students inter-
ested in exploring the rich connections between extended hypergeometric functions,
orthogonal polynomials, and multivariable polynomials. Integrating all three fields
and their applications in Maple, Mathematica, and MATLAB, this book fosters
interdisciplinary understanding and inspires new avenues of research in mathemat-
ics, engineering, physics, and computer science. It also provides a glimpse into future
research directions in these areas, including potential applications in emerging fields
of applied mathematics and interdisciplinary collaborations. Each chapter begins with
an introduction, includes sections on theory, followed by sections on applications, and
ends with exercises, problems, references, and suggested readings.

Key Features

e Provides an integrated and up-to-date resource on extended hypergeometric
functions, orthogonal polynomials, and multivariable polynomials for researchers,
students, and practicing engineers.

e Presents emerging trends, new developments, techniques, and applications in
the fields of special functions and orthogonal polynomials.

e Gives special attention to practical techniques for working with these functions
and polynomials, including computational methods and applications to solve real-
world problems.

xvii



This page intentionally left blank



CHAPTER

The generalized
k-hypergeometric
function as the Meijer
G-function

Shilpi Jain?, Parik Laxmi®, and Praveen Agarwal“¢

4Department of Mathematics, Poornima College of Engineering, Jaipur, India

Department of Mathematics, Poornima University, Jaipur, India

¢Nonlinear Dynamics Research Center (NDRC), Ajman University, Ajman, United Arab Emirates
dDepartment of Mathematics, Anand International College of Engineering, Jaipur, India

1.1 Introduction and preliminaries

In the field of mathematics, special functions play a significant role. Although itis a
vast discipline our focus is mainly on the generalizations of the special functions. In
2007, Diaz and Pariguan established new concepts of the k-gamma functions, k-beta
functions, and the Pochhammer k-symbol [11]. These concepts are well known in the
literature as generalizations of special functions [1-6].

The k-gamma function is given in the following manner:

R -1 — kkfl
l"k(vo):/ w eV dw (1.1.1)
0
and
i (vo + k) = vol'k (vo) (1.1.2)
Fk(vo)zkvl?ll“<%> (1.1.3)
(UO)(n,k):k”(E) , (1.1.4)
k k

where k > 0 and N (vg) > 0.
The Pochhammer k-symbol is defined in the following way:

(w0) Ik (vo + nk) 1 n=0;v9 € C\ {0},
VO)nk = =
'k (vo) vo(wo+k)---(vo+(m—1k) neN;vyeC.
(1.1.5)
Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00009-6 1
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The k-beta function is given in the following manner:

1 1 oy v
Bk(vo,m):%/o wr =11 = w)*~Ldw, (1.1.6)

where 9 (vg) and N(vy) > 0.
The relationship between the k-gamma function and the k-beta function is:

_ Tr(wo) Tk (v1)
Bk(UOaUI)—m, (1.1.7)

where 9 (vg) and N(vy) > 0.
For k > 0, the generalized k-hypergeometric function is defined as follows [18]:

Fy 01,9, 2 KD 0 01, K (02,00, R3] = 3 D 00k 2
Jlur, k), (ua, k)...(up, k); (v1, k), (V2,K)...(vg, k)s w] = ) —F———),
m ! ! =T @dne 1!
(1.1.8)
where w, u;,v; € C(i =1,2,3...p,j=1,2,3,...q) and p,g € No=0, 1, 2....
The generalized k-hypergeometric function includes many elementary and special
functions.
In particular, when p =g =0 and k =1 in (1.1.8) the exponential function is:
o wn
oFoil— —wl=e"=) —. (1.1.9)

n!
n=0

If p=2and g =1 then (1.1.8) gives the Gauss k-hypergeometric function:

e¢]

Z Wo)n k (VD x w"

2F1 k[ (vo, k), (v1, k); (v2, k); w] —
(v2)n k n:

(1.1.10)

where 9(vg) > 0, R(vy) > 0, R(v2) > 0, and |w| < ¢ and (vo),x is the k-
Pochhammer symbol.

While for p =3 and ¢ =2 in (1.1.8) the k-hypergeometric function is defined as
[17]:

o (V)i k (VD (V) e W
3Pl (00, k), (01, K), (v2, K); (03, ), (g, k) w] = 3 ok Wk 02k B
= W)nkWnk 0!
(1.1.11)

where R (vg) > 0, N(vy) >0, R(v2) > 0, N(v3) >0, and NR(v4) > 0 and (vo), « is the
k-Pochhammer symbol.

It is known that the generalized k-hypergeometric series in (1.1.8) is absolutely
convergent for all finite z € Cif p < ¢ + 1 and for |z| < 1 if p = ¢ + 1. In particular,
the series in (1.1.10) and (1.1.11) are absolutely convergent for |z| < 1.
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1.2 The generalized k-hypergeometric function as the
Mellin—-Barnes integral

Letk>0,a;,b;eC (i=1,2,3...p,j=1,2,3,...,9),b; #-1(j =1,2,3..q; 1 €
Np), then the generalized k-hypergeometric function can be represented in terms of
the Mellin—Barnes integral that is of the form [20]:

[T5oi Tewy) 1
[T, Tk(u;) 2mi

f T () 17 T u; — sk)
L H;I':l Ci(vj —sk)

qu,k[(ula k)v (”27 k)(l/{p, k)v (Ulv k)v (U2, k)"'(qu k)v w] =

(—w)~’ds,
(1.2.1)

with the special chosen contour L.
In particular, the k-hypergeometric series in (1.1.10) and (1.1.11) have the repre-
sentations [20]:

I 1
21l k), (2, k); (u1, k); w] = #ﬁfwz)%

/ )T (uy — sk)Ti(upy — sk)
L FCr(vr — sk)

(1.2.2)

(—w)~'ds,

with vy # —I, 1 € Ny and

r r 1
P2kl ), (o, ), 3, K); (0, ) (2, K0 wl = (uf)(ﬁl)(u’;)(ﬁ)(m —

/ L) Tr(uy — sk)Tg(uy — sk)T(uz — sk)
L Tk(vi — sk)Cr(v2 — sk)

(_w)_sdsa
(1.2.3)

withv; # —1, j =1,2,1 € Ny, respectively.

In this chapter, we use the representation (1.2.1) as the definition of the gener-
alized k-hypergeometric function. Choosing the contour of integration L, we give
conditions for the existence of such a function for all finite z 7% 0 and for all ranges
of parameters in respective cases p <q + 1, p=q + 1, and p > g + 1. We deduce
the representations for , Fy x(z) as the Meijer G-function.

1.3 Existence conditions for the generalized
k-hypergeometrlc function qu,k(w)
In this section, we give the conditions for the existence of the extended generalized k-

hypergeometric function , F;; x (w) defined by the Mellin—Barnes integral of the form
(1.2.1).
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The conditions will be different for the infinite contour L, which has one of the
following forms:
1. L = L_« is aleft loop situated in a horizontal strip starting at the point —oo + i ¢,
and terminating at the point —oo + i¢ with —00 < ¢ < ¢ < 00;
2. L = L4 is aright loop situated in a horizontal strip starting at the point +00+i¢;
and terminating at the point 400 + i¢y with —00 < ¢ < ¢y < 00;
3. L = Ly is a contour starting at the point y — ioco and terminating at the point
y +i00, where y € R.

We suppose that u;,v; € C (i =1,2,3...p, j =1,2,3, ..., q) are such that v; #
—1(j =1,2,3...q; 1 € Np) and the poles

c=-1,1€ Ny (1.3.1)
of the gamma function I"(s) and the poles

i, =ui_]tnl,(i=1,2,3...p;n1ENO) (13.2)

of the k-gamma function 'y (u; — sk), (i = 1,2, 3... p) do not coincide:

in, =¥;ﬁ—l, (i=1,2,3...p;1 € No). (13.3)

We also suppose that the poles u;n in (1.3.2) are simple:
u; +ni uj+ny

k 7 k
‘We shall use the notation:

Mk=z?f_zﬁ+”2l, (1.3.5)

j=1 i=1

Q£ i=1,23..p,j=1,273.q;n,naeNy). (13.4)

<

when L = L_, the existence of the extended generalized k-hypergeometric function
pFy k(w) defined by the Mellin-Barnes integral (1.2.1) is given by the following
result.

Theorem 1.3.1. Letk > 0,u;,v; € C(i =1,2,3...p, j =1,2,3, ..., q) be such that
v #—=I(j=1,2,3...q; 1 € Ny) and the conditions in (1.3.3) and (1.3.4) are satisfied.
Let one of the following conditions hold:

p<qg+1lL,wz#0 (1.3.6)
g+1=p,0<w| <1 (1.3.7)

q P
Q+1=p,|w|=1,Re(Z%—Z%>>O. (1.3.8)
j=1 i=1

Then, there exists pFy x(w) defined by the Mellin—-Barnes integral (1.2.1), where the
path of integration L = L_, separates all poles c; in (1.3.1) to the left and poles
Uin, in (1.3.2) to the right.
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Corollary 1.3.2. Let k > 0,uq,us,v; € C be such that vi # —I(l € Ny) and the
conditions (1.3.3) and (1.3.4) with p = 2 are satisfied. Let either of the conditions

hold:
0<|w| <1 (13.9)
w|=1,Re( L 2L _12) (1.3.10)

Kk &

Then, there exists 2 F1 x(w) defined by the Mellin—Barnes integral (1.2.2), where the
path of integration L = L_ separates all poles c; in (1.3.1) to the left and all poles
Uin, in (1.3.2) to the right.

Corollary 1.3.3. Let k > 0,uy, uz,u3, vy, vy € C be such that vy, vy # —Il( € Ny)
and the conditions (1.3.3) and (1.3.4) with p = 3 are satisfied. Let either of the con-

ditions hold:
0<|wl <1 (1.3.11)
V1 1) ui u us
=1,Re| —+—=———-—=_22 0. 1.3.12
|w| e<k + X X X X ) > ( )

Then, there exists 3F»  (w) defined by the Mellin—-Barnes integral (1.2.3), where the
path of integration L = L_, separates all poles c; in (1.3.1) to the left and all poles
uin, (i =1,2,3) in (1.3.2) to the right.

The next result yields the existence of the extended generalized k-hypergeometric
function , Fy x (w) defined by the Mellin-Barnes integral (1.2.1) for L = L .

Theorem 1.3.4. Letk >0,u;,v; € C(i =1,2,3...p,j =1,2,3,...,q) be such that
v #—I(j=1,2,3...q; 1 € Ny) and the conditions in (1.3.3) and (1.3.4) are satisfied.
Let one of the following conditions hold:

g+1<p,w#0 (1.3.13)
g+1=p,|w>1 (1.3.14)

q . 14 .
q+1=p,|w|=1,Re(Z%—Z%>>o. (1.3.15)
j=1 i=1

Then, there exists , Fy (w) defined by the Mellin—Barnes integral (1.2.1), where the
path of integration L = Lo separates all poles c; in (1.3.1) to the left and poles
Uin, in (1.3.2) to the right.

Corollary 1.3.5. Let k > 0,u1,us,v; € C be such that vi # —Il(l € Ng) and the
conditions (1.3.3) and (1.3.4) with p = 2 are satisfied. Let either of the conditions
hold:

|w|=1,Re<ﬂ—“—1—Q>>o (1.3.16)
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lw| > 1. (13.17)

Then, there exists o F1 (w) defined by the Mellin—Barnes integral (1.2.2), where the
path of integration L = L4 Separates all poles c; in (1.3.1) to the left and all poles
Uin, in (1.3.2) to the right.

Corollary 1.3.6. Let k > 0, uy,us,us, vy, vy € C be such that vy, vy % —I(l € Ny)
and the conditions in (1.3.3) and (1.3.4) with p = 3 are satisfied. Let either of the
conditions hold:

V1 1053 ui u us
=l,Re|{ — 4+ = — — — = — = 0 1.3.19
Il e( FTE TR k) (1319

Then, there exists 3 F> i (w) defined by the Mellin—Barnes integral (1.2.3), where the
path of integration L = L_, separates all poles c; in (1.3.1) to the left and all poles
uin, (i =1,2,3) in (1.3.2) to the right.

Finally, we deduce the existence of the extended generalized k-hypergeometric
function , Fy x (w) defined by the Mellin-Barnes integral (1.2.1) for L = L;y .

Theorem 1.3.7. Letk > 0,u;,v; € C(i =1,2,3...p, j =1,2,3,...,q) be such that
v; #—I(j=1,2,3...q; ] € No) and the conditions in (1.3.3) and (1.3.4) are satisfied.
Let one of the following conditions hold:

(p—q+Drm
2 9

VAU
p+1=q,Re<Z%—Z%>>2y. (13.21)
j=1 i=1

Then, there exists , Fy r(w) defined by the Mellin—Barnes integral (1.2.1), where the
path of integration L = L, o separates all poles c; in (1.3.1) to the left and all poles
Uin, in (1.3.2) to the right.

p+1>p, larg(-w)| < w #0 (1.3.20)

Corollary 1.3.8. Let k > 0,u1,us,v; € C be such that vi # —Il(l € Ny) and the
conditions (1.3.3) and (1.3.4) with p = 2 are satisfied and let w € C be such that
larg(—w)| < . Then, there exists 2 F| (w) defined by the Mellin—Barnes integral
(1.2.2), where the path of integration L = L;y separates all poles ¢; in (1.3.1) to
the left and all poles u;,, (i = 1,2) in (1.3.2) to the right.

Corollary 1.3.9. Let k > 0, uy,us, us, vi, vy € C be such that vy, vy % —I(l € Ny)
and the conditions in (1.3.3) and (1.3.4) with p = 3 are satisfied and let w € C be
such that larg(—w)| < w. Then, there exists 3 F,  (w) defined by the Mellin—-Barnes
integral (1.2.3), where the path of integration L = L;, o separates all poles c; in
(1.3.1) to the left and all poles u;,, (i =1,2,3) in (1.3.2) to the right.
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Remark. Theorem 1.3.1 allows us to define the extended generalized k-hypergeometric
function , F, x(w) defined by (1.2.1) with L = L, for the range of parameters
P,q € Nosuchthat p > g+ 1forallw € C and p = g+ 1 for |w| > 1. This represen-
tation can be considered as an extension of the classical generalized k-hypergeometric
function defined by the series in (1.1.8) from the usual range of parameters and vari-
able w; p<qg+1forall weC and p=gq + 1 for |[w| = 1. Similarly, in the case
p =¢q + 1 the relation (1.2.1) can be considered as the extension of (1.1.8) from
lw| <1to|w|>1.

Remark. The above approach, giving meaning to the extended generalized k-
hypergeometric function , Fy x(w) when p > g + 1, is based on the Mellin-Barnes
integral representation (1.2.1).

Remark. The representation (1.2.2) for the Gauss k-hypergeometric function
2 F1.x(w), is defined by the k-hypergeometric series (1.1.10).

1.4 Extended generalized k-hypergeometric function
»Fq,k(2) as the Meijer G-function

Now, we apply the results in Theorems 1.3.1-1.3.3 of Section 1.3 to represent the
extended generalized k-hypergeometric function ,Fy (w) defined by (1.2.1) with
ui,v; € Ci=1273.p,j=1,2,3,..,q) as a special case of the Meijer G-
function Gm " 2.k (). This functlon for k > 0,m,n, p,q € Ny such that 0 <n < p,
1<m<gq, and ui,vj € C, is defined by means of a Mellin-Barnes-type integral in
the following manner:

1 ;
G il k), uz, k)., b); (01, K), (02, 6)....(vg, K); w] = ./f(S)(w)_éds
2mi L

(1.4.1)
M Tk +sk) [T Tl —u; — sk
Fs) = Hf 1 k() 50 Ty Tl = wi = k) (142)
i Tri + s TT9_, 4 Tel = vj —sk)
Here,
w™s = exp[—s(og(lw])) +iarg(w)],w #0,i =+/—1, (1.4.3)

where log|w| represents the natural logarithm of |w| and arg(w) is not necessarily
the principal value.
Let the poles

v+
vjn === G =1,2,3..m,r1 € No) (1.4.4)

of the gamma function I'y(b; + sk) and the poles

1—u;+ny .
Uin; = T(l =1,2,3..n,n1 € Np) (1.4.5)
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of the gamma function 'y (1 — u; — sk) not coincide:

vj+r] U —nyp —

1
X A i=1,2,3..n,j=1,2,3...m,r1,n1 € Ny). (1.4.6)

Let (1.4.1) be one of the above contours L = L_,, L = Ly or L = L;) o that
separates all poles v, in (1.4.4) to the left and all poles u;,, in (1.4.5) to the right of
L.

According to (1.2.1), (1.4.1), and (1.4.2), we obtain the representation of the ex-
tended generalized k-hypergeometric function , Fy; x(z) as a G function of the form:

7:1 Ijk(vj)
qu,k[(ula k)’ (u2’ k)(up’ k)v (Ul’ k)’ (v2’ k)---(qu k)v w] = m
Gh L =1 ), (1= w2 k)1 — 1, K): (0, K), (1= w1, K, (1 = 02, )...
(1 — vy, k); —2z].

(1.4.7)

From Theorems (1.2.1)—(1.2.3) we deduce the conditions for these representations.

Theorem 1.4.1. Letk >0,p,q € No,u;,v; €eC(i=1,2,3...p,j=1,2,3,...,q) be
suchthatv; # —1(j =1,2,3...q; | € No) and the conditions in (1.3.3) and (1.3.4) are
satisfied, and let y € R. Let L be the contour that separates all poles c; in ((1.3.1)) to
the left and all poles uiny in ((1.3.2)) to the right.

Let one of the following conditions be valid:
(a) L = L_o and either of the conditions in (1.3.6), (1.3.7), and (1.3.8) holds.
(b) L = L4 and either of the conditions in (1.3.13), (1.3.14), and (1.3.15) holds.
(¢) L = Liyoo and either of the conditions in (1.3.20) and (1.3.21) holds.

Then, the extended generalized k-hypergeometric function ,Fy i (w) defined by
(1.2.1) is represented as a Gy-function by (1.4.7).

Corollary 1.4.2. Let k > 0,u1,uz, vy € C be such that vi # —Il;1 € Ny) and the
conditions in (1.3.3) and (1.3.4) with p =2 are satisfied, and let y € R. Let L be the
contour that separates all poles c; in (1.3.1) to the left and all poles ain1(i = 1,2) in
(1.3.2) to the right.

Let one of the following conditions be valid:
(a) L = L_o and either of the conditions in (1.3.9) and (1.3.10) holds.
(b) L = Lo and either of the conditions in (1.3.16) and (1.3.17) holds.
(¢c) L =Liyoo and z € C is such that larg(—z)| < .

Then, 2 F1 i (w) defined by (1.2.2) is represented as a Gy-function by:

Ik (v1)
Cr(u1)Ti (u2) (1.4.8)
Gy il =1, k), (1= w2, k)5 0,6, (1 = w1, k); —w].

2F1p[(ur, k), (u2, k); (v1,k); w] =
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Corollary 1.4.3. Letk > 0,uy, uz,u3, vy, vz € C be suchthatb; # —I; (j=1,2)l €
No) and the conditions in (1.3.3) and (1.3.4) with p = 3 are satisfied, and let y € R.
Let L be the contour that separates all poles c; in ((1.3.1)) to the left and all poles
ain1(i=1,2,3)in((1.3.2)) to the right.

Let one of the following conditions be valid:
(a) L = L_o, and either of the conditions in (1.3.11) and (1.3.12) holds.
(b) L = Lo and either of the conditions in (1.3.18) and (1.3.19) holds.
(¢c) L=Liyoo and z € C is such that |larg(—w)| < 7.

Then, 3 F> i (w) defined by (1.2.3) is represented as a Gi-function by:

) oo DTk (v2)
3Fo [(ur, k), (ua, k), (w3, k); (v1, k), (v2, k); w] = TG 1) T (2) T (03)
G;j;k[(l —uy, k), (1 —uz, k), (1 —u3z, k); (0,k), (1 —vy,k), (1 —v2,k); —w].
(1.4.9)

Remark. The conditions (1.3.6) and (1.3.7) for the representation of , F, x (w) given
in Theorem 1.4.1(a) coincide, except for the point w = 0, with the well-known con-
ditions of convergence of the generalized k-hypergeometric series (1.1.8).

Remark. Theorems 1.3.4 and 1.4.1(b) allow us to define the extended generalized
k-hypergeometric function , Fy x (w) defined by (1.2.1) and (1.4.7) for the parame-
ters p, g and variable w € C: p > g + 1 for all complex w # 0 and p =g + 1 for
|w| > 1. This representation can be considered as an extension of the generalized
k-hypergeometric function defined by the series in (1.1.8) from the usual range of
parameters p, ¢ and variable w; p <q + 1 forallw € C and p =g + 1 for jw| < 1.
Similarly, in the case p = g + 1 the relation (1.2.1) and (1.4.7) can be considered as
an extension of the generalized k-hypergeometric function (1.1.8) from |w| < 1 to
lw| > 1.

1.5 Series representations of the generalized
k-hypergeometric function , F, ;(w)

In this section we prove the series representation for the extended generalized
k-hypergeometric function ,Fy x(w) defined by (1.2.1) and (1.4.7). These repre-
sentations are different for L _o, and L. From Theorem 1.3.1 we deduce the
result (1.1.8) that yields the series representation of the extended generalized k-
hypergeometric function at zero.

Theorem 1.5.1. Letk >0, p,q € No,u;,v; €eC(i=1,2,3...p,j=1,2,3,...,q) be
such thatvj # —1(j =1,2,3...q;1 € Ny) and let the conditions in (1.3.3) and (1.3.4)
be satisfied. Let either one of the conditions in (1.3.6), (1.3.7), or (1.3.8) hold and
let L = L_ be the contour that separates all poles c; in (1.3.1) to the left and all
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poles u;y, in (1.3.2) to the right. Then, the generalized k-hypergeometric function
pFy k(W) defined by (1.2.1) with L = L _ has the power-series Eq. (1.1.8), that is,

0 p . n
qu,k[(ulv k), (M21 k)"'(u[h k), (U], k)1 (v21 k)"'(vq1 k)7 w] = ZW%
n=01li=1 i)nk -

(1.5.1)
Proof. We write , F; 1 (w) defined by (1.2.1) in the form:

I—[?erk(vj) 1

[T, Tk (u;) 2i
L) 17, Tk (ui — sk)

/; 1921 Tk () — sk)

qu,k[(ulv k), (u2, k)(upv k)v (v1, k)v (v2, k)"'(qu k)v w]=

(—=2)"%ds.

(1.5.2)

Applying the usual procedure, we evaluate the above integral as a sum of the residues
of the integrand in (1.5.2) at the simple poles ¢; in (1.3.1). Taking the residue at
z=—vof ['(2):

. (—1)Y
lim (z+v)[(@)=-——,v=0,1,2... (1.5.3)
7= —v v!

we have

qu’k[(Ml, k)? (142, k)(upa k)a (Ul, k)a (UZs k)--'(vq’ k)’ w]
q F . oo 14 .
_ l'ljp=1 k(vj) ZRess__n(1“(s)q]‘[i:1 Ti(ui — sk) (_Z)_S). (1.5.4)
1_[,':1 T (u;) =0 j=1 1_‘k(vj — sk)
o hewp & (Hf;l T (u; + nk) g)

B Hf:l i (u;) 0 321 Ci(vj + nk) n!

(1.5.5)
From here, in accordance with the formula I'x(a 4+ nk) = T'x(a)(@)n k:

> l_[,p: (“i)n,k w”

pFy il k), (ua, k)...(up, k); (v1, k), (v2,k)...(vg, k); w] = ;WF
(1.5.6)
O

1.6 Conclusion

We conclude this chapter by remarking that we represented the generalized k-
hypergeometric function , Fy, x in terms of the known Meijer G-function to extend to
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the range of parameters of such a special function is so that it is convergent. Further-
more, we established the corresponding series representation for such an extension.
Our results are an important contribution to the field of special functions and their
extensions [7-10,12-16,19].
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2.1 Introduction

In 1998, Jédar and Cortés [7,8] introduced Beta and Gamma matrix functions and
studied many properties and applications of these functions. For further study of the
special functions we recommend the following papers [1-6].

In this chapter, we used the following notations: / and O represent the Identity
and Zero matrices in C"*", respectively, and where C"*" is the vector space of r-
square matrices with complex entries.

Consider matrix A € C"*” the spectrum, represented by o (A), and it is the col-
lection of all eigenvalues of the matrix A.

A matrix A € C"™ is a positive stable matrix if R(u) >0V u € o (A).

The Gamma and Beta matrix functions are given as follows [7]:

F(M):/ e M1 gy, (2.1.1)
0
1
B(M,N)=/ M= —)N1q, (2.1.2)
0

where M and n are positive stable matrices in C"*".

Also, notice that if M, N and M + N are positive stable matrices in C"*" and
M and n are commutative with each other, i.e., MN = N M, then we have that the
following relation holds true:

B(M,N)=T(M)I'(N)T (M + N). (2.1.3)

Also, if M 4+ ml is an invertible matrix V m > 0, then the reciprocal Gamma matrix
function is given as follows [7]:

r-'"My=MM~+1...\M+&*k—-1DDT" XM +kI), k>1. (2.1.4)

Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00010-2 1 3
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The Pochhammer matrix symbol is given as [8]:

My = {1 SE=0 , 2.1.5)
MM +1)..(M+ (& —DI), if k=>1.

By using the above Pochhammer matrix symbol definition and Eq. (2.1.4), we can
notice that:

(M), =T""(M)T(M +kI), k>1. (2.1.6)

In the sequence, Jodar and Cortés [8] also studied the Gauss hypergeometric and
Confluent hypergeometric matrix functions as follows:

o k
SFL(M N, Pix) = FON. Py = Y (M (N(Pi ' 2 @)
k=0 ’
s k
VLN, i) = 0N, Pix) = Y (NR(P) 2.18)

k=0

where matrices M, N, and P in C"*" are such that M + mI is invertible for all
integers m > 0.

The above-defined series (2.1.7), converges absolutely for | x |< 1 and for
x=1,if M) + B(N) < a(P), where B(M) = max{R(x)|x € (M)}, B(M) =
min{N(x)|x € (M)}, and «(M) = —B(—M).

Dwivedi and Sahai [10] studied the generalized hypergeometric matrix function
as follows:

> k
pFq(Q1. i Qp. RiL Ry D) =Y (O - (Qp)k (R oo (Ry) _1%’
k=0 !

2.1.9)

where Q;, R; e C"*", 1 <i < p, 1< j <gq,suchthat R; +ml are invertible for all
integers m >0

Very recently, Agarwal and Goyal [9] introduced a new class of hypergeometric
function ,,GZ’C’m’S(a, b; z) as follows:

pGZ’g’m’S(w) = pGZ’f’m’S(ul, s Up, UL, ey Vg W)
_ W) e ) Ve wE (2.1.10)

ui, .,up] —Z w
VI e Vg | D kT (k4 £) KL

where 1, £, & € C such that w € C, R(n), R(&), N(E) >0, m € (0,1) UN and (u;)
and (v;),i =1, ..p, j =1, ...q are the Pochhammer symbols.
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2.2 Main results

In this section, we introduce a matrix analog of a new class of the hypergeometric
function ,G > (w).

Definition 2.2.1. Let R, S A;, B; 1 <i < p, 1 < j < g, be positive stable matrices
in C"*" such that B; + kI, 1 < j <q, and R+ kI are invertible for all integers k > 0.
Then, the matrix analog of a new class of hypergeometric function ‘,,GZ’g’m’é (z) with
z € C is defined by:

pGORSP () = ,GERSPAY . A, By, ... By 2)

o]

i Ga’R’S’ﬁ |:Z ‘Al, veey Api| . Z (Al)m’ ceeey (Ap)m(S)ﬂm Z_m (221)
Pq Bi, ..., By (B)m.--.(By)m(@mI + R) m!’

m=0

where §, o, € C such that %(B), R(a) > 0, B € (0,1) UN and (A;),, and (B})p,
i=1,..p,j=1,..q are the Pochhammer matrix symbols.

Remark. The matrix analog of the new class of the hypergeometric function
I,GZ’“"’g (2) can also be written as:

e¢]

GO RSB ; Ap, ,Ap _Z (ADms eees (Ap) T (BmI + S) i
PYq By, ..., By o BDm---(Bp)mT (aml + R)['(S) m!’

m=0

(2.2.2)

Remark. (i) If we substitute R =S =1 and 8 = 1, then series (2.1.10) represents
the matrix analog of the M-series given in [11]:

Ar, LA Al LA
o, l,1,1 1y ees Ap [ o 1505 Ap
»Gq |:Z'Bl’ . B, ] =pM, [Z‘Bh . By ] . (2.2.3)

(ii) If we put S =1 and B = 1, then series (2.1.10) represents the matrix analog of
the modified M-series given in [12]:

Al,...,Ap]sza,R [Z‘Al’---’AP] (2.2.4)

R.I,1
GOI, 1y z
P4 Bi, ... By 4 By, ..., By

(iii) If we consider B = 1, then series (2.1.10) represents the matrix analog of the
K-series defined in [13]:

@RS,
rGy [z

Al,...,Ap _ a.R.S A],...,Ap
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2.3 Special cases
2.3.1 Relation to generalized hypergeometric function

Assume ¢ = =1 and R = § = I, then series (2.1.10) is reduced to the matrix
analog generalized hypergeometric function defined in (2.1.9):

Ap, . A
Gl,l,l,l |:Z‘ PR pi| - F |:Z
Py Bi,...,B, | "1

Al, ceey Ap] . i (A])m7 ceeey (Ap)m i
Bi,.... By (BDm...(B)m m!

(23.1)

m=0

Consider |z| < 1, p =2, and g = 1, then (2.3.1) reduces to the matrix analog of
the Gauss hypergeometric function  F}(z) given in (2.1.1):

AL A
ZG%,I,I,I |:z‘ 1 2] =, F |:z 2.3.2)

B

AL AY] (ADm, (A)m 2"
B }_Z (B)w  m!

m=0

Let p =1and g = 1, then (2.3.1) reduces to the matrix analog confluent hyperge-
ometric function ;@ (w) defined in (2.1.8):

A
1(7%’1’1'1 |:Z B:] =1I |:Z

Consider p = 0 = ¢, then (2.1.10) reduces to the matrix analog of the four-
parameter Mittag-Leffler function E};ﬁ (z) defined by Shukla and Prajapati in [14]:

Al ADm 2"
Bl] => T (2.3.3)

m=0

[o)0]
aRSH|_|— | _ 88, _ Sem "
oG [Z H =E Q=) Fomir a3

m=0

In addition to the above conditions, if we put 8 = 1, then (2.1.10) becomes the

matrix analog of the three-parameter Mittag-Leffler function £ f’ ¢ (z) studied by Prab-
hakar [15]:

0]

:} =ES @)=Y O 2 (2.3.5)

OGa,R,s,l z -
0 I'(aml + R) m!”

m=0

If we further substitute S = I, we obtain the matrix analog of Wiman’s function
E; ¢ (2) defined in [16] as follows:

_ > "
oG [Z _} =Ear@ =) —— (2.3.6)

C'(aml + R)ym!

m=0

From the definition of the matrix analog of the pGZ’g’m’S(z) function, we can
observe that it is closely related to the matrix analog of the Wright hypergeometric
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function given [7] as follows:

Al ..., A
GuRSP I:Z‘ T P} =Q. ¥ z
PYq Bi,..., B, p+1%g+l

(Alvl)ﬂ'” a(Ap’I)a(S’ﬂI)
(Bi, 1), ,(Bg, 1), (R,al) |
(2.3.7)

['(By),-.I'(Bg)

where Q = TN~ T (A"

2.3.2 Relation to the Fox H-function

Consider the matrix analog of the pGZ’;’m’s (2) function: we found that it is related
to the matrix version of the Fox H-function defined in [11] as follows:

Al,...,AP]

G(Y,R,S,ﬁ [Z
P=q By, ..., By

_ Lp+1
- Q'I-Ip-i-l,q-i-Z |: w

(I1—AL D, .., (1—A4,,1),(1=S,B])
O, 1),(1=B1,1),....(1=Bg, 1), =R, al) |’
(2.3.8)

['(By),-.I'(Bg)

where Q2 = TOTAD, . T(Ay)"

2.3.3 Some properties of the matrix version of the ,,GZ";’"’"E(z)
function

Theorem 2.3.1. The following integral representation for the matrix analog of the
,,GZ’g’m’é (w) function holds true:

pGg,R,S,ﬁ [Z ‘Al, AP}

By, ..., By
I'(B 1
_ (B1) / tA'_l(l—t)B'_A'_lpflGZfl’S’ﬁ |:Zf Az,...,A[,]’
LADT(B1 —AD Jo B, ..., By
(2.3.9)

where R, S A;, B; 1 <i < p, 1 < j <gq, are positive stable matrices in C"*" such
that Bj +kI, 1 < j <q, and R+kI are invertible for all integers k > 0 and B, a, € C
such that R(B), N(a) >0, B € (0, HUN, and (A;) and (Bj)m, i =1,..p, j=1,...q
are the Pochhammer matrix symbols.

Proof. From the properties of the Pochhammer matrix symbol given in [8], we ob-
tain:
(ADm _T(A1+mDI'(By)  T'(Ai +mDT'(BYI'(B1 — Ay)

= = . (2.3.10)
(B)m  I'(Bi+mDI(A)  T'(Bi+mDI'(ADI'(B — Ay)
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By using the relation between the Beta and Gamma matrix functions, we have:

(ADm _ '(By)
B)m T(ADI(B1 — Ay

B(Ai+ml, By — Ay). (2.3.11)

Then, using the integral representation of the Beta matrix function [7], we have:

(ADm _ I"'(By)
Bm TADT(B;

1
/tAlerIJ(l_[)Bl*Al*’dt, (2.3.12)
—AD Jo

Substituting the value of Eg};’" in the definition of the matrix analog of the

pGg’z’m’é(w) function 2.2.1, we obtain:

@,R,S,B Al,...,Ap
rG [Z‘Bl,...,BJ

B i (A (AP D(BmI + S)
B (B2)m-~(Bq)mF(05mI + R)I'(S)

m=0

{ r(B)) /1 (Avemi—1 () I)Blmldt}i. (2.3.13)
T(A)C(B) — A Jo m!

On interchanging the order of integration and summation with some calculation, we
have:

pGg,R,S,ﬂ [Z ‘Al, A,,}

By, ..., By
1
_ F(Bl) / [AI_I(I—I)BI_AI_I
F(ADT(Br — A Jo

o]

<Z (A)m.. . (Ap)m D (BmI +5) (Zt)m)dt
o (B2)m--.(By)mT (am + R)T'(S) m!

(2.3.14)

By the definition of the matrix analog of the pGZ’C’m’E (w) function 2.2.1, we obtain
our desired result:

pGg,R,S,ﬁ [Z ‘Al, A,,}

By, ... By
I'(B1) /1A—1 Bi—Ai—1 ozRSﬂ|: A2...A}
= t 1 l—t 1 1 _ G s 14,0, 7t ) 5 p )
T(ANT(B1 — A1) Jo =0 P=t¥g-l By..... B,
(2.3.15)
O

Theorem 2.3.2. Assume R and S are two commutative matrices in C"™>" such that
R, S, and R — S are positive stable. Then, the following integral representation for
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the matrix analog of the ,,Gg’c’m’g (w) function holds true:

A, .. A 1 1
GO(,R,S,D{ 15 ey Ap - / tS—] {—q R—S—1 . ,
rHyq [Z’Bl,_..,Bq NONEREA ( ) pFqlzt”]
(2.3.16)

where o € C such that %(a) > 0 and (A;);, and (Bj)m, i =1,..p, j =1, ...q are the
Pochhammer matrix symbols.

Proof. From the definition of the matrix analog of the ,,Gg’c’m’é (w) function 2.2.1,
we have:

9]

Al ..., Ap] _ Z (ADmy weees (Ap)mr(aml +39) i
By, ..., By (BDm-.-(By)mD (@mI + R)T'(S) m!”

GRS [Z (2.3.17)

m=0
Then, from the relation between the Gamma and Beta matrix functions, we have:

Blaml +S,R— §) = F(“";I(;i)i(ﬁ)_ 5 (2.3.18)

On using the above result in Eq. (2.3.17), we obtain:

JGulse [Z ‘Al, A,,] _ i (A)ms ooy (Ap)m Blaml + S, R = §) 2"
q By, ..., By (B)m..(By)mT'(R = SHT'(S) m!
(2.3.19)
By using the integral representation of the Beta matrix function (2.1.2), we obtain:

Ap, .., A
a,R, S, 1s s Ap
rGq [Z‘Bl,...,BJ

m=0

_ i (ADms e (AP)m { /1 [S"F(Olm—l)l(l _ t)(R—S)—Idt}i_
(B)m---(Bg)mI'(R = S)T'(S) | Jo m!

m=0

(2.3.20)

On interchanging summation and integration, we have:

@.R.S.a Al,...,AP
rGo [Z‘Bl,...,Bq}

1 1
= F(R—S)F(S)/o ' Bm-Bpm !

(2.3.21)

S=1(1 —)(R=5)~1 i (ADms oo (Ap)m (28" "
m=0
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Then, using Eq. (2.1.7), we obtain our desired result:
Aty A 1 !
GLR S LA / ST1A = )RS5 F, [2t%)dr .
r% HBh By |TTOrR-—s S T T el
(2.3.22)
O
Corollary 2.3.3. The following result holds true:

1

o, R, S« _ S _
E @ =Er@ = r 5 FR=9)

1
{/ zS—’(l—t)R—S—er’“dt}, (2.3.23)
0

where a € C such that R(a) > 0.

Proof. Consider p =0 = ¢, and with the help of Eq. (2.3.4) we obtain our desired
result. O

Theorem 2.3.4. Assume R, S, and T are commutative matrices in C"*" such that R,
S, T, and R + T are positive stable. Then, the following integral representation for
the matrix analog of the pGZ,s“,m,é (w) function holds true:

Al oAy,
B, ... Bq}d“_

Ay, A
By, ..., By ’

[Z(Z —w- w)R_IpGZ’R’S’ﬂ |:x(v —w)“

(2.3.24)
D(T)(z —w)*HT=!, goRATS6 [x(z —w)*

where B, «, € C such that R(B), R(«a) >0, B € (0,1) UN.

Proof. Consider the left-hand side of the above equation and using the definition of
the matrix analog of the pGZ’{’m’g (w) function 2.2.1, we obtain:

Z
/ - w—wrT,guk5P [x(v —w)*
w

Arn Ay,
Bl,...,BJdv_
o0

S Tl . \R-I (ADms oeoes (Apm D' (BmI +8) x™ (v — w)*™
/w(z v)" (v —w) {Z(Bl)mm(Bq)mF(amI+R)F(S) m! }dU~

m=0
(2.3.25)
On interchanging summation and integration, we have
¢ A, .. A
_onNT—1 R-1 o,R,S,B _ o [l s Ap —
/w(z V) v—w)" "Gy [x(v w) B],...,Bq:|dv

Ly (ADms ooes (Ap)m DBmI + S) X™ = o Re@m—1)1
F(S)m; (Bl)m(Bq)mF(OlmI+R) m‘/w(z U) (U w) dv.

(2.3.26)
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= = and after some calculations, we have:

Al s Ap
By, ...,qu|dv

By changing the variable v to s =

Zz
/ =) Tw- w)RflpGg'R’S’ﬂ [x(v —w)*
w

BT i (ADms oees (A D (BmI + 8) (x(z — w)*)™
BDm---(Bg)mI'(aml + R) m!

ﬁ(z

1
/ sR-i-((xm—l)I(l _ S)T_Ids
0

wyRHT-1 Z (ADms coons (A D(BmI + S) (x(z — w)®)™
(BD)m...(By)mT (@mI + R) m!

B(T,R +aml). (2.3.27)

—W(z

On using the Beta and Gamma matrix functions properties, we have:

Z( )T — w)RT GERSE |y (y — ) A, Ay dv
¢ P By, ... B,

F(T) _ )R- IZ (ADms ooy (Ap)m T (BmI + ) (X(Z—w)"‘)’".

=T ¢ * (BUm--(B)uT(@ml +R+T)  m!
(2.3.28)
Then, by using Definition 2.2.1, we obtain our desired result:
2
/ —vw- w)R_[pGZ’R’S’ﬂ |:x(v —w)* AL, - A”] dv=
w By, ..., By
o (2.3.29)
_  \R+T—I e, R+T,S,8 e |AL s Ap
LT (z—w) »Gy [x(z w) Bl,...,Bq]'
O
Corollary 2.3.5. The following result holds true:
Zz
z—v) T —w)RTEXRSY (x (v — w)¥)dv
/w (2.3.30)

— F(T)(Z _ w)R-'rT—IEOl,R-‘rT,S,O((x(Z _ w)ot)’
where B, o, € C such that R(B), R(x) >0, B (0,1) UN.

Proof. Consider p =0 = ¢, and with the help of Eq. (2.3.4) we obtain our desired
result. O
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Theorem 2.3.6. For the matrix analog of the pGZ’C’m’S(w) function the following

a R.S.B Lo Ap | _
(dz) »Gy [Z B],...,BJ_
LS+ pml) (A)m....(Ap)m G R+aml S+pml.p |:Z

rS)  Bm(Bn" 1 '

derivative formula holds true:

where B, a, € C such that R(B), R(a) >0, B € (0,1) UN, and (A;)n and (Bj)p,

i=1,..p, j =1,...q are the Pochhammer matrix symbols.

Proof. From the definition of the matrix analog of the pGZ’g’k’E(w) function 2.2.1,

we have:
(i)m GRS [Z‘Al,...,AP}_(i)mi (ADns oees (Ap)aT (Bl +8) 2"
dz’ ' B, ..., By dz) = (BD)u...(ByaT (@nl + R)T(S) n!

_i (ADns oo (Ap)a DBl +S) "
4~ (B)n...(B)nT (@nl + R)T(S) (n —m)!’

n=0
(2.3.32)
Then, replacing n — m by n, we obtain:
i m Ga,R,S’lg . Al ..., Ap
dz) P4 By, ..., By
00 " (2.3.33)

_ Z (ADutms - (Ap)nerF(,B(n +m)I+S) z
= BDntm-(Bnm U (@(n +m)I + R)T(S) (m)!”
By using the property of the Pochhammer matrix symbol (A),4,; = (A)m(A+mli),,

and using the Definition 2.2.1, we obtain our desired result:

d m a,R,S,B Al,...,Ap _
(d_Z) qu ¢ By, ..., By -

'S+ BmlI) (Al)m(Ap)m Ga,R+otml,S+,3ml,/3 z A1+ml,...,Ap+mI
TS)  (Bme(Bm "¢ By +ml,...,By+ml |’
(2.3.34)

O



2.3 Special cases 23

Corollary 2.3.7. For the matrix analog of the ,,GZ’{’m’s(w) function the following

result holds true:
d orsp|_ |Al s Ap
az Y “IBi...B, |~

T(S+BI) Aj...Ap Ga,RMLHﬁ,ﬂ[ ‘A1+1,...,AP+I}
rYyq Z .
I'(S) Bj...By Bi+1,...By+1

(2.3.35)

Theorem 2.3.8. For the matrix analog of the pGZ’{’m’E(w) function the following
derivative formula holds true:

Ay, .. Ap

By, ..., By

d n
(d_) {ZRIPG(;[,R,S,ﬁ [wZOl
<
A, .., A,,:|

R—(n+1)1 o,R—nl,S,B o
=z G wz
P [ Bi, ... B,

(2.3.36)

where B, a, € C such that R(B), W(a) >0, B € (0,) UN, and (A;) and (Bj)m,
i=1,..p, j=1,...q are the Pochhammer matrix symbols.

Proof. From the definition of the matrix analog of the PGZ’Q“’m’S (w) function 2.2.1,

we have:
d\" R—I ~o,R,S,B o lAl, ., A
(d_z> {z rGy [u)z B, .. B;} }
— <i)n{zR1 i (ADms oeees (Ap)mr(ﬂm[ +8) wn(z%)™ }
dz = (B (BT (@ml + RT(S)  m! (2.3.37)

_ i (ADm, - (Ap)n T (Bl +S) w™ ( d )"[Zmamm]
m=0

(BD)m--(By)m T (@mI + R)T(S) m! \ dz

On differentiating each term under the sign of summation and then by using the
Definition 2.2.1, we obtain our desired result:

Ay, .. A

By, ..., By

d n
(e

(2.3.38)
_ ZR—(n+1)1pGg,R—n1,s,ﬁ [wz“ 121 2;,} -
O
Theorem 2.3.9. The following differential property holds true:
oo oy
(2.3.39)

A, . A d
— R.G¥R+1.S.B Ly Ap 4 e R+LS,
»Gq Z Bi....B, +adequ Z
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where B, a, € C such that R(B), N(a) >0, B € (0,1) UN, and (A;)n and (Bj)p,
i=1,..p, j=1,..q are the Pochhammer matrix symbols.

Proof. From the above Corollary (2.3.35), we have:
d Al .., A
oz — GO!,R+I,S,/3 I:Z‘ 5 eeey p:|
dzp 4q Bq

_i am(AD)m, s (Ap)m L (Bml +8) 2"
= (BUm-(Bg)mT(@ml + R+ DI (S) m!

(2.3.40)

B i (@ml + R = R)(ADm, ... (Ap)u D (Bml + ) "
T (BUm(BuT(@ml + R+ DI(S)  m!’

After some re-arrangement, we obtain:
azi GOR+LSB |, Ay, Ap
dzV 4 By, ..., By

_ i (@mD)(ADm, -.es (Ap)m D (BmI + ) 2"
L~ (B)m..(By)w T (@ml + R+ DT(S) m!

m=0

B i R(ADm, s (Ap)nT (BmI+S) "
— (BUn--(Bg)m ' (amI + R+ DI'(S) m!

m

(2.3.41)

3 i (@ml + R)(ADm, -, (Ap)n T (BmI + ) 2"
- (BD)m--.(By)mT (@mI + R+ DI(S)  m!

m=0
_ o,R+1,S,8 A1,...,A,,
RrGy [Z ‘Bl, By }

Then, we have:

d o R+1.5.8 ]| |AL - Ap W R+LS,B | _|ALs - Ap
“ gl By, .8, | T RO *|Bi, ... B,

(aml + R)(ADms ey, (Ap) T(BmI +S5) ﬁ (2.3.42)

:mZ::O BDm--.(Bp)mT'(aml + R+ DI'(S) m!’

On some simplification, we obtain our desired result:

(2.3.43)

Af, ..., A d Al,..., A
_ o,R+1,S,8 1 .es Ap - o,R+1,S,B 1, .ey Ap
G R o A P
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Lemma 2.3.10. [/7] Suppose U(p, q) and V(p, q) are matrices in C"*". Then, the
following series relations are satisfied:

o0 00 o q
Y Y Up.)=).> Ulp.g—p)

q=0p=0 q=0p=0

and

o g oo o0
Y Y V=YY V(p.qa+p).

q=0 p=0 q=0 p=0

Theorem 2.3.11. The following finite summation formula for the matrix analog of
the sz,z,m,s (w) function holds true:

i(m>r(s_ﬂk1) GO{,R—O{k],S—ﬁkI,aI: ‘Alt"'vApi| k

2\ k rYq “|Bi...B, | "

A1+k1,...,Ap+in|

Bi +kl,...,B,+kI |’
(2.3.44)

=T(8)pFy(A1.....Ap, B1, .....By; 12) , G2 5 [z

where R and S are two positive stable matrices in C™*" such that R + k1 is invertible
forall k > 0 and a € C such that %(a) > 0 and (A;);, and (Bj)y, i =1,..p, j =
1, ...q are the Pochhammer matrix symbols.

Proof. To prove our result, consider the left-hand side of (2.3.44) and using the defi-
nition of the matrix analog of the pGg’g’m’E (w) function 2.2.1, we obtain:

2 (m wR-oil Sttt 1AL ) A
;<k>r(s—ﬁk1)qu*R KSR [Z‘BL“_’BZ}M
& (m B > (ADms oo (Ap)m D (Bl +S = kD) 2"
_’;<k)r(s 'Bkl){’;)(Bl)m...(Bq)mF(amI—i-R—akI)F(S—,BkI)m!}'u'
(2.3.45)

On re-arranging the terms, we obtain:

> (’:) [(S — BhI), GoR-akl S=pki.a [z ‘;‘g: - 25] ut
= (2.3.46)
305 Ao AT (S 4l = R01)
£ 2t T (By) (BT (R +alm — 1) klm — k)l
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Now, replacing m by m + k and using Lemma 2.3.10, we obtain:

m

Z m r(s — ,Bkl)pGg’Rfakl’Sfﬁkl’“ Z Ay, . Ap b
k=0 k By, ..., B,
) (2.3.47)

_ i i (At o (Apm iU (S + ) 2"k
== (BUmtk(Bmak (R +aml) — kim!

Now, using the properties of the Pochhammer matrix symbols and in view of defini-
tions (2.1.7) and 2.2.1, we obtain our desired result:

i (m)r(s _ ﬁkl)pGO(,RfakI,Sfﬁk[,a [Z ’Alv ey AP} /JLk
= k q By, ..., By

Ay 4k, ., Ay +kI
¢ Bl+k1,...,Bq+k1]'

(2.3.48)
O
Corollary 2.3.12. The following result holds true:
L (m
Z ( )F(S _ ﬁkI)EDt,R—OlkI,S—ﬂkI,Ot (Z),uk
izo \K (2.3.49)

=T[(S)etEXR5(g).

Proof. Consider p =0 = ¢, and with the help of Eq. (2.3.4) we obtain our desired
result. O

Theorem 2.3.13. The following finite summation formula for the matrix analog of
the ,GI'*"™ (w) function holds true:

m

n —akl,S— Al A

Z( >(T)kF(S—,3kI),,GZ'R akl,S—BkIa [2‘31 Bp}uk

im0 \k 1y s By

Ay +kl, ... Ap+kI

Bi+kI,...,By+kI |’
(2.3.50)

where R, S, and T are positive stable matrices in C™*" such that R + k1 is invertible
forall k >0 and |uz| <1 and o € C such that R(a) > 0 and (A;);, and (Bj)m,
i=1,..p, j =1, ..q are the Pochhammer matrix symbols.
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Proof. To prove our result, consider the left-hand side of (2.3.50) and using the defi-
nition of the matrix analog of the pGZ’Z’m’S(w) function 2.2.1, we obtain:

m

m _ _ A, ..., A
Z( )(T)kl—‘(s_ﬂkl)pGg,R OlkI,S ﬂk[,ot [Z‘Bl Bpi|/14k
P k 15 By

= (’:)(T);J‘(S —BkI)  (2.3.51)
k=0

{i (ADms ooy (Ap)mD(BmI + S — BKI) g}k
(BD)m--(Bg)m T (@ml + R —akDT(S — pkly m! |©

m=0

On re-arranging the terms, we obtain:

— (m a,R—akl,S—pkla | _|Al, - Ap | &

o

- 2.3.52

:’"i(T)k(Anm,....,(A,,)mr(s+ﬂ(m—k)l) It (2332
=0 m—=0 (BDm---(Bg)m'(R+a(m —k)I) kl(m —k)!

Now, replacing m by m + k and using Lemma 2.3.10, we obtain:

m

> <’Z> ()T (S — k1), Gy Rmekl S=PkLe [z ‘/;1 . 2"} uk

= o (23.53)

_ i i 7y A0tk oo (AplniD (S + ) "Rk
(BDm-tk--(Bm k(R +aml)  kim!

Now, using the properties of the Pochhammer matrix symbols and in view of defini-
tions (2.1.7) and 2.2.1, we obtain our desired result:

m

" —akl,S— Ao A
5 ez [
im0 \K 15 By
Al +kl, ... A, + kI
¢ Bi+kI,...,By+kI |’
(2.3.54)

O
Corollary 2.3.14. The following result holds true:

Z <’Z)(T)kr(s _ ﬂkI)EOI,R*O(k[,sfﬂkl,ot(z)uk
k=0 (2.3.55)

=T(S)(1 — pz) TER59().
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Proof. Consider p =0 = g, and with the help of Eq. (2.3.4) we obtain our desired
result. O

2.4 Conclusion

We conclude our research by remarking that all results are true and novel. First, we
established the matrix analog of the ,G'*"™"* (w) function and then discussed many
of its important properties.
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3.1 Introduction and preliminaries

Euler’s beta function, gamma function, and hypergeometric functions are the impor-
tant members of the family of special functions and they play a significant role in
the whole theory of special functions. These hypergeometric functions together with
their extensions have many applications in research fields such as engineering, chem-
ical, statistics, fractional calculus, and physical problems. In the last decades, many
generalizations and extensions of the most popular special functions have been pre-
sented by many authors [1-4] and [19-24]. Similarly, multivariable hypergeometric
functions such as Appell and Lauricella functions and their many extensions appear
in many core areas of mathematics and their applications. In [5—8], many researchers
have contributed their works on multivariable hypergeometric functions and their
properties in detail. In the past few years, several authors and researchers [9—11]
have introduced some fascinating generalizations of the Appell and Lauricella func-
tions by using special functions in their kernels. Inspired by the above works, here we
establish new extensions of the Appell hypergeometric function of two variables and
the Lauricella hypergeometric function of three variables and obtained their relation
with other well-known special functions and their extensions.

Let us define the hypergeometric functions of two and three variables, i.e., Ap-
pell’s functions Fj(ayp; by, c1; dy; x1, y1) and Fa(ay; by, c1; dy, e1; X1, 1), and Lau-
ricella’s function Fg (a1, b1, c1,dy; er; x1, ¥1, 21), respectively, which are defined as
(see for more details, [12] and [13]):

B(ai + m+n,dy —a)(b)m(c)n X" ¥}
B(ay, dy —ay) m! n!’
(3.1.1)

Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00011-4 3 1
Copyright © 2026 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and similar technologies.

o0
Fi(ai: b cridisxiy)= Y

m,n=0
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where max{| x; |, | y1 |} < 1 and B(aj, az) denotes Euler’s beta function defined as
[12]:

1
B(al,az)zf sl =92 lds,  Ray), Rar) >0 (3.1.2)
0

and (aj); denotes the Pochhammer symbol defined as [14]:

[ (a; +1) 1 (I=0;a; € C\{0})
(@) =—F——=

I (ap) aj(@+1)---(a+1—-1) (e€N;a €C),

Fy(ar; by, cy; di,er; x1,y1)

_ i (al)m+nB(b1 +m,dy —b1)B(ci +n,e; —cyp) ﬁﬁ

. (3.13)
B(by,d; —b1)B(cy,e1 —c1) m! n!
m,n=0
where | x|+ |y | <1,
F} (a1, by, c1,diser; x1, 91, 21)
B i Blai+m+n+t,e —a1)(b1)m(61)n(d1)zﬁﬁﬂ (3.1.4)

B(ai, e —aj) m! n! ¢!’
m,n,t=0

where /[ x1 [+ /[y [++/lz1 ] <1

In the recent past, Goyal et al. [15] studied the generalization of Euler’s beta func-
tion by using the 2-parameter Mittag-Leffler function, thus examining many basic
properties and relationships of that generalized beta function. The generalized beta
function is defined as:

1
(u) - yi—lq o=l —u
B(u.,uz)(yl’y2)_/(; s =) Ey (s(l _s)>ds, (3.1.5)
where R(y1) > 0, R(y2) > 0 R(uy) >0, R(uz) >0, u >0, and E,, ,,(w) is the
2-parameter Mittag-Leffler function defined by:

S k
w
Ey ) =) ————, (3.1.6)
=y Dy +y2)

where N(y;) >0, N(y2) >0,and w € C.

The above generalized Euler’s beta function has an important role in the establish-
ment of our new extended functions due to the 2-parameter Mittag-Leffler function
used in the kernel.

Very recently, inspired by the above extension, Jain et al. [16] generalized the
Gauss hypergeometric function by using the generalized Euler’s beta function given
in (3.1.5). They also studied various properties like differentiation formulas, summa-
tion formulas, Mellin transforms, and the recurrence relations of generalized Gauss
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hypergeometric functions. The generalized Gauss hypergeometric function is defined
as:

00 B(r)

2 : (
(r1 rz)(po pi, P2 X) = -
k=0

(p1+k, p2—p1) xk
’” (POn=. (L)
B(p1, p2 — p1) k!

where (p2) > R(p1) >0, R(1) >0, R(p) >0,r>0,|x|<1,and B(r rz)(xl,x2)
is the extended beta function (3.1.5).

Also, the Euler-type integral representation of the above generalized Gauss hy-
pergeometric function is defined as:

E (po. p1. p2i x) (3.18)

1 /‘ . — _
= | s Q=P - xs)"PE,,
B(p1, p2— p1) Jo T s(1—s) S)

where R(p2) > N(p1) >0, R(r1) >0, RG2) >0,r>0,and | x [< 1.

In 2010, Ozarslan et al. [9] generalized Appell’s hypergeometric functions of two
variables, F1(ai; by, c1;dr; x1, ¥1; p1), Fa(ar; by, c1; di, e1; X1, y1 p1) and general-
ized Lauricella’s hypergeometric function of three variables, F (a1 by, c1,dy; eq;
X1, Y1, 21) by using the generalized Euler beta function B, (x1, yl) given in [2], and
studied several properties of these generalized functions.

The generalized Appell’s hypergeometric functions of two variables Fi(ai; by, c1;
di; x1, y1; p1) and Fa(ay; by, c1; dy, er; x1, y1; p1) are defined as [9]:

By (a1 +m +n,dy —a)(b)m(c)n X" ¥}
B(ay,d; —ay) m! n!’
3.1.9)

o0
Fi(ai: by ciidiixiyiip)= Y

m,n=0
where max{| x1 |, | y1 |} < 1,

F(ar; by, c1;di, er; x1, 15 p1)

_ i (@) m+nBp, (b1 +m,dy —b1)Bp, (c1 +n,e1 — Cl)xl yl (3.1.10)

B(by,dy — b1)B(ci,e1 —c1) m! nl’
m,n=0
where | x1 |+ |y | < 1.

The generalized Lauricella’s hypergeometric function of three variables, F 13) (ay,
by, cy,dy; e1; x1, ¥1,21; p1) is defined as [9]:

3 Cor
Fp p (a1, by, crdiser;xt, yi, 21)

_ i By (e +m+n+t,d — a1)(b1)m(cl)n(d1),x_1y_lz_l AL
_mnt=0 B(ay, ey —ai) m! n! !’ o

where /[ x1 [+ /Iy [++/Tz1]< 1.
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Remark. If we substitute p; = 0 in the above Eqgs. (3.1.9), (3.1.10), and (3.1.11) then
we obtain the original functions given by (3.1.1), (3.1.3), and (3.1.4), respectively.

In the last decades, many researchers have worked in fractional calculus in many
applications in fields of engineering and science such as electrical networks, statis-
tics probability, and fluid dynamics, particularly fluid flows. In 2001, Srivastava
and Saxena [17] studied fractional calculus and its application systematically. Also,
Srivastava and Manocha [8], described the benefits of fractional derivatives in the
generating function theory of special functions. In this chapter, motivated by the
above, we have also obtained some generating functions for the generalized hyperge-
ometric functions F ((”) rz)( Do, P1, P2; ) by using the generalized Riemann-Liouville
fractional derivative operator defined by Jain et al. [18].

In 2021, Jain et al. [18] generalized the Riemann-Liouville-type fractional deriva-
tive operator by using the 2-parameter Mittag-Leffler function in its kernel and stud-
ied various basic properties of that generalized fractional derivative operator.

Now, here we recall the generalized Riemann—Liouville-type fractional derivative
operator defined as [18]:

e e o =0T B () s)ds, 010 <0)
[g(0)] =

x (r1.r2) .
LD M Do), (k—1=%@w) <k, keN),

(3.1.12)

where (min {R (1), N ()} > 0, R(r) >0, and E,| ,(x) is the 2-parameter Mittag-
Leffler function).
The following theorem is very important to obtain our main results.

Theorem 3.1.1. ([18]) The following result holds true:

o (k) x
m (r) —k (1) .
E - k+m,n,l;x)s" =1 —s5)" F(r1 r2)<k,n,l, m) (3.1.13)

! (r1 r2)
m=0

where | (1sz) <1, R(k) >0, and R(n) > R() > 0.

3.2 Main results

In this section, we establish new extensions of Appell’s hypergeometric func-

(r)
tions F L (s

ricella’s hypergeometric function FD (r) . )(al, bi,c1,dy; er; x1, y1, 21) by the use of
the generalized Euler’s beta functlon given in (3.1.5). We have also obtained inte-
gral representations of extended Appell’s hypergeometric functions and Lauricella’s
hypergeometric function.

y(@rs by, cridi;xy, yr) and F y(a1: b, c1idy, e x1, y1), and Lau-

2 (rl r
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Definition 3.2.1. Let %(r1) > 0, R(rp) > 0, and R(r) > 0, then the new extensions of
Appell’s hypergeometric functions, Fi(ar; by, c1; di; x1, y1) and Fa(ay; by, c1; dy, eq;
X1, y1) are defined as:

F) |(ry.r) (@13 b1, cridys xu, y)

(r)
_ i B(:I rz)(al +m+n,d; —a)(br)m(ci)n Xl yl 3B2.1)
B(ai,dy —ay) m! n!’ o
m,n=0
where max{| xi [, | y1 [} <1,
Fz(,r(),hrz)(al;bl,Cl;dl,el'm,yl)
B i (@)m+nB (,1 ,2)(171 +m,di —b)B(ei+n,e1 —c) xf' yf 3.22)
i B((rrl) rp (b1, d1 = b1)B(cy, e1 —c1) m! n!

where | x1 [+ |y1 | < 1.

Definition 3.2.2. Let N (r1) > 0, R(2) > 0, and N(r) > 0. Then, the new extension
of Lauricella’s hypergeometric function Fg (ay, b1, c1,d1; e1; x1, y1, 21) is defined
as:

3,(r)
Fp @t b, crdisers xu, yi, 21)

_ i Biy) (@1 +m4n+ 1 er = a)Gim(eonds x yi 24
B(aj,e; —ay) m! n! ¢!’

m,n,t=0

(3.2.3)

where /[ x1 [+ Iy T+VIz1 ] <1

Remark. (i) If we consider rp, = r; = 1, then the new extended Appell’s hyperge-
ometric functions defined in (3.2.1) and (3.2.2) and the new extended Lauricella’s
hypergeometric function defined in (3.2.3) reduce to the extended Appell’s hyperge-
ometric functions given by (3.1.9) and (3.1.10) and the extended Lauricella’s hyper-
geometric function given by (3.1.11), respectively.

(ii) If we substitute rp = r; = 1 and r = 0 then the new extended Appell’s hyper-
geometric functions defined in (3.2.1) and (3.2.2) and the new extended Lauricella’s
hypergeometric function defined in (3.2.3) reduce to the original Appell’s hyper-
geometric functions given by (3.1.1) and (3.1.3) and Lauricella’s hypergeometric
function given by (3.1.4), respectively.

Then, we proceed to obtain the integral representations of the functions

F((,l oy as b, ciidi; x, y1), F, (n (@i bi,cridy, er; xi, y1), and F (,1 ,2)(611,
by, cr,di;er; xi, yi, 21).
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Theorem 3.2.3. For Fl( ()Vl rz)(al; by, c1;dy; x1, ¥1), the following integral represen-
tation holds true:

F) 1 (ry.r (@15 b1y crs dis X1, 1)
_ I'(d1)
[(anT(di —a1)

1
/fal_l(l—t)d'_a'_l(l—xlt)_bl(l_ylt)_ClErl’rz< = ) -
A t(1—1)
(3.2.4)

where N(r1) > 0, R(rp) > 0, and R(r) > 0, N(d;) > N(ay) > 0 with | x1 |< 1 and
lyil<l

Proof. From (3.2.1), we have

Fl(f()rl (@i br,cridus xi, y1)
S B (@ +m+n,di = a)bom(E)n 571 31 525
B(ai,dy —a1) m! n!’ -
m,n=0
Now, using the definition given in (3.1.5) in the above equation, we obtain:
F (@ by, ersdy; xi, y1)
]s(rler) 1 19 1, 19 lvyl
_ 1
 B(ai.dy —a)
0 1 X yn
> f (LA =N E (e ) dr D) e =
0 ’ t(l 1) !'n!
m,n=0
(3.2.6)

On interchanging summation and integration signs in the above equation and manip-
ulating some terms, we have:

0]

L (r1,r2)

1 ! —r
— tal—l 1—1¢ dl—al—lE
B(al,dl—m)/o (= 2\ —1)

{ Y Bmlenn (x:n") m}alt. (3.2.7)

n!

(ai; by, c1; di; x1, y1)

m,n=0

Now, using the identities in the above equation:

(1—z)7P = Z(p)"( 01z l< (32.8)
k=0
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and

_ T (On)
B(xy, y1) = et (3.2.9)

Then, we obtain our desired result:
F((,l @, brcridi; xi, y1)

_ I'(dy)
C'(a)T(dy —a1)

1
N =IO )T = y)E " Nar
[ttt = 1= B (s
(3.2.10)
O

Theorem 3.2.4. For F2( rr )(al b1, c1;d1, er1; x1, Y1), the following integral repre-
sentation holds true:

L' d)I'(er) y
@) (e)l(dy — b (e —c1)

1
/ / 1L = b= Tge=l g ger=e=l _yp — yg)a
0 Jo

r —r
Erry (m) E (m) dtds, (3.2.11)

where R(ry) > 0, N(rp) > 0, and R(r) > 0, R(dy) > N(b1) > 0and N(ey) > R(c1) >
Owith|x|+]y| <L

Fz(’()rl mpy@ts bi,ciidy, er; xi, y1) =

Proof. Similarly, on following the same steps as the proof of Theorem 3.2.3, and
using (3.1.5) in (3.2.2) with the identity

b”
Zf( )(a+ L Z f(k+l) (3.2.12)

1’
n=0 k,I=0 kl

we obtain our desired result:

C(d)T (e1) y
CGO)T ()l (dy —b)T'(er — 1)

1 1
/ / 11— bl —gamati (g xr — s
0 Jo

—r
Erl,rz (m) Erl’rz < (1 _ S))dtds (3213)

O

Fz(,r(),l,rz)(al,bl, ci;dy,er; X1, y1) =
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Theorem 3.2.5. For F (r1 rz)(al,bl c1,dr; e1; x1,y1,21), the following integral

representation holds true:

Fg’y((r,)l,rz)(al,bl,Cl,dHel;xl,}’lazl)
r ! ,
- F(al)F((eell) ar) / AT )T =T a0 ™
- 0
—r
Erir <7I(l — t)) dt, (3.2.14)

where R(r1) > 0, R(rp) > 0, and N(r) > 0, R(ey) > NR(ay) >0with | x1 |< 1, |y |<
land|z1 < 1.

Proof. By following the same line of proof as Theorem 3.2.3, we obtain our desired
result. |

Now, here we obtain some results of the extended Riemann—Liouville-type frac-
tional derivative operator and some generating functions of the extended hyper-
geometric function by the use of the extended Riemann—Liouville-type fractional
derivative operator.

Theorem 3.2.6. Consider R(u) <0, R(k) >0, RUA) >0, R(im) >0 |az|< 1, and
| bz |< 1, then

Dk_u»(r) [Zk_l(l —az)_l(l _ bZ)_m] _ ( ) M 1 (r)

7,(r1,r2) 1_,( ) 1(” rz)(k l,m;u;az, bz).

(3.2.15)

Proof. From (3.1.12), we obtain:

k u(r)[ k— 1(1 aZ)il(l—bZ)im]:

Z (r1,r2) %

¥/Z(2—I)”_k_1Er , ( e’ >tk_1(1—at)_l(1—bt)_mdt.
Tu—k) Jo P2 \rz—1)
(3.2.16)

On taking out z from the integral, we have:

DY (1 —az) TN (1 = b)) =

z,(r1,12)

Zu—k=1 z F\ k=1 —rz? . ,

_ 1—- E — ) A —at) A = b)) ™dt.

T —k) Jo ( z) (r(z—r)) (1 —an )
(3.2.17)
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Then, setting the value of t = xz in the above equation and changing the limit from
t=0,t=ztox =0,x =1, dt = zdx with some re-arranging of the terms, we obtain:

DY (1 —an) (1 = b)) =

() 1%

_k)/ (1—x)“*1E, ,2< - ))xkl(l—axz)l(l—bxz)mdx.
(3.2.18)

From the integral formula of the extended Appell’s hypergeometric function

Fl(r()r] rz)(al ; b1, c15dr; x1, y1) (3.1.9), we obtain our desired result:
k—u, _ _ _ " (k)
DY (1 —az) T (1 - o) "=t V) kL ms s az, b).
(3.2.19)
[l

Theorem 3.2.7. Consider R(u) < 0, R(k) > 0, R(I) >0, R(m) > 0, R(n) >0, |
az|< 1, |bz|<1,and|cz|< 1, then

fzr“l(,rz)) 1 —a)™ (1 —b2) ™ (1 — c2)™"]
I (k
FE ; V) Gk Lomniu; az, bz, c2). (3.2.20)

Proof. By similar steps as in the proof of Theorem 3.2.6, we can obtain our desired
result. .

Theorem 3.2.8. Consider R(u) <0, R(k) >0, R({) > 0, and | lez |< 1, then

k—u,(r) | _k—1 —1 () *
Dz,(rl,rz){Z (=2 F("l rz)(l’m’p’ 1 —Z)}
— 1 Zu—l (r)
B(m, p —m)T(u — k) 2.(rr2)

(;m, k; p,u; x,z).
(3.2.21)

Proof. By using (3.1.7), in the definition of the extended Riemann—Liouville frac-
tional derivative operator (3.1.12), we have:

Sk

(r)
Dkfu,(r) k—l(l _ )—l 1 i (l)”B(r1,r2)(m tn.p—m X "
2,0r1.r2) | © < B(m n! -z

sp_m)

k—u,(r) ) _k—1 —1 (1)
Dz,(m,rz){Z (I=2)" F(r| ) <l,m,p, 1

n!

I Uy R <l>nBé£3r2><m+n7p—m>x"<1—z>—’—"
~ B(m,p—m) =)

n=0



40 CHAPTER 3 Some extended-type hypergeometric functions

_ 1 k—u,(r) | m+k—1 o~ Dl +1)m B((rrl) rz)(m +n, p—m)x"
~ B(m,p—m) 012 = nlm!
! - x" (l) (+n)
= B™ gy m k—u,(r) [ mtk—1
" B(m,p—m) ngO (1, rz)(m+n P ) m! Dz,(rl,rz){Z }
(3.2.22)
Now, using the result given in [18]
(r)
B k+1,—un)
A T (3.2.23)
Then, we have
Dk_”a(r) Zk_l(l _ ) IF(r) l m X _
z,(r1.r2) (r1,r) »m, p, 1 —z -

1 > X" (I k+m,u—k)
o 3 B e
B(m,p—m) “— tom! T(u—k)

(3.2.24)

Then, using the (3.2.2), we obtain our desired result:

k=) [ k-1 T x
Dz,(rwz){z (I =2)"F, rz)(l’m’p’ 1 —Z)}
1 u—1 ()
= F
Bm,p—m)(u—ky)- = 200

y(sm, ks p,us x, z).
(3.2.25)

O

Theorem 3.2.9. For the generalized hypergeometric function F((rrl) r2)(a, b, c,z) the
following generating relation holds true:

(V) xt
m () S — (1 =k ) g vy
> T F oy (d =, Lm0 = (1= 1) Fl’(rl’r2)<l,d,)»,m,x, (1_0),

m=0
(3.2.26)

where | (let) <1, RA) > 0and R(m) > R() > 0.

-\
Proof. Let the series identity [1 — (1 — x)¢]~* = (1 — 1)~ <1+ xt ) .
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Then, by using the binomial expansion of (1 — (1 — x)t)~* on the left-hand side of
the above equation, we obtain:

00 Mom 1 — x)mm _ —xt —A
2%2(14) k<1_ (12)) . (32.27)

Now, multiplying both sides by x/~'(1 — x)™? and using the extended Riemann—
I—m,(r)

Liouville fractional derivative operator D, (r1.ra) WE have:
lem,(r) > Mm(1 _x)m—dxl—ltm _
x,(ry,r2) Z m! -
m=0 N (3.2.28)

—pyl=m. () | -1 —d —xt \
(1—1) DX’(rl’rz) |:x (1—x) <1 — - t)) }
After some calculations, we have:

]

Z Mm Dl—m,(r) |:xl—l(1 _x)—(—n1+d)]tm —

ol Dx(rir)
-
(1= pl=mO | =1 _gy=d (= =X
x,(r1,r2) (1—1) '

m=0

(3.2.29)
Then, using Theorem 3.1.1 proved in [18] and Theorem 3.2.3, we obtain our desired
result:
o
B ) oy — () g ey X
> - Fovy @ = mLmr™ = (L= 07 Fyg (B dimix, = ).
m=0
(3.2.30)
O
Theorem 3.2.10. For the generalized hypergeometric function F, ((rrl) ) (a,b,c; z) the
following result holds true:
o0
K)n ) )
D E ey (o= @ DFD ) e Lm0t
n=0
—«B(p.a—p) x —yt
=(1-n =T F kil, pim,q; ——, :
=0 g im = e\ K b pim 4 G5, 35
(3.2.31)

where | 75 1< 1, | iy 1< 1, 9i(k) > 0, and %i(q) > R(p) > O.
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Proof. By using the result, proved in [18], we have:

o0

Bn ) —k () X
D F ey Kk Lm0t = (1 =17 Forp\klm: g ) 3232
n=0

Now, changing the value ¢ by (1 — y)z in the above equation, and multiplying the
resulting equation by y”~!, we have:

k
Z (n),” Fo) e n, L m; (1= y)"yP ="
n=0

(1 (1_ - 1 (r) X
={1-0-y0) yl’ F,' r2)<k 1, m; 7(1_(1_”0) (3.2.33)

r—q,(r)

L) to both sides, we

Then, applying the extended fractional derivative operator D
obtain:

p—q.(r) (©)n ) . —1
D)‘»(rl,rz){z F(r1 rz)(k—i_n’l’m’x)(l _y)"yp tn}
n=0

P—q.(r) — 1 () . X
%OWJO—H—WQ)ml%m(h“majﬁjﬁgﬂ.
(3.2.34)

After some calculations, we have:

o (k)
n ~p—q,(r) -1 (r)
) ] Dy,(rl,rz){(l_”"yp } (rorpy (k1 L s 200"

n=0
_(1_t)—kD1?—61»(r) p—1 1— -yt (r) k,1,m: %1
- v, (r1,r2) y 1—¢ (rl r2) 1— =X :
1—t
2.35)

3

Now, using the Theorems 3.1.1 and 3.2.4, we obtain our desired result:

o (k)
§: n (r) (r) .

n! Firry (P =1 45 ) Fy rz)(k—l—n,l,m,x)t”
n=0

—«Bp.g—p) x —yt
=(1-pn k=221 _Z°F kil, pim,q; , :
=0 B im =y e\ KL pim @ G5 375

(3.2.36)

O
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3.3 Conclusion

In this work, we have introduced new extensions of the hypergeometric functions
of two and three variables, i.e., Appell and Lauricella functions, respectively. Then,
we have derived integral representations of all these extensions. After that, by us-
ing an extended Riemann-Liouville-type fractional derivative operator, we derived
some relations between the generalized Gauss hypergeometric function with ex-
tended Appell’s hypergeometric functions and Lauricella’s hypergeometric function,
and subsequently using these relations, we obtained some generating functions for
generalized hypergeometric functions. Finally, we conclude our research by mention-
ing that all the results obtained in the present article are new and important. Moreover,
the general massive one-loop Feynman integral can be represented as a meromorphic
function of space—time dimensions using the extended type Appell and Lauricella
functions for self-energy, vertex, and box integrals, respectively.
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4.1 Introduction and preliminaries

Jédar and Cortés [10,11] presented the theory of special matrix functions, proving
certain basic and significant characteristics of the Gamma and Beta matrix functions
as well as a limit formula for the Gamma function of a matrix. They examined the
hypergeometric function with matrix arguments after spending some time with these
results. Many scholars [12—15,17-22] have been attracted to study the subject of
special functions with matrix arguments by the analyses of the extended Gamma,
Beta, and Gauss hypergeometric matrix functions presented in [10,11]. Their study
continues to increase in importance, both theoretically and practically.

Several k-special functions have been presented and studied, including the k-
gamma function, k-beta function, and k-hypergeometric functions (see, for example,
[1-7]). Certain k-special functions of matrix arguments have been presented and re-
searched, including the k-gamma function of a matrix argument, the k-beta function
of matrix arguments, and the k-hypergeometric functions of matrix arguments [8,9].

In the present chapter, we develop the k-gamma and k-beta functions of matrix
arguments as well as examine some of their characteristics. In the following, Z, N, R,
R+, and C represent the classes of integers, positive integers, real numbers, positive
real numbers, and complex numbers, respectively. For n € N, let C**" be the set of all
n by n matrices of which the entries are in C. Let p(P;) be the set of all eigenvalues
of Py € C"". Let p; be a matrix in C"*" such that R(x) > 0, x € p(Py).

Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00012-6 45
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The gamma matrix function is described in the following manner [10]:
o
F(Pl)zf wh e qy. @.1.1)
0

The Pochhammer matrix symbol is described in the following manner [10]:

(b o DPLERD [ n=0,
U= ey) | PiPi D) (Py+ (n—DI) neN: Py e C
4.12)

The beta matrix function is described in the following manner [10]:
1
B(Py, Py) = / w1 — )P dw, 4.13)
0

where Py and P, are positive stable matrices in C"*".
The link between the gamma matrix function and the beta matrix function is de-

scribed as follows:

I'(P)I(P2)

(P +Py)

In 2015 Mubeen et al. [9] investigated a novel concept of the k-gamma, k-beta
functions, Pochhammer k-symbol, and studied several identities and derived identi-
ties that were satisfied by the gamma and beta matrix functions and the Pochhammer
matrix symbol.

The k-gamma matrix function is described in the following manner [9]:

B(Py, Py) = (4.1.4)

Pl —whk!
Fk(Pl):/ w e dw (4.1.5)
0

and
Le(Py+kI) = P (Pr), (4.1.6)

where k£ > 0 and P; is a positive stable matrix in C"*".
The Pochhammer matrix k-symbol is described in the following manner [9]:

(P, 4= [y (P14 nkl) _ 1 n=0; Py € C"",
Vnk =TT Py | PL(Py kD) - (Py+ (n— DKI) neN: P e O
(4.1.7)

The k-beta matrix function is described in the following manner [9]:
1! p I P _y
Bk(Pl,PZ)ZE/ wrt T (1—w)* dw, 4.1.8)
0

where k > 0 and P; and P, are positive stable matrices in C"*".
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The link between the k-gamma matrix function and the k-beta matrix function is:

Cr(P)Tr(P)
Bi(Py, P)) = ———. (4.1.9)

L (P + Po)
To obtain our main result we need to define k-Mittag-Leffler functions [16] as

follows:
o z"
E = —\  k>0,N >0,z€C, 4.1.10
ki (2) ;}FMH) >0, %(ur) >0,z (4.1.10)
o0 Zn

Etiyin@ =) —————  k>09%u)>0,%wuz) =0,z€C. (4111)

Ti(nuy +up)’
n=0

Note. If we consider variable u1 = u> = 1 in Eq. (4.1.11), then we obtain the k-
exponential function Ex(z).

4.2 Main results

In the present chapter, we apply the 2-parameter k-Mittag-Leffler function to modify
the k-gamma and k-beta matrix functions, which have been inspired and motivated
by the previous generalizations and extensions.

Definition 4.2.1. Let P; be a positive stable matrix in C"*", then the extended k-
gamma matrix function can be described in the following manner:

(uy,u7) o0 P —] tk uke=k
Fk,l,i’ : (Pl) :/(; tH Ek,ul,uz <_; - A )dl, (421)

where k > 0, u >0, R(u1) > 0, R(uz) > 0 and Ey 4 ,u4,(2) is defined in (4.1.11).

Definition 4.2.2. Let P; and P, be positive stable matrices in C"*", then the extended
k-beta matrix function can be described in the following manner:

—uk
kt(1 —1)
where k > 0, u >0, R(u1) > 0, R(up) > 0 and Ey 4, 4, (2) is defined in (4.1.11).

Note. If we set variable 1y = 1 in the above Definitions 4.2.1 and 4.2.2, we obtain
another expansion of the k-gamma and k-beta matrix functions as follows.

Definition 4.2.3. Let P; be a positive stable matrix in C"*", then the extended k-
gamma matrix function can be described in the following manner:

(u1) * - o ukek
Fk,,j (Pl)=/ D= Ek’ul(—;— X )dt, 4.2.3)
0

1fhon P
31574’”2)(1[’1’1’2):%/0 tE 1 —-n)7 ’Ek,ul,uz( )dz, (4.2.2)

where k > 0, u >0, R(u;) > 0> 0and Ey ,, (z) is given in (4.1.10).
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Definition 4.2.4. Let Py, P, be positive stable matrices in C"*", then the extended
k-beta matrix function can be described in the following manner:

1! —uk
BIE?I;)(PI,PZ):z/O I(I—I) L Ek u1<7_t)>dt, “4.2.4)

where k > 0, u >0, R(u1) > 0 and Ey 4, (2) is given in (4.1.10).

Remark. (i) If we set uy =up =1 and u =0 in Egs. (4.2.1) and (4.2.2), then we
obtain Egs. (4.1.5) and (4.1.8), respectively:

i (P1) =Tk(Py) (4.2.5)

and

B (Pi. Py) = Bi(P1. Py). (4.2.6)

(i) If weputu; =up =k =1andu =0in Egs. (4.2.1) and (4.2.2), then we obtain
the classical gamma and beta functions defined in [10]:

i (P =T(P) 4.2.7)
and
B} (P\, Py) = B(Py, Py). (4.2.8)

Theorem 4.2.5 (Symmetric relation). An extended k-beta matrix function defined in
(4.2.2) satisfies the following symmetric relation for the positive stable matrices P
and P such that PP, = P, Py:

BV (Py, Py) = B (Py, Py), (4.2.9)

where k > 0, R(u) > 0, P, P, € C™" such that f(u1) > 0, R(uy) > 0.

Proof. By the use of the extended k-beta matrix function (4.2.2) to the left-hand side
of Eq. (4.2.9), we obtain:

(ui,u2) e L .y —uk
Bk,u’ (Pl,PQ‘):% A 1k (1 [)k Eku] us m dt

Consider t = 1 — x in the above equation and re-arranging terms, we obtain:

L[t B s
BIEI,AMI)MZ)(P]’Pz)ZE/O x7 I(I—x) % 1Ek,u1,uz<M)dx

Then, after applying Eq. (4.2.2), we obtain our desired result:

B (Py, Py) = B (Py, Py).
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Corollary 4.2.6. The following outcome is correct:
BV (Py, Py) = B{" (P2, Py). (4.2.10)
Proof. By Putting u; = 1, we obtain our desired result. O
Corollary 4.2.7. The following outcome is correct:
Biu(P1, P2) = Biu (P2, P1). (4.2.11)
Proof. By setting u; = uy = 1, we obtain our desired result. O

Theorem 4.2.8 (Functional relation). An extended k-beta matrix function defined in
(4.2.2) satisfies the following Functional relation for the positive stable matrices P;
and Py:

B (P, Po) = B (PL KT Py + B (P Py kD, (4.2.12)

where k > 0, R(u) > 0, Py, P, € C"" such that R(uy) > 0, N(uy) > 0.

Proof. Consider the right-hand side of Eq. (4.2.12), and use the extended k-beta func-
tion (4.2.2), we obtain:

B\ (P| + kI, Py) + B (P, Py + kI) =

1 1Y psi J P —uk
| T Ta-n7E —ar
k/o (=9 k’""”(kt(l—t))

1 1 Py | P2+k1_1E _uk J
- tk —t) & —— )dt.
+k/o (=0 b\ (1= 1)

On re-arranging the terms, we obtain:

B! (Py + kI, Py) + B (P, Py +kI) =

Lt Lo Ny I —u*
- tE 1—-07% t 1—-0"1E — |dt.
k/O ( ) [ +( )] k,ul,u2<kt(1_t)>

Note that, forO <t < 1,

ad In"t X In"t
t'=expUinty=1+) I" = (Z )I:exp(lnt)l:tl.

n! n!
n=1 n=0

Similarly,
A-0f=1-0D10<t<1).
Then,
A=+l =1+ -0I=1
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BV (P + kI, Py) + B{"\"? (P1, Py + kI) =

1! A I P —uk
=—- tx " 1-0F*FE — )dt.
k/o (= k’”“'”(kt(l —t))

Then, using Eq. (4.2.2), we obtain our desired result: O

B! (Pi + kI, Py) + B{""? (P\, Py + kI) = B{"""> (P, Py).
Corollary 4.2.9. The following outcome is correct:

B (P1, Py) = B{"\(P1 + kI, Py) + B{""(P1, P, + kI). 4.2.13)
Proof. By setting u» = 1, we obtain our desired result. U
Corollary 4.2.10. The following outcome is correct:

By w(P1, P2) = By y(P1+ kI, Py) + By y(P1, P +kI). (4.2.14)

Proof. By Putting u1 = u> = 1, we obtain our desired result. O
Theorem 4.2.11. An extended k-beta matrix function defined in (4.2.2) satisfies the
following finite summation formula for the positive stable matrices Py and P;:

.
B (P Py =) (;) BV (P +nkl, Py+rkl —nkl),  (4.2.15)
n=0

where k > 0, R(u) > 0, Py, P, € C"" such that R(u1) > 0, R(uy) > 0.

Proof. From Eq. (4.2.12) we have:
B (Py, Py) = BV (Py + kI, Py) + B{"!" (Py, Py +kI).

Then, applying the same result of Theorem 4.2.8 on every term of the right-hand side
of the above equation we obtain:

B (Py, Py) = B> (P, +2kI, Py) + 2B\ (P, + kI, Py + kI)
+ B (Py, Py + 2K,

Then, by continuing the similar method on the right-hand side of the equation and
applying mathematical induction r-times, we have:

,
(uy,u2) _ r! (uy,u2)
B"I" (P1, Py) —ZmBM (Py +nkI, Py + rkI — nkI).

n=0 "
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On re-arranging the terms we obtain our desired result:

r
B (P, Py =" (") BU D (P 4 kI, Py 4 rkI —nkD).  (42.16)
’ n=0 n ’

O
Corollary 4.2.12. The following outcome is correct:
" (r
BV (P, P) =) < )B,ﬁf‘;’(Pl +nkl, Py +rkI — nkl). 4.2.17)
n=>0 n
Proof. By substituting u = 1, we obtain our desired result. O
Corollary 4.2.13. The following outcome is correct:
r
r
Bru(P1, P2) = Z ( )Bk,u(Pl +nkl, P, +rkl —nkl). (4.2.18)
n=0 n
Proof. By setting u; = u> = 1, we obtain our desired result. O

Theorem 4.2.14. An extended k-beta matrix function defined in (4.2.2) satisfies the
following infinite summation formula for the positive stable matrices P, and P»:

o
B (P, Py) =Y B! (Py +nkl, Py + k), (4.2.19)
n=0
where k > 0, R(u) > 0, Py, P, € C"" such that R(uy) > 0, fN(uy) > 0.

Proof. By the definition of the extended k-beta matrix function 4.2.2, we have:

1 [ op Py —uk

(uy,u2) L7 27
B P, P)=- 1k 1-H%FE —— |dt
k.u ( 1 2) k /0 ( ) k,ul,u2<kt(1 t))

1 1 Py 1 Py 1 _Mk
=— tt T 1-0*1—-t)""E — )dt.
k/() ( ) ( ) k,ul,u2<kt(1_t)>

Using the binomial expansion formula in the above equation, we have:

o
A=n""=>"r" <1 (4.2.20)
n=0
k

1! L) —u

(uy,u2) I nl

B P, Py) = rk 1—¢)% E t E dt.
k,u ( 1 2) k‘/o ( ) (n - ) k,ul,u2<kt(1 t))
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By interchanging the order of summation and integration in the above, as convergence
is uniform, we obtain:

oo 1 k
1 Pi4nkl Py —u
B}E?L:,uz)(Pl,Pg): E ;/0 t— &k 1(1 —1)F Ek,,“’u2 (7]“(1 —t))dt.
n=0

Then, using Eq. (4.2.2), we obtain our desired result:

o0
B (P, Py) = B (Py + nkI, Py +kI). 4.2.21)
n=0

O

Corollary 4.2.15. The following outcome is correct:

o0

BV (P, Py =Y B{"Y(Pi +nkI, Py +kI). (4.2.22)
n=0
Proof. By setting u, = 1, we obtain our desired result. O

Corollary 4.2.16. The following outcome is correct:

o
Biu(Pi. Py) =) Biu(P1+nkl, Py+kI). (4.2.23)
n=0
Proof. By setting u; = u> = 1, we obtain our desired result. O

Theorem 4.2.17. An extended k-beta matrix function defined in (4.2.2) satisfies the
following infinite summation formula for the positive stable matrices P, and P»:

o0

B (P kI = P) =Y
n=0

P
%BE‘;’”Z) (P1+nkl kD), (4.2.24)

where k > 0, R(u) > 0, Py, P, € C"" such that R(uy) > 0, RN(uy) > 0.

Proof. Applying the definition of the extended k-beta matrix function 4.2.2 on the
left-hand side of Eq. (4.2.24), we have:

1 1 Py kI—P) k
(uy,u2) g MEh g u

B Pkl — P)=— 1k 1—1)" % E —— )dt
k,u ( 1 2) k/(; ( ) k,u1,u2<kt(1 l‘))

11 oA I L) —uk
=- tF (1=t FE — )dt.
k/() ( ) k,ul,uz(kt(l —t))

Then, using the binomial expansion formula and the Pochhammer k-symbol relation,
we have:
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o0
_hn P\ 1"
1—1)~7% =Z(—) —, <1
!
= k), n!
and
& _(PZ)n,k
k),  kn
P e P
(1—;)—%=Z—(ki)n"""t"’, It <1
n=0 ’

B (Py kI P)—lflz%—l i(f’ﬁn,kﬂu E —ut
k,u 1 2 _k 0 ] k! kouy,un kf( —l) .

By interchanging the order of summation and integration in the above, as convergence
is uniform, we have:

o 1 k
(1,u2) (P)ni 1 / Pynkl —u
B Pkl — Py) = — K E — |dt.
kou ( 1 2) ’;) Ml k 0 kouy,un kt(l _ t)
Then, using Eq. (4.2.2), we obtain our desired result:
o (P k
(u1,u2) _ .k g (uy,uz)
By (P kI — Py =) —2ets B (P kLKD), (4.2.25)
n=0
O
Corollary 4.2.18. The following outcome is correct:
o (P2)nk
(u1) n.k )
B (P kI —Py) =" WB,;‘; (Py +nkl, kI). (4.2.26)
n=0
Proof. By putting u, = 1, we obtain our desired result. O
Corollary 4.2.19. The following outcome is correct:
o (P)
Biu(Pr kI — P =~ 2K gy (P +nkl kD). (4.2.27)
’ kn! ’
n=>0
Proof. By setting u; = uy = 1, we obtain our desired result. O

Theorem 4.2.20. An extended k-beta matrix function presented in 4.2.2 has a rela-
tionship with the k-beta matrix function for the positive stable matrices Py and P»:
by

(u,u2)
B P, P) = ——— By (P — nkl, P, — nkl), 4.2.28
e (P, P2) ;_0 KT (an T+ 13) k(P —n 2 — nkl) ( )
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where k > 0, R(u) > 0, Py, P, € C"" such that R(uy) > 0, N(uy) > 0.

Proof. By the use of the extended k-beta matrix function given in (4.2.2) and substi-
tuting the value of the two-parameter k-Mittag-Leffler function (4.1.11), we have:

o0

1 1 P P 1 _ . k\n
By = [ Ta-nF (Y Cu) Ny,
. k Jo = Tr(uin +uz) ke (1 —1)"

By interchanging the order of summation and integration in the above, as convergence
is uniform, we have:

]

kyn 1
(1,12) (—u®) 1/‘ Pl—nkl _, Py—nkl _,
B P, P) = —| - 1 F 1—1t)" % dt ).
e (P12 nzok”l“k(mnvLuz)(k 0 (=

Then, using Eq. (4.1.8), we obtain our desired result:

S (_Mk)n

(ur,uz)
B P, P)) = ———— By (P — nkl, P, — nkl). 4.2.29
L Py, Py) ,;)knrk(umwg «(Py—nkI, Py—nkl).  (42.29)
O
Corollary 4.2.21. The following outcome is correct:
() o~ (b
BV (P, Py) = —————— By (Py —nkl, P, — nkl). 4.2.30
u (12 rg)k"Fk(uln+uz) e(Pr = nkl, Py = nkl) ( )
Proof. By setting u, = 1, we obtain our desired result. O
Corollary 4.2.22. The following outcome is correct:
N Sk
B, (P, P) = ———— By(Py —nkl, P, — nkl). 4.2.31
ku (P, P2) ;knrk(uln+u2) K (P1—n > —nkl) ( )
Proof. By setting u; = up = 1, we obtain our desired result. O
Theorem 4.2.23. The following derivative formula holds true:
P 1 I p P o . k\n
—Bi""””(Pl,Pz)z—f EIEDE DY o) dt,
ou o u Jo = kntn(1 — )" T (uin + ua)
(4.2.32)

where k > 0, R(u) > 0, Py, P, € C"™*" such that X(u1) > 0, f(uy) > 0.

Proof. On differentiating the extended k-beta matrix function defined in 4.2.2 with
respect to the variable u, we have:
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3 a (1 ! —uk

(uy,u2) -1
—B P,P)=—|- 1-— -IE —— )dt ).
au k’u ( 1 2) Bu (kA ( ) kM] uz(kl(l_t)> >

Then, using the two-parameter k-Mittag-Leffler function (4.1.11):

i)
B (P, P)
oo

Uy (D o)
= ra-o® (@,ngntna—t>nrk<um+uz>)‘”

By differentiating the above series with respect to u, and using the derivative formu-
las, we have:

d
() = (-1 (u"”)—( 1 kn (k") = ”(—u")"

0 (uy,uz) /1 A 2—1 kn(—u )
— B (P, ) == t% 1—1t 2 dt
pu Dt (PP =0 (=0 Z uk"t" (1 — )" T (uin + ua)

On re-arranging the terms we obtain our desired result:

1
9 (ul le)(P Py) = 1 / IT—I -1 k 712 n(—u ) di
u 0 k"t”(l—t)”Fk(u1n+u2)
O
Corollary 4.2.24. The following outcome is correct:
P I p _ n
B(Lll)(P PZ)__f [Tl_l(l t)k_IZ n( u ) dt
ou 0 k”t”(l—t)”Fk(u1n+1)
(4.2.33)
Proof. By setting u» = 1, we obtain our desired result. O
Corollary 4.2.25. The following outcome is correct:
3 1 [hoe P~ n(—uk)"
— By u (P, P) = — tF T (l=—7F "~ dt. (4.2.34
3 Deu(P1- F2) u/o (-0 r;)k”t”(l—t)”r‘k(n—i—l) (4239
Proof. By setting u; = up = 1, we obtain our desired result. O

Theorem 4.2.26. The given integral representations for the extended k-beta matrix
function defined in 4.2.2 hold true:

2
B/S?J’MZ)(Pl,Pz)ZZ/ (cos0) 7 I(S”le)_ !
0

_ .k
Exouyuz <Tu(sec0)2(cosec9)2>d9
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2% .
BIEMJ’MZ)(Plf Py) = %/ (SiHQ)TL[(cosH)TZ*’
’ 0
—uk
E <—(sec€)2(coseC9)2)d9
kouy,un X
e 2P 2(P+P)
BIEMJM)(PB Py) = Z/ (Sinh@)Tl_I(coshQ)I_%
’ 0
_uk
Eeuyu (T(COSh9)4(C0sech0)2)d9

I— (PP;PZ) 2

k.2
(u1,u2) z LA} Bg —uz
kat,j uy (P, P) = X /0 w k (z—w)* Ek’ul’m(kw(z—w))dw’
(4.2.35)

where k > 0, R(u) > 0, Py, P, € C"" such that R(uy) > 0, RN(uy) > 0.

Proof. On substituting 1 = (cos0)?, t = (sinf)?, t = (tanh)?, and t = 2, respec-
tively, in the integral form of the extended k-beta matrix function (4.2.2), we obtain
our desired results. O

Corollary 4.2.27. The following outcome is correct:

(u1) 2 (3 L g —u 2 2
Bku1 (P, P) = E/ (cosO) & "' (sinf)* " Eg T(sec@) (cosecH)” |dO

’ 0

(1) 2 (2 . om RNy —u* 2 2
Bkul (P, ) = E/ (sin@)® ~(cosO)F T Eyy, T(secG) (cosec6)” |dO

’ 0

2(P+P3)

B(”l) Pi. P _2 * inh Zl‘ﬂfl he 11— T
e CPLs 2)—% A (sinh@) (cosh®)

E —ut 4 2
k,u (coshB)”(cosechB)” |dO

k
1_(P1+P2) z k.2
(u1) 2 , / L Lol —uz
B P,Ph)=—— k — k E — Jdw.
e (P1, P2) k A w (z—w) i\ Tz =) w
(4.2.36)
Proof. By setting u» = 1, we obtain our desired result. O

Corollary 4.2.28. The following outcome is correct:
2 z 2p 2P —uk
Beu(Pr Py = / (cos®) T 1 (sing) 1 Ek<TM(sec9)2(cosec0)2)d9
0
2 (3 g g (=it 2 2
Bru(P1, P2) = %/ (sinB)® ~"(cosO)* " Ej T(sec@) (cosecH)” )dO
0

2P +Py)

2 (> . 2P -
Bk,u(P17P2)=%/(; (sinh6)F ~'(cosh®) ;
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_ .k
Ey; (TM (cosh9)4(cosech9)2>d9

Py 4P
- &R 17: 2

k.2
Z P Lo —u"z
Bk,u(Pl,Pz)zik / wr I —w)? IEk(m>dw. (4.2.37)
0 _

Proof. By setting u; = u> = 1, we obtain our desired result. O

Theorem 4.2.29. The following integral representations for the extended k-beta ma-
trix function defined in 4.2.2 hold true:

57

(uy1,uz) (c _d)17 L_7 Pk
By, (P, P)=—— (w d) 7 c—d)F
k 2
—u (c —d)
E ———|d
k’”"uz(k(w “d)(c— w)> v
+P
21- . Py ) —4yk
(uy,u2) -1 2-1
Bkaul up (PI,PZ)ZT/_I(I—FU)) k (l—w) k Ek,ul,uz(m>dw
P|+P, P1+P2
2I——7 o G ) —4uk
B (Py, Py) = . / ves Ekuyn (T(cosh9)2>d6
© (cosh0)
(4.2.38)
where k > 0, R(u) >0, Py, P2 € C"" such that R(u1) > 0, R(uy) > 0.
Proof. On substituting t = *—5, t = l—;w’ and w = (tanh@)z, respectively, in the
integral form of the extended k beta matrix function (4.2.2), we obtain our desired
results. Il
Corollary 4.2.30. The following outcome is correct:
— P,
B;Eflj)(Pl, P) = zd 7% d)TZ_I
—uk(c - d)2
U ——— |dw
k(w—d)(c—w)
+P
B (Py Py =2 : zf A+w) 11— w?E, e dw
’ TN\ k(1 —w?)
P +P) P1+Pz
ZI_T 00 9( ) —4
(ul)(Pl, P) = / P1+P2 Ek,u1< ku (cosh0)2>d6.
k % (coshB)
(4.2.39)
Proof. By setting u» = 1, we obtain our desired result. O

Corollary 4.2.31. The following outcome is correct:
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Biu(Py1, Py) = Bl —ay?-!

—uk(c — d)2
E"(k(w —d)(c— w))dw

P +P)

TS Ea— f1<1+ S UEL N (s
N = w _w

k,u L1, £2 k . k k(l )

P1+P2

P|+P
o[- poo e ) —4yk
Biu(Py, P2) = / 7EEz Ek< (cosh9)2>d9. (4.2.40)
k % (coshb) k
Proof. By setting u1 = u> = 1, we obtain our desired result. O

Theorem 4.2.32. The following integral representations for the extended k-beta ma-
trix function defined in 4.2.2 hold true:

P

1 [~ wr ! —uk 1

B,Ef’ul’uz)(Ph Py) = z[ WEk,ul,uz(T <2+ w+ —))dw
0 (I+w) W

TANE SxE —u* !
(u1,u2)
B (P, Py) = %/0 WE/"”"”2< k <2+t+?))dt’

(1+10)
(4.2.41)

where k > 0, R(u) > 0, Py, P, € C"" such that R(uy) > 0, RN(uy) > 0.

Proof. On substituting ¢ = 17+ +w, respectively, in the integral form of the extended
k-beta matrix function (4.2.2), we obtain our desired results. O

Corollary 4.2.33. The following outcome is correct:

1 o0 wT_I —Mk 1
(u1) _
Bku‘; (P]’PZ)_%/O WE’WM(T<2+W+E)>WU

(1 +w) (4.2.42)
IR S —uF 1
BV (Py, Py) = -f %Ek,ul <—”(2 +i4 —>>dz.
ko (141 k !
Proof. By setting u, = 1, we obtain our desired result. O
Corollary 4.2.34. The following outcome is correct:
1o wrt —uk 1
Bk’u(P],Pz)Iz\/o mEk T 2+w+E dw
(4.2.43)

AN RS e 1
Bk,u(PhPZ):E WE/( T 24+1t+4+ - dt.
0 (1+1) !
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Proof. By setting u; = us = 1, we obtain our desired result. O

Theorem 4.2.35. The Mellin transform of the extended k-beta function defined in
4.2.2 is given as follows:

M(B,ﬁfg'“z)(z)l, P)iu— r) = By (P +r, Py + 1)} (1), (4.2.44)

where k > 0, R(u) > 0, P, P, € C™*" such that R(u1) > 0, R(uy) > 0.

Proof. By using the Mellin transform:

M(f(t):u—)r) =/Oour71f(t)du
0

to the extended k-beta matrix function defined in 4.2.2, we have:

M(B,ﬁ‘f;’“”(Pl, Py)iu— r)

[e's] 1 I p P _ .k
=/ M —/ (T =) T Epy oy | ———— )dt )du.
0 k Jo kt(1—1)

On changing the order of integration, we have:

1 ! Py ) 1 o0 _uk
=— tF 1 —)F "~ ) ——  )du |dt.
e, a-n (/0 " "‘“""2<kr<1—r>) ”)

1
Substituting y = —*%——, then du =% (1 — t)%dy, and we have:
tk(1—-r)k

1 1 Pi+r Py+r S _yk
:—/ A e TR e ’(/ y’lEk,ul,uz(—y)dy>dt.
k Jo 0 k

Then, applying the definition of the extended k-gamma matrix function defined
in 4.2.1 (when u = 0) and the k-beta matrix function (4.1.4), we obtain our desired
result:

M (B;ET‘J’””(PI, Py):u— r) = Bu(Py +7, Py + )T} 5" ().

Corollary 4.2.36. The following outcome is correct:
M(B,E?LR(P], Py):u— r> = Bi(Pi +r, P+ 1T (r). (4.2.45)

Proof. By setting u» = 1, we obtain our desired result. O



60

CHAPTER 4 An extension of k-gamma and k-beta functions

Corollary 4.2.37. The following outcome is correct:

M(Bkyu(Pl, P):u— r) =By (P +7r, P+ r)l"k,o(r). (4.2.46)

Proof. By setting u; = u> = 1, we obtain our desired result. O

Theorem 4.2.38. The given integral representations for the extended k-gamma ma-
trix function defined in 4.2.1 hold true:

7 (sing)P1—1 —(sin®)% — uk(cos0)*
"‘1 “2(1_)) Pr—1 kuluz k d@
(cosO) 2 k(sm@cos@)
! —v% — k(14 )%
L (P ———E d
(P1) = (1+v)P1+I kﬂﬂ»”z( k(v(l-i—U))k v

u1u2 —U
P = /(v P "( TR

o)
(v—1)2k>
)

(t—d)P —(t —d)*F —uk @t — )%
"‘”2P =(d - /—E dt
(Py=ld=0 e e
P (pyy = 2 Pa+ph! —+ DX —uta =D
: i (= pPET TR k(2= D)
uluz(P)__Zf (t)Pl Ex —1?k — (t— Z)Zk dt
(=P T k(= ) ’
(4.2.47)
where k > 0, R(u) >0, P1, P, € C"™*" such that R(u1) > 0, R(uy) > 0.
Proof. On substituting 1 = tanf, t = {35, t = 345, v = 1= Z, v = 142“’, and v =1,
respectively, in the integral form of the extended k-gamma funct10n (4.2.3), we obtain
our desired results. O

Corollary 4.2.39. The following outcome is correct:

3 (sing)Pr—1 (szn9)2k — uk(cos9)2k
T (P = f —— - Eiu do
0

(cos@) P21 k(sm@cos@)k

F“l(P):—/O4U L g, (T
kout L AP R T o)k

I —v2 — k@ — 1)
ui — -
e (P = /() (v— 1)+ Ek»”'( k(v(v — 1))k )d

d

<

(4.2.48)

¢ (t—dyP—1 1 —d)2 — uk( 2%
( ) kul( (t—d) -0 dr

uq — (] _ > 7
Fk,u(Pl) = (d C)‘/d (f — C)P1+I E k((f —C)(t _d))k
L+ nh-! (‘(r+1)2k uk (@t — 1)*
k,uy

—_— dt
_1 (t — 1)P1+I

FZ,IM(Pl) =-2 k((l2 _ 1))k
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¢ (bt —12 — ik — )%
[ (P — E dt.
k,u( l) Z/(; (l _ Z)P1+l kouy < k(t(t - Z))k )
Proof. By setting u» = 1, we obtain our desired result. =
Corollary 4.2.40. The following outcome is correct:
T .9P|—I _L'sz k 92k
Fk,M(P1)=/2 (sinf) E (sind) (cosH) do
0 (COS@)PZ_I k(SlileCOSe)k
N —v% —uk (1 +v)?
Tku(Py) = — E ¢
k,u( 1) \/;l (1—|—U)P1+[ k< k(U(1+U))k ) 0
. —v* — k- DH
Lo — E d 4.2.49
k.u (P1) /0 (v — )P+ k( k(v(v—l))k ) vl :
)PI*I ([ _ )2k C)Zk
Fr (PO — (d E dt
k, u(P1) = ( C)/ (t — C)P1+I k k((t — C)(t - d))k
P+l =+ D* —uk @ — D*
Tpu(P)=—2 E a
k,u(P1) (=P k( k((t2 - 1))k
L e Ut b
Lo (P) = — E dt.
ku(P1) Z/ (t — )P+l "( k(r(r = 2)k >

Proof. By setting u; = uy = 1, we obtain our desired result.

4.3 Conclusion

In this chapter, we have presented novel extensions of the k-gamma and k-beta ma-
trix functions by using the 2-parameter k-Mittag-Leffler function as the kernel in the
integral formulas of the k-gamma and k-beta matrix functions. Then, we looked at
some of the basic characteristics of these extensions and their special cases.
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5.1 Introduction and preliminaries

Special functions are used in the application of mathematics to physical and engineer-
ing problems [6—11]. In recent years, many authors considered several extensions of
the well-known special functions.

In [3], Mubeen defind the confluent k-hypergeometric function (C.H.F.®) for
k > 0 as follows:

o]

1F1kl(er, ) (e2, k) wl = Bl(cr, k); (ea, k) wl =)

j=0

(cD)jk w/
(c)jk Jj!'

(5.1.1)

where, min{Re (c1), Re (c3)} > 0.

In the sequence, in 2016, Mubeen et al. [2] extended the k-gamma and k-beta
functions by using a confluent k-hypergeometric function as a kernel and defined as
follows:

1w 00 1 ko ckp—k
IV / - lFl,k[(cl,k); (c2.k); —— — ]dz, (5.1.2)
’ 0 k k
where k£ > 0, f(er) > 0, ¢ >0, R(c1) > 0, NR(c2) > 0 and | F1 x(z) is defined in
(5.1.1) and

. 1! ) —ct
%(q,cz) , :—/ 7l =-nT Y F k); (c2, k); —— |dt,
ke (ene) =+ A (A =DF 1 Fig| (e1, b (2, 6) kt(1—1)

(5.1.3)

where k > 0, min {91 (e1), N (e2)} > 0, ¢ > 0, N(c1) > 0, N(cz) > 0 and | Fy (2) is
defined in (5.1.1).
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Similarly, for k > 0, G.H.F.% is defined as [3]:

o0

. . J
P80, ), (81, K): (g2, ks w] = 3 B0k 11
s &)jx J!

, (5.1.4)
where, Re(go) > 0, min{Re (g1), Re(g2)} > 0, and |w| < % and (go);j is the
P.5.®,

Letk>0,x,yeC,cp,c1,c2,c3,c4 €C ,andm,n € N.

The Appell k-functions are defined by [5]

oo
(cOm+nk(€Dmk(€2)nk x™ y"
Fiil(co, ), (e1,8), (e2, k); (3, ks x, y] = Y 0ok CLm R 220
M0 (C3)m+n,k m: n.
(5.1.5)

F> l(co, k), (c1, k), (c2,k); (c3,k), (ca, k); x, ¥]

00
_ Z (€O m+n,k(€Dm k(€2)n k ﬂﬂ
(€3)m k(Ca)n.k m! n!’

(5.1.6)

m,n=0

1 1
where ¢3,¢4 #0,—1, -2, ... and |x| < ¢, |y| < 7.

5.2 Main results

In this section, we introduce the extensions of the k-hypergeometric function and the
Appell k-hypergeometric functions F ; and F» .

Definition 5.2.1. The extended k-hypergeometric function is defined as follows:

FE g1, 0. (q2.5): (g3, k) w]

(c1,¢2)

_ i (@ k(@2)ni Bro (@2 —rk+nk,q3 —q2+rk) w" 521
5 @ Bi(q2 —rk,q3 — g2 + rk) n!’ -

where k > 0, r € N, RN(g3) > NR(g2) > r, R(c1) > 0, R(c2) > 0, and for all |w| < %
and %,((‘jé’m (., .) is the extended k-beta function defind in (5.1.1).
Definition 5.2.2. The extended Appell k-hypergeometric function F1 j is defined as

follows:
o
FE2 11,0, (02,0, (03,05 (g2, i, y] = Y ks
n,u=0 nTu,
B (g — rk + nk +uk, g4 — g1 +rk) xn y
Bi(q1 —rk,qa —q1 +1k) n!u!’

(5.2.2)
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where k > 0, r € N, R(gq) > RN(q1) > r, R(g3) > 0, R(cy) > 0, NR(c2) > 0, and for

all |x| < % ly| < % and SB,(CCL’CZ)(ql,qg) is the extended k-beta function defined in

(5.1.1).

Definition 5.2.3. The extended Appell k-hypergeometric function F> j is defined as
follows:

Fy P (g1.0). (q2.K5). (g3.6): (qa. k). (g5. K): x, y]

_ i @V n+u,k(G2)n.k(q3)u .k
(g2 =7k k(g3 —1k)u ik

n,u=0
%,((f(l:’CZ)(qz —rk+nk,q4 — qo +rk) %,(:IC’CZ)(% —rk+uk, g5 — q3 +rk) x" y4
Bi(q2 —rk,qa — q2 +rk) Bi(gs —rk,q5 — q3 +rk) n!u!’
(5.2.3)

where k > 0, r € N, N(qa) > R(q2) > 1, N(gs) > R(g3) > r, RN(c1) >0, RN(c2) >0,
and for all |x| + |y| < % and %,(:"C’Cz)(., .) is the extended k-beta function in (5.1.1).

Theorem 5.2.4. The following integral representations are valid:

1
kBi(g2 —1k,q3 — q2 +rk)

FE (g1, k). (2. 0): (g3. k) w] =
/l tqzzrk_l(l _ t)q37t5{2+rk_l
0

lFl,k[(cl, 0): (2. k): WC_I)

k

i|2Fl,k[(‘]l, k), (q2,k); (g2 — rk, k); wtldt
(5.24)

1
FiU2 1.6, (2. 5). (g3.6): (qa. k); x, y] =

 kBi(q1 — k. qs — q1 + k)
/l t,“;rk_l(l _ t)q4_lil+rk_l
0

K
1F1,k[(61,k); (c2, k); 7}

kt(l1 —1)
F1xl(q1,k), (2, k), (g3, k); (q1 — rk, k); xt, yt]dt (5.2.5)
EyC (1K), (q2. k). (g3.K): (g4, k). (g5.K): x. ¥]
1

~ k2Bi(q2 —rk, qs — g2 + k) Bi(q3 — rk, g5 — q3 + rk)

1 rl
q—rk _ q3—rk _ qa—qp+rk _ q5—q3+rk _
//t—k W ta-n"7% 'a-—wF !
0 Jo
k

—C
lFl,k[(clvk)v (szk)’ m]
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Ck
1F1k[(C1 k); (c2,k); m]

FZ,k[(le k)9 (612, k)a (93» k)9 (612 - Vk, k)a (93 - rkv k), X, y]dtdu (526)

where, k > 0, Re(q) > 0, Re(q1) > 0, Re(q2) > 0 and for all |w| < 1, |x| < 1, Iy| <
% and |x| + |y] < % Fik , Fax are the Appell k-functions defined in (5.2.1) and
(5.2.2), respectively.

Proof. To prove (5.2.4), we start from Definition 5.2.1, we have:

FE g k). (q2.k): (g3, k) w]

_ i (q1)n,k(q2)n,k %l(cc,lc’CQ)(qz —rk +nk, q3 —q2+ rk) w_”
: (g2 —rk)nk Bi(q2 —rk,q3 — q2 +rk) n!’

By using the properties of the k-beta function and the definition of the extended k-
beta function (5.1.3), we have:

_ i @k (@2)n i 1
0 (92 - rk)n,k Bk(qz — I’k, q3 — q2 + rk)

l 1 Q- rk+nk 1 3—qtrk 1 Ck u)n
— |t 1—t)y" & " F k k dt .
<k/0 (11— 1 1k|:(Cl ); (2, k)3 (= t)} )n!

By interchanging the order of summation and integration in the above, as convergence
is uniform, we obtain:

1
B kBk(qz —rk,q3 —q2+rk)

1 = ok
/0 1F1k[(61,k) (c2,k); m]

i (GUnk(@2)nk (W
< (g2~ kil

43— ‘12

dt.

After applying (5.1.4) in the above equations and a little simplification, we get

1
_ 1 / taz;rkfl(l _ Z)qquz“kfl
kBi(q2 —rk,q3 — g2 +rk) Jo

k
—C

F ’k; ’k;i

1 1,k[(€1 ); (2 )kt(l—t)

]2F1,k[(611, k), (g2, k); (g2 — rk, k); wt]dt.

This completes the proof of (5.2.4).
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To prove (5.2.5), we start from Definition 5.2.2, we have:

o~ (@D n+uk (@20 (@3)uk
FiCP1@q1 k). (2. 5). (q3.0): (pa. k)i x, y] = Y | i do i do

e (g1 — k) ntu k
%(” 2 (g1 — rk + nk + uk, gs — q1 + k) x" »
Bi(q1 —rk,q4 — g1 +1k) nlul’

Using the properties of the k-beta function and the definition of the extended k-beta
function (5.1.3), we have:

_ i @D n+u,k(@2)n,k(G3)uk 1
(@1 — 7K ntu .k Bi(q1 —rk,q4 — q1 +1k)

n,u=0

1\/‘1tq1—rk-}{—nk+uk_l(1 t)‘]4 q1+ F ( k)( k) Ck d[ x y
k 0 1 1.k (C1, 2, (1—[) I’l' I/t‘

By interchanging the order of summation and integration in the above, as convergence
is uniform, we obtain:

1
"~ kBi(q1 —rk,q4 — q1 + k)

' o=k o (@Dnk (@2 k (g3)uk D" (1)
1Fl,k[<c1,k),<cz,k>, kt(l—t)] > dr.

— (@ = rBntuk nl o u!

q4—q1+rk q1+rk _1

Applying (5.1.5), we have

1
kBk(‘]l —rk,q4 —q1 +r1k)

Ck
1F1k|:(6‘1 k); (c2,k); m]

Fik[(q1,k), (g2, k), (g3,k); (g1 —rk, k); xt, yt]dt.

q4—q1+rk 41+r1~ 1

This completes the proof of (5.2.5).

To prove (5.2.6), we start from the R.H.S. of (5.2.3), using (5.1.3) and by inter-
changing the order of summation and integration (as convergence is uniform), we
have:

1
" k2Bi(q2 — rk, qs — g2 + rk) Bi(q3 — rk, g5 — q3 + rk)

1
qp—rk+nk _ q3—rk+uk _ qa—qp+rk _ q5—q3+rk _
/r [ e e V@ ) by St
0
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1Pk [(01, k); (c2, k); m}
k

—C :| i (QI)n+u,k(q2)n,k(q3)u,k (xt)" (yt)”

—_— dtdu.
ku(l—u) | == (g2 —rk)ilqs — ks nl !

1F1,k|:(61,k); (c2,k);

Applying (5.2.3) and after a little simplification, we have

1
 k2Bi(qa — rk, qs — q2 + k) Bi(qs — rk, g5 — g3 + k)

// -

ok
1Fy k[(Cl k); (c2,k); a t)}

94— qz 45 —6;(3+"k 1

_ck
lFl,k |:(Cl7k)7 (c2,k); m]

P Uq1. 0. (g2.5). (g3.5): (g2 — rk. k). (g3 — rk, k) xt, yrldrdu.
This completes the proof of (5.2.6). O

5.3 Extension of the Caputo k-fractional derivative operator

In recent years, fractional calculus has become an indispensable tool for the analysis
of nonlocal and memory-dependent phenomena. The Caputo fractional derivative is
particularly appealing due to its well-posed initial value formulation. Parallel to this,
the development of k-fractional calculus has led to a unified framework encompass-
ing various fractional operators. The present extension of the Caputo k-fractional
derivative operator introduces a more general and flexible structure that subsumes
several existing operators as particular cases. This extension facilitates deeper ana-
Iytical investigations and provides an effective framework for the formulation and
solution of generalized fractional differential equations arising in applied mathemat-
ics and engineering sciences.
We start from the classical Caputo fractional derivative which is defined by:

D¥g(x) = )/ (x — 1) v~ ]drg(t)dt (5.3.1)

where r — 1 <M(w) <r,neN.
The extended Caputo fractional derivative is defined by:

DYeg) = s / (x — 1)1 (,25*,>) 4 (o, (5.3.2)

where i(c) >0andr — 1 <N(w) <r,neN.
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In the case ¢ = 0, the extended Caputo fractional derivative reduces to the classical
Caputo fractional derivative:

0
Dy g(x) = DV g(x).
The Caputo k-fractional derivative is defined by [1]:

D/’fg(x)— _w)/ (x—1) "k~ g(t)dt (5.3.3)

where r — 1 <M(w) <r,neN.

In the sequel, in 2024, Laxmi et al. [4] introduced an extension of the Caputo
k-fractional derivative by use of the 2-parameter k-Mittag-Leffler function as kernel
which is defined as follows:

Dw,cl,qg(x) / (x — l‘)r___lECl ,C2 —ckx? d’ LI
kex KTy (r — ) (r ) ke \kt(x—1) ) dr”
(5.3.4)

where f(s) >0andr — 1 <N(v) <r,neN.

Here, inspired and motivated by all the above generalizations and extensions
of Caputo fractional operators [12—-15], we introduce an extension of the Caputo
k-fractional derivative by use of the confluent k-hypergeometric function given by
(5.1.1).

Definition 5.3.1. The extended Caputo k-fractional derivative is defined by:

WCILZ _ r———l
D} (x) = —kr(_ﬂ)/u N

_ k2 d’
lFl,k[m,k); (c2.); <%)}Wé’( ),

where k > 0, R(c) > 0, N(c1) >0,N(cp) >0,andr — 1 <NRN(w) <r,neN.

(5.3.5)

Theorem 5.3.2. Let N(c) >0andr — 1 <NRN(w) <r, then

ey _ X0 _Turk—w)len +8) B ™ en —rk+kork— )
Dy Ok T =Tkl —w—+k)  Bilay —rk +k,rk —w)
(5.3.6)

Proof. Applying Definition 5.3.1 to the left-hand side of (5.3.6), we have

Dy (l")_m/ (X—f)r

—ckx? d" «
F k) (e, k) | ——— tFEdt
1 1,k|:(C1 ); (€2, k) (kt(x—t))i|dt’
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—Cc"X

k.2
llcucc;Q(tk)_m/ x—0"" e 1F1k|:(6‘1,k) (c2,k); <m)i|
o] o] o] 9a_,
<7>(7‘1><?‘2) (7”“)” di
w ,C1,C2 _ 1 1) / —u oy —rk
R “’)F( 0 )

—ckx
1F1,k|:(01,k)a (c2,k); (m)}d

Putting ¢ = xu then dt = xdu into the above equation, we have:

w c1,C2 _ 1 F(a / . 1 ap— rk+1< 1
kcx (tk) KTy (r__) F( T (x xu) k (xu)
—Ckl/t2

1F1k [(61,/6); (c2, k); <m)}xdu.

By using the result in the above equation, 'y (x) = kit F(%), we have:

al—rk+k_1
pYcts Cz(t )_ 1 Ci(oy + k)% xw
kcx kTk(r — ) B @tk
k7 Tr(ay rk+k)k ;
—Ckbt2
= 1 —_
/ (1- u) (”) lFl k[(Cl k); (c2, k); (m)]du
Applying the definition of the k-beta function from (5.1.3), we have:
Dt cz(t By =k Cr(rk —w)l oy + k) Crlar —w +k)
Dy T Tk — )Tkl —w +k) Fk(al—rk—f—k)f‘k(rk w)
= B,ﬁfg’cz)(al —rk+k,rk —w),
(5.3.7)
T Tk r k B(CI’CZ)(a —rk+k, rk—w)
pY-cts Cz(tk)_ k(rk —w)Ci(ay +k) k.c 1 ’
Dcx kr Ti(r— P)Th(ar —w+k) Byl —rk+k,rk — w)
It completes the proof of Theorem 5.3.2. O

Theorem 5.3.3. Let R(w) > 0 and suppose that the function g(x) is analytic at the
origin with its Maclaurian expansion given by g(x) =Y >, byx", where |x| < p for
some n € RT, then

oo o
Dy g () = i”f,;“(anx”)=anD/i“,’§,i;” ). (538)
n= n=0
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Proof. Applying Definition 5.3.1 to the left-hand side of (5.3.6), and using the power-
series expansion of g(x), we have

D60 = Fe / (c—ty ¥

) o
1F1k[(01,k) (c2,k); (kz(c xt)>] by Fr”dr

Since the power series converges uniformly and the integral converges absolutely,
then the order of the integration and the summation can be changed, and we have:

D1 (g(x)) = Zb”(m/(" et

—ckx? d" o
1F1,k|:(01,k),(c2,k), (kl( —[))i|dtr dt)

Applying Definition 5.3.1, we have:

DS (g(x) = Zb D (™.
n=0

This proves the above theorem. O

Theorem 5.3.4. Let g(x) be the analytic function on the disk |x| < p and have a

power-series expansion given by g(x) = Z?zio byx", then

ay—w—k
Te(rk —w)le(@r) x 7 ib @k
e — YTl —w) k7 (@1 — W)k
k n=0 " (5.3.9)
B,Eil,’”)(al +nk—w—rk,rk—w)
Bi(oy +nk —w —rk,rk —w) o

DY T () =

k,c,x

where k > 0, R(c) > 0, N(c1) > 0, R(cp) > 0.

Proof. Applying Theorem 5.3.3 and using the power-series expansion of g(x), we
have from the left-hand side of (5.3.8):

pYene 2 w,Cq,C -1
DE R g = S h DL
n=0

________________________
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Applying Theorem 5.3.2, we have:

o0

e w Ty (rk — w)Ti(on +nk —k+k)  x
pwete2 o g1 _ b
et s =3 "Tht — DO Tilar +nk—k—w+k) K

(a)+nk—k—w)
k

n=0
B,Efcl’cz)(al +nk—k—w—rk+k rk—w)
Bi(ay+nk—k—w—rk+k,rk—w)
(a1 +nk—k—w)
Ti(rk —w)Te(ey +nk) x &
Fk(r—%)l"k(aank—w) k"

DT g =Y by

n=0

B,E’CL"’CZ)(al +nk—w—rk,rk —w)
Bi(ay +nk —w —rk,rk — w)

Applying the result of the k-Pochhammer symbol, we have:

aj—w—k 00
. @ _ Cerk —w)l(oy) x— % (@1)nk
DL (x Tl (x)) = D by
fex Fi(r = PTkler —w) k" 27 (@1 — whnk

B,E’CC"CZ)(al +nk—w—rk,;rk—w)
By(oy +nk —w —rk, rk — w)

It completes the proof.

Theorem 5.3.5. Letr — 1 < N(a;1 — w) < NR(ay), then

(Xl*".
Dltztltfxw,c‘l,cz ——1(1 —kx )Tl) Uy(rk — ‘xal j‘ww)rk(al) Xk
© Ci(r — S5)M(w) k7

i (Bnk  (@1)n,k (5.3.10)
n! (a1 = rk)nk
n=0 ’
Blgf'cl,cz)(al —rk+nk, rk — o) + w) n
Bi(ay —rk,rk — a1 +w)

ay—w—k

_ Tk —on +w)li(ay) x
Cp(r — 59 Te(w) K

FE DBy k). (e k): (w, k)sx], (53.11)

where |x| < %

Proof By applying Theorem 5.3.3 and using the power-series expansion of (1 —

kx) k , we have from left-hand side of (5.3.9):

o] —w,cq,c 9 = (ﬂl)nk peI—wie Ay
Dk,lc,x 1 Z(XA (1 —kx) k) Z - kl (x® n ).

n=0
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Applying Theorem 5.3.2, we have:

) (ay +nk—k—w)

_Z(ﬂl)n,k Ci(rk —op +w)lk(ey +nk —k+k)  x 3
n! Tp(r — 259 Tk(e +nk —k — oy + w4 k) k"

n=0
B,ECQ’CZ)(OH +nk—k—rk+k,rk—a; +w)
Bi(ay +nk —k —rk+k,rk —a; +w)

00 (ay +nk—k—w)
:Z Bk Tk (rk —ay +w)Ti (o +nk) x k
" D=Lk w) K

B,Ef;’CZ)(al +nk —rk, rk —a; +w)
Bi(ay +nk —rk,rk —a; +w)

By applying the definition of the k-Pochhammer symbol, we have:

—w—k o

_ Drk—ar+wlie) xF 5 Bk
D — “Erw) K o

n=0
B (ay — rk + nk, rk — n
k.c 1 —rk+nk,rk—oa; +w) x
By(y —rk +nk,rk —a; +w) n!

aj—w—k 5o

_ Dik—ai+w)lile) x © 3 P
Te(r — 2P T(w) K (o1 = bk

n=0
B,Efé’CZ)(O‘l —rk+nk,rk — oy + w) x"
Bi(ay —rk,rk —ai + w) n’

Finally by applying Definition 5.2.1, we have:

ap—w—k

TRk —ay +w)lle) x

T FEP DB K. (e, k) (w, k): x].
kW — =% k

It completes the proof of Theorem 5.3.5. O

Theorem 5.3.6. Letr — 1 < N(a; — w) < R(ay), then

ap—w—k

DI (1 (| ) (1 — k) Fy = KIE T @) x T
© Ci(r — 929)M(w) K

e¢]

Z (,Bl)m,k(yl)n,k(al)m—i-n,k

(g — rk)m+n,k

n=0
B (ay + mk + nk — rk, rk — a1 +w) (ax)” (bx)"

Bi(ay —rk,rk —a; +w) m! n!
(5.3.12)

________________________
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(Xl—
Ir(rk —op +w)g(o) x= &
= "F(r ;l_w)r ’(‘w)‘ R k). (B, (1. 0): (. ): ax, bx.
kW — =% k

(5.3.13)

Proof. Applying Theorem 5.3.3 and using the power-series expansion of (1 —

—P
kx) %, we have:

k,c,x

pai—wene (fr‘—‘(l — kax) £ (1 —kbx)%)

kcx

_ Z (ﬂl)mk(yl)nk " DY Wens cz(qul+m+n—l)'

m,n=0

Using Theorem 5.3.2 and after a little simplification, we get:

_ i Bmk POnk gy Trlrk =1+ w)Ti(n +mk +nk —k+ k)
m! n! Ci(r — 29T (ay + mk +nk —k —ay + w + k)

m,n=0

(o) +mk+nk—k—w)
X k

kV
B,ETVCI’CZ)(al +mk4+nk—k—rk+k,rk—o;+w)
Bi(ay +mk+nk —k —rk+k,rk — o) + w)

() +mk+nk—k—w)

i BOmk YDk iy o Tk — oy + )T (e + mk +nk) x ;
m! n! Ci(r — 29D (mk + nk 4 w) k"

m,n=0
B[E?é,cz)(al + mk +nk — Vk, rk — o]+ U))
By (ay +mk +nk —rk,rk —aj +w)

(o) +mk+nk—k—w)

Z (,Bl)mk (Vl)nk 4 Cr(rk — ay +w)Tg(oy +mk + nk) x 3

Te(r — 472) k"

m,n=0
B,E?C"CZ)(al +mk+nk —rk,rk — oy +w)
Ti(o; +mk +nk —rk)Tr(rk — o +w)

Applying the definition of the k-Pochhammer symbol, we have:

ap—w—k
_ Tk —ai+w)li(@) x 7+ i Bk V)n @Dk
T (r — ST (w) k" (@1 = rk)man k

m,n=0

B (o + mk + nk — rk, rk — a1 +w) (ax)" (bx)"

Bi(oy —rk, rk — a1 + w) m! n!
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In last by applying Definition 5.2.2, we have:

aj—w—k
Fy(rk — oy +w)le(oy) x= F
- kr(r Jl-w)r 'Ew)l - FLUP (@, k). (Br. k), (11, k); (w, k); ax, bx].
k' — —F k

Hence, the proof is complete. O

Theorem 5.3.7. Letr — 1 < R(a; — w) < R(ay), then

t

ay—w—k
Tp(rk — oy + w)Tar) xF— i @Dk B n+uk (VD
Cp(r — ) Te(w) K =0 @1 = 1K) k(1 = k) k

(Cl CZ)(al —rk+uk,rk — o +w) B(Cl 62)()/1 —rk+nk, 81 —y1 +rk) i x

Bi(ay —rk,rk —a; + w) Bir(y1 —rk, 61 — y1 +rk) n! u!
(5.3.14)

TRk —ar +w)Tk@) x F
STk = SO N(w) K

Fz(‘,i DUB1LK). (1.5, (@1, k) (1. k), (w. k): x, y]. (5.3.15)

Proof. Applying Definition 5.2.1, we have from left-hand side from (5.3.13):
e t
Dk““( T k) FES ”)[(ﬁl,/o (1. K): (1K) 7= D =
< X

DI wcne2 (xaTl_l(l . kx)%m Z BnxkYDnk
n=

fex = rkna

BED (yy — rk 4 nk, 81 — 71 +rk)< ‘ ) I )

Bi(y1 —rk, 81 —y1 +rk) 1—kx) n!

o
— pUI—W.C1e (le 1(1 _ kx)_Tﬁl_" Z Bk (YDnk
n=

kic.x < =Rk

BIE,CC"Q)(M —rk+nk,8; —y1 +rk) t")
Bi(y1 —rk, 81 —y1 +rk) n!

_ i Bk nk BEE™ 1 = rk 40k, 81 = y1 4 1K) 17
S 1= rknk Bir(y1 —rk, 81 —y1 +rk) n!

_ (ﬁ1+nk)
D,‘j"lc’xw’cl’”( 1A —kx)y—F )
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Applying Theorem 5.3.5, we have:

aj—w—k o0

_ Ce(rk —ar +w)li(ay) x ™ % Z @D uk (BDnk (Bt + 1K)k (Y1)n i
Te(r — 9 e(w) K (a1 = rk)u k(Y1 = rkn k

n,u=0
B,g’CCI’CZ)(al —rk +uk, rk — oy +w)

Bi(a; —rk,rk — a1 +w)
BT =k nk, 81 — 1 +7k) g7y
By(y1 —rk, 81 — y1 +rk) nlu!’

Applying the property of the k-Pochhammer symbol, we have:

o —w—

w—k
_ Dkk—en +w)le(a) x © i @Dk (BOn ek (V1) k
Tp(r — 92 Me(w) & (a1 = rk)u k(Y1 = rk)n i

n,u=0
BV (@) — rk + uk, rk — oy +w)

By (ay —rk,rk — oy + w)
Bl (1 = rk +nk. 81—y +rk) o
Bi(y1 —rk, 81 — y1 +rk) nlul’

Applying Definition 5.2.3, we have:

oy —w—k

 Tp(rk—ap +w)le@) x 7

Ci(r — S9)M(w) &

Fy 2B K. (0. k), (a1, k): (81, k), (w, k) x, y].

Therefore, the desired result follows, and the proof is complete. O

5.4 Conclusion

We finish our analysis by noting that the conclusions provided in this work may
be easily obtained by extending the classical Caputo k-fractional derivative operator
and a few more special functions. Such findings are novel and extremely valuable
for the expansion of other special functions in the field of fractional calculus. We are
currently looking for possible applications of these findings in other fields of research.
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6.1 Introduction and preliminaries

In the field of mathematics, special functions play a significant role. Although it is
a vast discipline our focus is mainly on the generalizations of the special functions.
In 2007, Diaz and Pariguan established a new concept of the k-gamma and k-beta
functions, and the Pochhammer k-symbol [5]. This concept is well known in the
literature as generalizations of special functions [1-4,6-9,14-23].

The k-gamma function is given in the following manner:

© -1 - kkfl
Fk(vo)z/ wO eV dw 6.1.1)
0

and
[ (vo + k) = vol'k (vo), (6.1.2)

where k£ > 0 and 9 (vg) > 0.
The Pochhammer k-symbol is defined in the following way:

(W) _ Trwo+nk) |1 n=0;vyeC\ {0},
Onk = T |woo+k) - (wo+ (n— k) neN:iveC.
(6.1.3)
The k-beta function is given in the following manner:
1 ! Yo _q L
Bk(vo,vl):; wk  (1—w)* dw, 6.1.4)
0

where t(vg) and N(vy) > 0.
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The relationship between the k-gamma function and the k-beta function is:

g (vo) g (v1)

, 6.1.5
Tk (vo +v1) ¢ )

By (vo, v1) =
where t(vg) and N(vy) > 0.
For k > 0, the generalized k-hypergeometric function is defined as follows [12]:

> H"D:1(ui)n,k w'
qu,k[(uls k)7 (MQ, k)(”pv k)v (vl, k)v (U27 k)"'(qu k)v w] = 224_'7
n=0 izl(vi)n,k n:
(6.1.6)
where |w| < % N(u;) >0, R(v;) > 0 and (vo)x « is the k-Pochhammer symbol.
For k > 0, the k-Gauss hypergeometric function is defined as [11]:

o0

2FLil(vo, k), (1, K); (v, k) wl =)

n=0

(W0)n k (VDnk W"

(Vi  n!’ (6.1.7)

where N(vg) > 0, N(vy) > 0, R(v2) > 0, and |w| < % and (vo)n r is the k-
Pochhammer symbol.
For k > 0, the k-confluent hypergeometric function is defined as [11]:

o]

1 FLL(1,K); (2, 6); wl = pL(vr, k); (v2, k) wl =Y

n=0

WDk w"
(V)nk 0!’

(6.1.8)

where N (v1) > 0, R(v2) > 0 and (vo)n  is the k-Pochhammer symbol.
Series representations of the k-Gauss hypergeometric and k-confluent hypergeo-
metric functions are given as follows:

o
By (v +nk, vy — v) w"
2 Fukl (w0, K), (01,005 (12, K); w] = 3 (0l o] e (6.19)
~ Bi(vi,v2 —v1)  n!
and
o
Bi (v +nk, v —vp) w"
P01, K (v, K): ] = v 6.1.10
1F1Lk[(1, k)5 (v2, k)5 w] nZ:(:) Bevi.vs—vp)  nl ( )

where N(vg) > 0, RN(vy) > 0, R(vp) > 0, and |w| < % and By (vy, vp) is the k-beta
function.

Mubeen and Habibullah [13] introduced integral forms of the k-hypergeometric
and k-confluent hypergeometric functions as follows:

2F1 k[ (vo, k), (v1,k); (v2, k); w]

1 1 vy —v vy
= —/ (T =T = kwe) R odr (6.1.11)
kB (vi,v2 —v1) Jo
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and

1 v Uy —v
;/ (71— e,
kB (vy,v2 —v1) Jo
(6.1.12)

where N (vg) > 0, N(vy) > 0, RN(vp) > 0, and |w| < % and By (vi, vp) is the k-beta
function.

Very recently Laxmi et al. extended the k-gamma and k-beta functions by using
the 2-parameter k-Mittag-Leffler function as kernel and defined as follows (see, [24]):

( y 00 l‘k sktfk
. 0 ko k

1P [, k) (v, k) wl =

where k > 0, %(vp) > 0, s >0, N(sy) > 0, R(s2) > 0 and Ey g, 5, (z) is defined in
(6.1.16) and

v

1 (! w il —sk
(51,52) 0 L R
kaxl 2 (v, v1) = %/(; te (1 =% Ek"”"”<—kt(l _t)>dt, (6.1.14)
where k > 0, min {R (vp) , R (v1)} > 0,5 >0, N(s1) > 0, R(s2) > 0and Ey g, 5,(2) is
defined in (6.1.16).

To obtain our main result we need to define the k-Mittag-Leffler functions [10] as

follows:
o n
b4
E = e —— k>0N >0,zeC, 6.1.15
ks (2) Xz(j) T >0, %R(s1) >0,z (6.1.15)
o0 n
Eps.5,2) = Z _* k>0,9N0s1)>0,NN(s0) >0,z C. (6.1.16)

Ti(nsy +s2)
n=0

Note. If we consider variable s; = s> = 1 in Eq. (6.1.16), then we obtain the k-
exponential function Ex(z).

6.2 Main results

Here, inspired and motivated by all the above generalizations and extensions we
introduce an extension of k-hypergeometric functions by use of the 2-parameter k-
Mittag-Leffler function.

Definition 6.2.1. A new extended k-hypergeometric function is defined as follows:

00 B(SI’SZ)(U +nk, v —vp) n
(51,52) ks 1 > V2 1 w
F, [(vo, k), (v1,k); (v2,k); w] = o)nk—»
ks ,12:(:) By (v1, v2 — v1) " nl

(6.2.1)
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where k > 0, N(vg) > 0, R(vy) > 0, R(v2) > 0, R(s1) > 0, R(s2) >0, and |w| < %
and B,E‘f;’m (vo, v1) is the extended k-beta function.

Definition 6.2.2. A new extended k-confluent hypergeometric function is defined as
follows:

‘ 00 B(smz)(vl +nk,va — v1) W'
¢;§§’S2)[(v1,k);(vz,k);w]=2 by =, (6.22)

By (vi, v2 — 1) n!
n=0

where k > 0, 9%t(v1) > 0, %R (v2) > 0, R(s1) > 0, R(s2) > 0 and B (v, vy) is the
extended k-beta function.

Note. If we consider variable s = 1 in Definitions 6.2.1 and 6.2.2, then we obtain
other extensions of the k-hypergeometric and k-confluent hypergeometric functions
as follows.

Definition 6.2.3. An extension of the k-hypergeometric function is defined as fol-
lows:

° B(S])(v1+nk v — V1) n

g k, 5 w

FEP 10, 6), (01,43 (v, ks wl =) —= Wk —r> (6.2.3)
=0 n:

B (vi, v2 —vy1)

where k > 0, R(vg) > 0, RN(vy) > 0, R(vy) > 0, RN(sy) > 0, and |w| < % and
BIES;)(U(), v1) is the extended k-beta function.

Definition 6.2.4. An extension of the k-confluent hypergeometric function is defined
as follows:

00 B(Sl)(vl +nk, vy —v1) W
¢’1§§)[(U1, k); (v2, k); w] = Z ke w

n=0

, 6.2.4
Bi(vi,v2 —vy) n! ¢ )

where k > 0, %i(v) > 0, R(vz) > 0, R(s) > 0 and B’ (vg, v1) is the extended k-
beta function.

Remark. (i) If we put s1 =sp =1 and s =0 in Egs. (6.2.1) and (6.2.2), then we
obtain k-Gauss hypergeometric and k-confluent hypergeometric functions (6.1.9) and
(6.1.10), respectively:

Fls Lo, k), (01, ) (2, k): w] = Fil (o, k), (v1.K); (v, k);w] — (6.2.5)

and

B Lwi. k) (v2, )1 wl = Bl (1. k): (v2. K); w]. (6.2.6)
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(1) If we put s =sp =1, k=1, and s = 0 in Eqgs. (6.2.1) and (6.2.2), then we
obtain the classical Gauss hypergeometric and confluent hypergeometric functions,
respectively:

FiigV 1o, ), (1, k); (v2, k); w] = Flvo, i v w] 6.2.7)
and

o1V (01 0 (2, B): w] = plvrs vs wl. (6.2.8)

Theorem 6.2.5. The extended k-hypergeometric function has the following integral

representations:

(sl 52)[(1)0, k), (v1,k); (v2,k); w]

(1 — kwt)~ %

_,1 v
- (1—1)"%
kBk(vl, vy — V1) /

Etss, (—s kt(1 — 1))~ )dt (6.2.9)

F 2[00, k), (v1,k): (v2, k)1 w]

2 % ﬂ_] . 2vp
= —/ (cos@)® ~(sinf)
kB (vi,v2 —v1) Jo

—2v Uy
T - kwcoszé?)_T0

_ ok
Eiss; (TS sec? 6 csc? 6>d9 (6.2.10)

Fk(,s‘l’sz)[(vo’ k) (vl, k); (v2, k); w]

;”1_ _Y
(7 — kwu) "%

u k
kBk(Ul, vy — V1) ./

Ek S1, Yz( k M(Z—M))du (6211)

FE (g, k), (01, K); (v, k); w]

/ [(mhe)—‘(coshe)1+ }
kBk(vl’ v2 = V1) cosh29 —kw sinh29)TO

_ ok
Eks1.0 (T cosh* @ csch? 9>d0, (6.2.12)

where k > 0, f(vg) > 0, RN(vy) > 0, R(vy) >0, R(sp) >0, R(sp) >0, and |w| < %
and B,S;‘”)(vo, v1) is the extended k-beta function.
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Proof. To prove (6.2.9), consider the definition of the extended k-hypergeometric
function (6.2.1), we have:

© BYSD (41 4 nk, vy — v1) n
FE2 (v, 0, (v, 0); (2, k) w] = 3 =& (v0)ni=

By (vi, v2 — 1)
n=0

(6.2.13)
Then, using the definition of the extended k-beta function (6.1.14), we have:

FE2 (o, k). (01, k): (v, k) w]

1 i 1 1 vy +nk
) LY
Bi(vi,v2 —v1) “= 1k Jo

n

—gk w
Ek,sl,sz<m)dt:| (UO)n,kﬁ- (6214)

On interchanging summation and integration with some re-arrangement of terms, we
have:

_”l _1

(Y] 92)[(1)0’]{) (v1,k); (v2,k); w]

~1p < . (wt)")
kBk(Ul UZ_UI)/ ( = (O)n.i

_sk
Ek751a32<m)dt‘ (6215)

Now, using the power-series result in the above equation we obtain our desired result:

o
" 7U
Do = (1 =k F (6.2.16)

n=0

Fk(:v;,&)[(vo’ k), (v1,k); (v2, k); w]

(1 — kwt) T

vl
= - t &
kB (v, v2 — vy) /(;

—gk
Ep 5.5 <m)dl (6.2.17)

In order to prove (6.2.10), (6.2.11), and (6.2.12), we substitute t = cos20, = %, and

t = tanh? 6 into Eq. (6.2.9), respectively, and follow a similar process as above and
we obtain all our desired results. O

Corollary 6.2.6. The following results hold true:

FV (0. k), (v1,k): (v2. k)5 w]
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kwe)”

- kB (v, v2 —v1) /o .
Eis, (—sk(kt(l - t))_1>dt

% 2v 2vy —2v v
(cos0) F ~(sinf) —F 1 (1 — kwcos2 )~ F

~ kBr(vi,v2 — 1) [)
_sk
Ep s, (T sec? 6 csc? 9>d0

Zl+

—1 —1
S uk (z—u) (z—kwu)
kB (v, v2 —v1)

k 2
—s z
E — d
k,S|< k u(z_u)) u
/ |:(s1nh6)__l(cosh9)l+ }
kBk(vl v2 — 1) cosh29 — kw sinh? 9)7

I ;
Eis, (T cosh* 6 csch? 9>d0, (6.2.18)

where k > 0, R(vg) > 0, R(vy) > 0, R(v2) > 0, R(sy) > 0, and |w| < ¢ L ond
B,E:‘,)(vo, v1) is the extended k-beta function.

Proof. Considering s, = 1 in Theorem 6.2.5, we obtain our results. O

Theorem 6.2.7. The extended k-hypergeometric function has the following integral
representations:

Fk(fsl'm[(vo,k) (v1,k); (v2, k); w]

B 1+v0
_L/ (—d)T~
kBy(v1,v2 —v1)

—sk (c— d)2
Ek,sl,sz<7 m)du (6.2.19)

FE 2 [0, k), (v1,5): (v2, k) w]

d—kwu — d))_f

21+ vl

. ——— AN
kB (v1, v2 —v1) /_1
4

gk
Ek,sl,sz (T (1 — M2)>du (6220)

(sl 52)[(1)0,]() (v, k); (v2, k); w]

+u)

o

21-% T EIEEY kw 5\
= e (cosh@) coshf — —
kBi(vy,v2 —vy) J_ 2



86

CHAPTER 6 An extension of k-hypergeometric functions

—45k 2
Ek 51,5 k cosh” 6 |do, (6.2.21)

where k > 0, N(vg) > 0, R(vy) > 0, R(v2) > 0, R(s1) > 0, N(s2) >0, and |w| < %
and B,ES;’SZ)(UO, v1) is the extended k-beta function.

Proof. To prove Egs. (6.2.19) and (6.2.20), we substitute 7 = =5 4 andt = T in the
integral form of the k-extended hypergeometric function (6 2. 9) then we obtain our
results. In order to prove (6.2.21), substitute # = tanh 6 in Eq. (6.2.20), and we obtain
our desired result. O

Corollary 6.2.8. The following results hold true:
FV (0. k). (v1.,k): (v, K); w]

_ emapti e
kB (v1, Uz—vl)/(u d)]‘ §G ”) (c—d—kw(u d))

—s* (c—d)?
oo (e )

vo—v2
21+T 1

vy
=—— | a+w*
kBi(vi,v2 —v1) J

ZI_T? 00 20—y kw V)
2 T [T () (coshe) T (cosh — ety
kBi(vi,v2 —v1) J— 2
—4sk 2
Ey s, = cosh” 6 |do. (6.2.22)
Proof. Considering s, = 1 in Theorem 6.2.7, we obtain our results. O

Theorem 6.2.9. The extended k-hypergeometric function has the following integral
representations:

Flff;’SZ)[(UO’ k), (v1,k); (v2, k); w]

I » )
_kBk(v],vz—vl)/O Wt N1+ T (L u(l — kw)

—sk 1
Ek,xl,sz T 24+u+ ; du (6.2.23)

1

(s1,52)
F Jk Jk Jk T
ks Lo, k), (vi,k); (v2, k) w] = kBk(vl,vz—vl)

/‘ [thl_l(1+t(1—kw))_T 1o kw))—”r‘)}
0




6.2 Main results 87

—sk 1
Ek,sl,sz (T <2+l + ?>)dl, (6224)

where k > 0, R(vg) > 0, RN(vy) > 0, R(vp) > 0, R(sp) > 0, R(sp) >0, and |w| < %
and B,S;’Sz)(vo, v1) is the extended k-beta function.

Proof. To prove Eq. (6.2.23), substituting t = ﬁ in (6.2.9) with some re-arrangement,

we obtain our desired result. Then, in order to prove Eq. (6.2.24), consider (6.2.23),
and we have:

FE2 (w0, k). (1, k): (v, k) w]

)

S /OOMUTI_I(1+M) (14 u(l —kw) " *
kB (vi,v2 —v1) Jo

_ ok 1
Ef.s1.5 (Ts (2 +u+ ;))du. (6.2.25)

After using the properties of the integral we have:

ES (v, k). (01, K): (v, k) w]

vg—vp

WA+ T A a1 — kw) T

1 1
kB (v1,v2 —v1) /0

—sk 1
Ek,s],sz T 24u+ ; du
UO*UZ

1 /OO L -1 _%
b Wm0+ T A a1 — kw))
kBi(v1,v2 —v1) Jy

k
— 1
Ets5, (—S (2 fu+ —))du. (6.2.26)
k u
Then, substituting # = ¢ in the first part of the integral and u = % in the second part
of the integral and simplifying, we obtain our desired result. O

Corollary 6.2.10. The following results hold true:
FV (o, k), (v1, k); (v2, k); w]

R foou?—’—l(uu)—”“lvz(uu(l —kw))~
kB (vi,v2 —v1) Jo

—sk 1
Ek’sl T 2 +u+ ; du
vp—vp

B 1 /1 P At —kw) F 1 T (At — k) F
~ kBr(vi,va —v1) Jo 2l

(14+1)77

—sk 1
Ek’sl T 2 + t + ; dl. (6227)
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Proof. Considering s» = 1 in Theorem 6.2.9, we obtain our results. O

Theorem 6.2.11. The extended k-confluent hypergeometric function has the follow-
ing integral representations:

(s1,52)
B0, R0 o, 0 0] = vz—m/

Ef.s1.5 (—s (kr(1—1))" )dt (6.2.28)
(Sl $2) . . e a1 wt
B w1, K); (02, k3wl = kBk(v]’vz_vl)/ N
Ek,S1,s2(—s (kt(1—1)" )dt (6.2.29)

2

(Sl 52)
b [, k); (v2, k) wl = k—Bk(vl,vz—vl)

2 —1 (e)w sin29

. v 2
(sm 0)F " (cosO)” &
0

k

Ek 1.5 (% sec? 6 csc? 0>d9 (6.2.30)

2

(51,52)
) (v k) w] = ————
G w1, k); (v2, k)3 w] kBk(v1 D)

/ (cos®) - (s1n9) _l(e)wc"*ze
—gk
Eks1.5, <T sec? 0 csc? e)de (6.2.31)
1-2 z
(51.52) z K Loy,
7k 5 7k ) TN -
G [, k); (v2, k) w] KBe(wr.va—vn) Jo e —w) T (o)
sk 2
Ek 51,5 Tm du (6.2.32)
2

(s1.52)
LK) (v, k) w]l= —————
by v, ks (v2, k) wl KB (o1, 02 —01)

© 2v 2
/ (Sinh@)Tl_l(coshg)l—Tz(e)wtanhze
0
k

Etsisn (% cosh? § csch? e)de, (6.2.33)

where k > 0, R(vy) > 0, Rt (v2) > 0, R(s1) > 0, R(s2) > 0 and B (vo, vy) is the
extended k-beta function.
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Proof. To prove (6.2.28), consider the definition of the extended k-confluent hyper-
geometric function (6.2.2), and we have:

© B (y 4 nk, va — v1)
e L1 K); (v, ks w] = == T 6234

By (v, v2 — 1) n!
n=0

Then, using the definition of the extended k-beta function (6.1.14), we have:

o (w1, k); (v2, k) w]

o]

. 1 2[1/1 11+nk
_Bk(vl,vz—vl)n k Jo

=0

(6.2.35)

On interchanging summation and integration with some re-arrangement of terms, we
have:

oL S’”[(v],k)- (v2, k); w]

v -]
Tl 1R

o n k
t J—
=\ "nl kt(1—1)

(6.2.36)

kBk(vl, vy — V1) /

Now, using the power-series result in the above equation we obtain our desired result:

"
n!

=(e)' (6.2.37)

_sk

(6.2.38)

ST P [(1, k) (v2. k) w)

1 ! v
= | =
kB (vy,v2 —v1) Jo

In order to prove (6.2.29), (6.2.30) (6.2.31), (6.2.32), and (6.2.33) we substitute,
t=1—1t,t=sin*6,t =cos?, =%, and t = tanh? 6 into Eq. (6.2.28), respectively,
and following a similar process as above we obtain all our desired results. O

Corollary 6.2.12. The following results hold true:

¢V L, 6): (02, k) w]

= Sl ko
_kBk(vl,vz—vl)/ . () Ekm( s*(kt (1 —1)) )dt

- -1 wt k -l
kBk(Ul Uz—vl)/ t)k (e)” EkM( s (kt(1 —1)) )dt

________________________
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(s ]
| ———— )dt |[—.
I\ kt(1 —1) n!
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2 % 2v 20y —2v .
= —/ (sin0) T~ (cos§) T I (e)ywsin’?
kBy(vi,v2 —v1) Jo

k
Ero [ 2 sec?0csc?6 )do
kisy | see”fesc

2

-1 L_q wcos? 0
—kBk(vl,vz — vl)/ (cos ) k (s1n9) (e)

ok
Eps, (Ts sec? 6 csc? 9)d9
1-

2 ok 2
< Tl —w) T (e Eis, (—S Zi)du

kBk(v1 vy — V1) k u(z—u)

2 2v 2v;
S / (sinh0) T~ (cosh @)1~ T () anh* 0
kB (vi, v2 —v1) Jo
_gk
Eis (T cosh* 6 csch? 9)d0. (6.2.39)
Proof. Considering s, = 1 in Theorem 6.2.11, we obtain our results. O

Theorem 6.2.13. The extended k-confluent hypergeometric function has the follow-
ing integral representations:

¢ (w1, k); (02, k) wl

1 /OO Tl 4 u) F (o) E —s P tut 1 J
= TR (e o u u e u u - u
kB (vi,v2 —v1) Jo kst | -

(6.2.40)
-1 1+x 4+t ; l(e) l+r
(51,82) , k , k / I:t k (@) i|
G w1, k); (v2, k) wl = kBk(vl, — Y
_ ok
Ek,sl,sz(Ts(z-i-t-i- ;))m, (6.2.41)

where k > 0, R(vy) > 0, R(v2) > 0, R(sy) > 0, R(sp) > 0 and B(S1 m(vo, v1) is the
extended k-beta function.

Proof. To prove Eq. (6.2.40), we substitute ¢t = luﬂ in (6.2.28) with some re-

arrangement, and we obtain our desired result. Then, in order to prove Eq. (6.2.41),
consider (6.2.40), we have:

S L1, k): (v, k) w]

1 /°° T @ E = asur )
TR (1 o u u e u u - "
kB (vi,v2 —v1) Jo k,s1,52 X »
(6.2.42)
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After using the properties of the integral we have:
e D1, K); (v2, 405 w]

! ! U 1 /) uw —s
T TR o — ) T t (e)THi E ) J
kB (vi,v2 — v1) / “ (I+u)® (e) k,susz( X ( +u+ )) u

- __1 +u — l
kBk(Ul,U2—U1)/ (4w - (e)l Bl Yz( <2+u+u>>du.
(6.2.43)

Then, substituting # = ¢ in the first part of the integral and u = % in the second part
of the integral and simplifying, we obtain our desired result. O

Corollary 6.2.14. The following results hold true:

SV (1, K): (v2. K); w]
1 vy v aw —sk 1
= k 1 k Ttu E —12 —))d
kBk(vl,vz—vl)/o ot k’“( k < +u+u>> !
1 /1|:tk l(e)1+r+t k l(e)m]
~ kBi(v1,v2 — 1) Jo (1+0)F

—sk 1
Ek,sl (T (2 +t+ ;))dl (6244)

Proof. Considering s, = 1 in Theorem 6.2.13, we obtain our results. O

Theorem 6.2.15. The extended confluent k-hypergeometric function has the follow-
ing integral representations:

& (v, k) (v2, k); w]

(C—d)l__ w(u—d)

-1 Ly, |
kBk(Ul Uz—vl)/( _d)k (C_u) (e) @

E; (ii)du (6.2.45)
2k u—d)(c—u) -

B o1, ) (v2, k); w]

1-2 1
_ 2 k / (1 + u)v%*] vz;vl 1 (e) u:(leru)
kBy(vi,v2 —vy) J_g

—sk 4
Ek 5.5 WD) du (6.2.46)

¢ (w1, k); (v2, k) w]
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, ) e —u k
1= o0 [e(thQ)juzggw](wshe) E Eigy.0y (75 cosh? ) e,
e

~ kBr(vi,v2—v1) J oo
(6.2.47)

where k > 0, R(vy) > 0, R(v2) > 0, N(s1) >0, R(s2) > 0 and BIS;’SZ)(U(), v1) is the
extended k-beta function.

Proof. To prove Egs. (6.2.45) and (6.2.46), we substitute t = % andr = % in the

po
integral form of the k-extended hypergeometric function (6.2.28), then we obtain our

results. In order to prove (6.2.47), we substitute u = tanh6 in Eq. (6.2.46), and we
obtain our desired result. 1

Corollary 6.2.16. The following results hold true:

¢V L1, b): (v2, k)1 w]

_— 1_U72 c v vy —v wU—
__(e=d % / —d) T (e —u) TN (o)
kBi(vi,v2 —v1) Ja

_ ok _ 1\2
E Sl(i&)du
’ k (u—d)(c—u)

21-F
kB (vi,v2 — 1)

vy —V] 1 w(12+u)

1 .
/(Hu)?*l(l—u) = (e
—1

v v —U -50
o) -4 00 [O(ZITZ)+2(§()W] - 45k )
= m e (COS]’ZQ) k Ek,S] cosh“ 0 | do.
1 — V1 —00
(6.2.48)
Proof. Considering s, = 1 in Theorem 6.2.15, we obtain our results. O

Theorem 6.2.17. The extended k-hypergeometric function and confluent k-hypergeometric
function satisfy the following functional relations:

v F (v, k), (v1,6); (v2, k); w]
= v FC (w0, k), (v1 + k. K): (2 + k. ) w]
+ (2 — v) FC P[0, k). (01 K): (02 + k. k) w] (6.2.49)
22 (01, K); (2, k)1 w]

= v (1 + k., k): (v + kK w]+ (v — vDEC P [(W1, K): (2 + k) wl,
(6.2.50)
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where k > 0, 9i(vg) > 0 R(w) > 0, R(vz) > 0, R(s1) > 0, R(s2) > O and
B,S;’sz)(UO» v1) is the extended k-beta function.

Proof. In order to prove Eq. (6.2.49), we use the properties of the extended k-beta
function, in the definition of the extended k-hypergeometric function, and we have:

B (1, v2) = BYV (01 + K, va) + BV (v, va + k) (6.2.51)
FES (v, k). (v1, k): (v, k) w]
X BU () 4 nk 4k, va — v1) + BUU (v) + nk, va — vy + k) w"
= Z - : vO)n,k_~
By (vi, v2 —v1) n!
n=0
(6.2.52)

After re-arranging the terms, we obtain:

F (v, k). (01, k): (v, k) w]

00 B}Es;,sz)(v] +nk+k,vy —vp) wh
= - v n!
0 By (vi, v2 —vy) (1o !
n=
00 B(s],sz)(vl +nk,vy —v1 + k) n
k,s ’ -
. ‘ ’ v 6.2.53
nX:(:) Bk(vl’ - Ul) ( 0)11,k n! ( )

Multiplying and dividing By (vi + k, vo — v1) in the first part and multiplying and
dividing By (v1, v2 — v1 + k) in the second part of the above equations, we have:

FEP (0, k), (01, K); (v, k) w]

_ Be(i+k vy —vp) i BV (vy + nk + k, v2 — vy) o) kw_”
Bi(vi,v2 —v1) = Bi(vi +k,v2 —vy) " nl
Bi(vi, v — vy +k) i B/SSI’SZ)(M +nk, vy — vy +k) %) kw_”
By (v, v2 —vy) Bi (v, v —v1 + k) BTl

n=0
(6.2.54)

Then, using the properties of the k-beta and k-gamma functions By (a, b) = %ll‘b(f)

and 'y (a + k) = aT' (a) with mathematical calculations, we obtain our desired result:
v FC2 (v, k). (v1, k): (v, K); w]
= v FS (w0, ), (1 + Kk, K); (2 + k. k) w]
+ (2 — V) FC P [(wo, k), (01, K); (2 + k, k) w]. (6.2.55)

Similarly, with the same proof as for Eq. (6.2.49), we obtain Eq. (6.2.50). O
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Corollary 6.2.18. The following results hold true:

U2Fk(,s§)[(vo, k), (v1, k); (v2, k); w]
= vle(ii)[(vo, k), (vi +k, k); (v2 + k, k); w]
+ (2 = v) FCP Lo, b, (01, K): (v2 + k. K); w] (6.2.56)
v2¢(”)[(v1 k); (va, k); w]

= v (01 + k. K)s (V2 + kK wl + (V2 — vDGP L1, K): (V2 + k. k) wl.
(6.2.57)

Proof. Considering s = 1 in Theorem 6.2.17, we obtain our results. O

Theorem 6.2.19. The extended k-hypergeometric function and k-confluent hyperge-
ometric function satisfy the following infinite summation relations:

F(‘Y]’SZ)[(UO’ k), (v1,k); (v2, k); w]

v
= — voz _Wopk FEU2 (00, k), (01 + pk.k); (v2 + pk + k. k) w]
( 2)[7+lk

(6.2.58)
B (w1, k); (v, k) w]

= (v — m)Z o )l)plk ¢ (1 + pk.k): (v2 + ph + k. K);w], (6.2.59)
P+

where k > 0, R(vo) > 0 R(w;) > 0, Rwy) > 0, R(s;) > 0, R(sa) > 0 and
B,S;’Sz)(vo, v1) is the extended k-beta function.

Proof. In order to prove Eq. (6.2.58), we use the properties of the extended k-beta
function, in the definition of the extended k-hypergeometric function, and we have:

B (v1,v) = Z B vy + nk, v + k) (6.2.60)

F[(vg, k). (01, k): (v, k) w]

o] 00 (51 52)
— (v1 + pk +nk, vy —v; +k) n
=) Zr=t g (vo)n,k%. 6.2.61)

— Bi(v1, v2 —v1)
n=0

Multiplying and dividing By (vi + pk, v2 — v1 + k), and changing the order of sum-
mation, we have:

FE2 (w0, k). (1, k): (v, k) w]
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_ i By (vi + pk,v2 —v1 + k)
r By (vi, v2 —vy)
p_

B! m(vl + pk +nk, vy — vy + k) "

k,s
—_ 6.2.62
Z(”O)”" Be(vi + ph,va—vi+k) (6:2.62)

Then, using the properties of the k-beta and k-gamma functions By (x, y) = %ﬁf‘g)
and 'k (a+k) =alk(a), (@i = M, and (a),+1.k = a(a+k), i, and using the

Ty (a)
definition of the extended k-hypergeometric function, we obtain our desired result:

F2 (v, k), (v1, k); (v2, k); w]

= —v) Z ((U)l)j" FE (00, 00, (v + pk K); (v2 + pk + k. K); wl.
P
(6.2.63)

Similarly, with the same proof as for Eq. (6.2.58), we obtain Eq. (6.2.59). O
Corollary 6.2.20. The following results hold true:
(Sl) . .
Fs (o, k), (v, k); (v2, k); w]

=~ m)Z OOk p 601y, 8y, (01 + ph, K); (2 + ph 4K, ) w]
(UZ)er

(6.2.64)

¢y L1 k); (v, b w]
= (v2 - mZ(v )])p" 2 (w1 + pk, B); (v2 + pk + K, ) wl,
p+l

(6.2.65)

Proof. Considering s, = 1 in Theorem 6.2.19, we obtain our results. O

Theorem 6.2.21. The extended k-hypergeometric function and k-confluent hyperge-
ometric function satisfy the following infinite summation relations:

FE 2 (w0, k), (v1,5): (v, k)1 w]

_ i (k+v1 —v2)px Be(vi + pk, k)
o kP p! By (v, v2 — v1)

F[(vg, k), (v1 + pk, k): (v1 + pk + k. k); w] (6.2.66)

________________________
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¢ (01, 6 (v2. K); w]

. i (k +v1 —v2)pk Br(vi + pk, k)
o kP p! By (v, v2 —vp)

&P (w1 + pk. k); (v1 + pk + k. k); wl,
p=0
(6.2.67)

where k > 0, N(vg) > 0 R(vy) > 0, R(wr) > 0, N(s1) > 0, RN(sp) > 0 and
B,S;’SZ)(UO, v1) is the extended k-beta function.

Proof. In order to prove Eq. (6.2.66), we use the properties of the extended k-beta
function, in the definition of the extended k-hypergeometric function, and we have:

o0

1)
B ok —v) =Y ( kf}:;" B (uy + nk, k) (6.2.68)
n=0 :

FE 2 [(wo, k), (v, k): (v2,5): w]

00 o0 (k+U1_U2)p,k B(SlsSZ) (U
0 ek gl 1 +nk + pk, k) "
=Z p=0 " kPp! k.s (Uo)n,kw_‘~ (6.2.69)
n:
n=0

By (vi, v2 —v1)

Multiplying and dividing By (v + pk, k), and changing the order of summation, we
have:
FE (o, k). (v1, k): (v, k) w]

.\ (k+ v1 — VD) Be(vi + pk k) & By (01 + pk +nk. k) wr
= Z Z(Uo)n,k —
n=0

k? p! Bi(vi, v2 —v1) By (v + pk,k) n!’
(6.2.70)

Then, using the definition of the extended k-hypergeometric function, we obtain our
desired result:

F (o, k). (01, k): (v, k) w]

3 i (k +vi —v2)px Be(vi + pk.k)
p=0

kP p! By (v, v2 —v1)
FS 2 [(v0, k), (v1 + ph.k): (o1 + pk + k. k) w]. (6.2.71)
Similarly, with the same proof as for Eq. (6.2.66), we obtain Eq. (6.2.67). O

Corollary 6.2.22. The following results hold true:

FV (0. k), (v1.,k); (v, K); w]

B i (k +vi — v2)px B(vi + pk, k)
B =0 kr p! Bi (v, v2 —vy)
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FEV (0. k), (v1 + pk. k); (1 + pk + k. k) w] (62.72)

SV (01, k) (v2, k); w]

_ Z (k+v1 —v2)pk Bi(vi + pk, k)
- kP p! Bi(vi,v2—vy) X

¢ VL1 + pk.k): (1 + pk + k. k); w).
(6.2.73)

Proof. Considering s, = 1 in Theorem 6.2.21, we obtain our results. O

Theorem 6.2.23. The extended k-hypergeometric function and k-confluent hyperge-
ometric function satisfy the following relations:

F 2 (00, k), (v1, k): (v2, 5): w]
Z( >Bk(U1+pk vy — v1 — pk +rk)

By (vy, v2 —vy1)

FE 2 (o, k), (01 + pk. k): (v2 + 7k, K): w] (6.2.74)
S L(w1, k): (02, k) w]
Z( >Bk(v1+pk vy —v] — pk +rk)

¢(S1 D [(vy + pk, k); (va + 1k, k); wl,
By (vi,v2 — v1)

(6.2.75)

where k > 0, R(vg) > 0 R(vy) > 0, R(w2) > 0, R(sy) > 0, R(s2) > 0 and
B,S;’SZ)(UO, v1) is the extended k-beta function.

Proof. In order to prove Eq. (6.2.74), we use the properties of the extended k-beta
function, in the definition of the extended k-hypergeometric function, and we have:

.
CG r oG
B (v v) =Y (n) BO1 (v + nk, va + rk — nk) (6.2.76)
n=0

FE 2 (w0, k), (v, b): (v2, k) w]

97

(UO)nk 4 r (s1,52) w'"
= B2 k k,vo —v; — pk k)—t.
E < Beor, vz—m){E ) Brs (v1 + pk +nk, v —v) — pk+r )n!

p=0
(6.2.77)

Multiplying and dividing By (v1 + pk, vo — v1 + rk — pk), and changing the order of
summation, we have:

FE2 (w0, k), (01, k): (v, k) w]
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Z( )Bk(vl-i-pk vy — vy +rk — pk)

By (vi,v2 —v1)

Bt 32)(111 + pk +nk, vy — vy +rk — pk) "

k K
. 6.2.78
HZO(UO)" ok By (vi + pk,vy — vy +rk — pk) n! ( )

Then, using the definition of the extended k-hypergeometric function, we obtain our
desired result:

FE (o, k), (01, K (02, K); w]
_Z( )Bk(vl + pk,v2 —vi — pk+rk)

By (v, v2 —v1)

FEV2 (0. k), (01 + pk.k); (v + rk, k): w. (6.2.79)
Similarly, with the same proof as for Eq. (6.2.74), we obtain Eq. (6.2.75). O
Corollary 6.2.24. The following results hold true:
FEV (0. k), (v1.,k); (v, k)5 w]
Z( )Bk(m—i-pk vy — vy — pk+rk)

By (vi, v2 —vy)

FP[(vo, k), (1 + pk, k); (v2 + k. k) w] (6.2.80)
¢V (w1, b (v2, k); w]
By (v + pk, v k+rk
_Z< ) kit phva—vi = p )¢(“)[(v1+pk k); (v + rk, k) wl.
By (v, v2 — vl)
(6.2.81)
Proof. Considering s» = 1 in Theorem 6.2.23, we obtain our results. O

Theorem 6.2.25. The following derivative formulae for the extended k-hypergeome-
tric and the k-confluent hypergeometric functions hold true:

dP
dwr |
(vo)p k(1) p ok F(s] 52)
(v2) p.k

FOP2 [(vo, k), (v1, k); (v2, k); w])
[(vo + pk, k), (vi + pk,k); (va + pk,k); w] (6.2.82)

(VD) p.k

¢(31 Az)[(vl + pk,k); (va + pk, k); w],
(2)p.k

(6.2.83)

{¢<“ (w1, k); (02, k); wl} =

de

where k > 0, R(vg) > 0 R(vy) > 0, RN(vy) > 0, N(s1) > 0, and N(s2) > 0.



6.2 Main results 99

Proof. Differentiating the extended k-hypergeometric function with respect to vari-
able w, p times, we have:

dP

S 10,8, 01,0 (0,0 w])

dr { i B,S;’SZ)(vl +nk, vy —vy) w” }
n=0

VO k—
B (vi, v2 —vy) n!

- dw?

dP

S FS w0, R, 01, (2, K w0

(6.2.84)

w'™ P  nl

Biorvs—vy) Ok T (6.2.85)

_ i B vy + nk, vy — v1)
n=p

Replacing n — p with p, we have:

dar (51,52)
W{Fk’s’ [(Uo,k),(vl,k),(UZ,k),w]}

* B (vy + 2pk, v — 1) w?
a V0)2pk (6.2.86)
s By (v1, v2 —v1) p!

Then, using the properties (a)p+pk = (@pi(a + pk)pr and Bi(b,c — b) =
EZ;Z ’; By (b + pk,c — b) and using the definition of the extended k-hypergeometric
function with some re-arrangement, we obtain our desired result:
dar (s1,52)
M{Fk’s [(U(),k),(vl,k);(U2,k);w]}
v v
= %F,ﬁi@[(m + pk, k), (vi + pk, k); (v + pk, k); w]. (6.2.87)
P,

Similarly, with the same proof as for Eq. (6.2.82), we obtain Eq. (6.2.83).

O
Corollary 6.2.26. The following results hold true:
dr s
W{Fk’s [(U()v k)v (vlv k)v (U2’ k)v w]}

U, v .
- Wﬂf?[(vo 4 koK), (01 + phoK): (03 + pho k)i w]  (6.2.88)

2)p.k ’

dv WD pk
T B T 0 . 0w} = ﬁqﬁfg)[(vl + pk.k); (v2 + k. k); wl.

(6.2.89)

Proof. Considering s» = 1 in Theorem 6.2.25, we obtain our results. O
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Theorem 6.2.27. The extended k-hypergeometric and the confluent k-hypergeometric
functions have the following Mellin transforms that hold true:

M{FE?[(vo, k), (v1,5); (v2, 5); wl)

T () Bi(vy + p.va — 1 + p)
By (v, v2 — 1)

Fil(vo, k), (v1 + p, k); (v2 +2p, k); w]
(6.2.90)
M{gt P L1, k); (v2, k) wl

T () Bi(vy + p.va — i + p)
By (v, v2 —v1)

drl(v1 + p, k); (v2 +2p, k); wl,
(6.2.91)

where k > 0, R(vg) > 0 N(vy) >0, R(vp) >0, N(sy) > 0, and R(sy) > 0.
Proof. From the definition of the Mellin transform, we have:
M{FS 2 (w0, k), (v1, k); (v2, k) w])

o0
= / PRS2 (o, ), (1, K); (v, K); wlds.
0
(6.2.92)

Using the integral form of the extended k-hypergeometric function, we have:

M{FE (o, k). (01.K): (va, k) w])

o0 1 1 1 Y] 1 v 1 vo
=/ sP™ {—/ (T =N = kwn)
0 kB (vi,v2 —v1) Jo

El 51,5, (—s" (kt (1 — t))‘l)dt}ds. (6.2.93)

Interchanging the order of integration, we have:

M{EE (0.8, (01, K): (v, k) wl)

1 1 v vy —v Uy
= —/ A=) T N = kwe) T F
kBi(vi, v2 —v1) Jo
o0
{ / P E s, (—sk(kt(l —t))1>ds}dt. (6.2.94)
0
On substituting u = —*— and with some re-arrangement we have:
1k (1-n)k

M{FS 2 (o, k), (v1,k); (v, k); w]}



6.2 Main results 101

vy +p v —v
k

e

1 1
=—/t “11-p)
kBi(vi,v2 —v1) Jo

00 —btk
{ / uP " Ep g5 <T>du}dt. (6.2.95)
0

On applying the integral form of the k-hypergeometric function and the extended
k-gamma function (when s = 0), we obtain our desired result:

M{FS 20, k), (v1,5): (v2, k): w]}

T () Bi(vy + p.va — 1 + p)
By (v, v2 —v1)

Fi[(vo, k), (v1 + p, k); (v2+2p, k); w].
(6.2.96)

Similarly, with the same proof as for Eq. (6.2.90), we obtain Eq. (6.2.91). O
Corollary 6.2.28. The following results hold true:

M{FSY [(vo. k). (01, K); (v2, k); w}

TPV (p)Bi(wi + pova — i + p)
By (v, v2 — 1)

Fk[(U(), k)v (Ul + D, k)a (UZ + 2p1 k)v w]
(6.2.97)
M{p D (w1, k); (v2. k); w])

TPV (p)Br(vi + p.va —vi + p)
B (vi,v2 —v1)

dr[(v1 + p, k); (va +2p, k); wl.
(6.2.98)

Proof. Considering s, = 1 in Theorem 6.2.27, we obtain our results. O

Theorem 6.2.29. The extended k-hypergeometric and k-confluent hypergeometric
functions satisfy the following transformation formulas:

ES 2 (vg, £, (v1, K); (02, K); w]

(51 s k
=(1—kw)© Fk(f;’”)[wo,k), (v2 =01 K): (2,0 = 1]

(6.2.99)
51,8 1
F 2 (w0, k), (v1, k) (2, k)3 1 — -
v
w * (51,52) k(l _w)
= —_— F 152 ,k 5 - 1k 5 9k e —
<w+k(1—w)) k,s [(vo ), (V2 — vy, k); (v2, k) ok —w)

(6.2.100)
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(51,52) _ Cw
Fk:ng 2 |:(U0’ k)v (Ul’ k)a (UZ’ k)a H—w]

)
1+w 3 (51,82) —kw
— S EE—— F 192 9k9 - 1k; 1k;7
(1+w—kw)> ks (vo, k), (v2 — v1, k); (v2, k) TE——"

(6.2.101)

Gy 110 (2. k) wl = "By (w2 = vi. b): (v, k) —wl,
(6.2.102)

where k > 0, R(vg) > 0 N(vy) >0, R(vp) >0, N(sy) >0, and R(sp) > 0.
Proof. From the integral form of the extended k-hypergeometric function, we have:

F[{(f‘;,sz)[(vo’ k), (v1,k); (v2, k); w]

1 1 v vy —v Y
=—/ A=) T A = kwe) T F
kBi(vi,v2 —v1) Jo

Ek,sl,sz<_sk(kt(1 _t))il)dl- (6.2.103)

Replacing ¢ by 1 — ¢ in the above equation with some mathematical re-arrangement
and using the integral form of the extended k-hypergeometric function, we obtain our
desired result (6.2.99):

Fk(;ssl,Sz)[(vo’ k), (v1,k); (va, k); w]

_u k
=(1- kw)T"F,ff;’”)[(vo, k), (v2 — 1, k); (v, k) m—“_’]}
(6.2.104)

Now, replacing w by 1 — % in Eq. (6.2.99), we obtain our desired result (6.2.100):

1

FOID (ug, k), (v1, k); (v2, k)5 1 — —

’ w
0]

3 '
_ (#) F,{(f;"‘”[(vo, k), (v —v1, k); (v2, k);

k(1 —w)
w+ k(1 —w) i|

w+k(1—w)
(6.2.105)

Then, replacing w by 1+Lw in Eq. (6.2.99), we obtain our desired result (6.2.101):
(s1,52) . LW
Fkil 52 |:(U0, k), (v1,k); (v2, k); 1+—wi|

)
l+w 3 (51,82) —kw
=— ) F°% k), (v2 —v1,k); (v2, k); ——— |
<1+w—kw)> ks | o k), (v2 —vr, k); (v2, k) T——

(6.2.106)
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From the integral form of the extended k-confluent hypergeometric function, we
have:

¢ (01, b); (v, K); w]

il |

UTI_I(l —t) T _l(e)thk,S],SZ (—Sk(kt(l _t))_l)dt
(6.2.107)

1 1
e —— t
kBy(vi, v2 —v1) /0

Replacing ¢ by 1 — ¢ in the above equation and multiplying and dividing by By (v2> —
v1, v1) with some mathematical re-arrangement and using the integral form of the
extended k-confluent hypergeometric function, we obtain our desired result (6.2.102):

6L (1, K); (02, K); w] = "GPV (03 — w1, K); (v, K); —w].  (6.2.108)
[l
Corollary 6.2.30. The following results hold true:

FEV (0. k), (01, K); (02, k) w]

L TG B . . kw
= (1= kw) T FY | @o.K). (2 = v K): (2. K): (6.2.109)

o) 1
st (UO,k),(Ul,k)i(UZ,k)§ 1 -
’ w

]
w L
= <7> F;f;>[<vo, k). (v2 = v1.K); (02, k)

k(1 —w)
w~+ k(1 —w) ]

w+ k(1 —w)
(6.2.110)

FEV | (wo. k), (01, K); (v2 k); ——
k,s OIS  hw

0]
1+w * —kw
= <7> F,ff;)[wo,k), (v2 — v1, k); (v, b); 7}

1+w—kw) 1+w—kw
6.2.111)
SV [1 k) (02, ) wl = eV [(vg — w1, K); (v2. ) —w]. (6.2.112)
Proof. Considering s» = 1 in Theorem 6.2.29, we obtain our results. O

Theorem 6.2.31. The following generating function for the extended k-hypergeome-
tric function holds true:

e¢]

Zp
> " W0) pk FC 2 [(wo + p. k). (v1.K): (v, k) wl—y
p=0 '

________________________
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=1~ kz)k”“F,fié’s”[(vo, k)., (01.K); (v2. k; li”—kz} (6.2.113)

where k > 0, R(vg) > 0 N(vy) >0, R(vp) >0, N(sy) >0, and R(sy) > 0.

Proof. Consider the left-hand side of the above equation and using the definition of
the extended k-hypergeometric function we have:

o0

: zP
D0 FL 10+ p ) (1, K0 (2,5 ]
p=0 '

BT (u) 4 nk, vy — v1) noY P
ks o }Z L (62.114)

= Z(UO)p,k{ Z (vo + p)n,k;»
p=0 '

— Bi(v1, v2 —vy)
n=0
Then, using the identity (a) p k(@ + pk)n ik = (@)n.x(a + nk), ;. and the power series
Z;’;O (@)n k ’r‘l—’: =1 - kx)%a with some re-arrangement and using the extended k-
hypergeometric function, we obtain our desired result:

o0
YWk B2 + p, k), (1,80 (02, ) wl =
p=0 7 p:
=(1—k) T Ffé“”[(vo, K. (u1.K); (v2. k: %} (6.2.115)
A “kz
O
Corollary 6.2.32. The following result holds true:
YWk L Two + po k), (1, K); (2, ) wl =
p=0 P
=(1- kz>%p,§s;>[(vo, k), (v1,k); (v2, k); %] (6.2.116)
’ —kz
Proof. Considering s» = 1 in Theorem 6.2.29, we obtain our results. O

6.3 Conclusion

Finally, we conclude this chapter by remarking that here, we have introduced a new
extension of k-hypergeometric functions by use of the 2-parameter k-Mittag-Leffler
function as the kernel. Then, we have studied some basic properties of these exten-
sions together with their special cases. Our results in this chapter are general in nature
and are very useful for further study of the generalizations of the special functions.
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7.1 Introduction and preliminaries

Fractional calculus has gained considerable attention in the last 5 decades owing to its
effectiveness in modeling complex systems characterized by memory and nonlocal
effects, with applications spanning mathematical physics, engineering, and applied
sciences (for example, see [4—7,10,11,13,14,16,17]). Concurrently, special functions,
particularly hypergeometric functions and their various extensions, have played a
pivotal role in obtaining analytical solutions to fractional integral and differential
equations (for example, see [1-3] and their cited works). Among these, extended
k-hypergeometric functions provide a flexible and unifying framework that encom-
passes several classical and generalized special functions as particular cases (for
example, see [8,9,12,15,18-27]). In this chapter, we establish certain pathway frac-
tional integral formulae involving extended k-hypergeometric functions in the context
of fractional calculus. The derived results generalize a number of existing integral
identities and offer a systematic methodology for generating new fractional integral
relations. These findings enhance the theoretical foundations of fractional integral
operators and are expected to be useful in further analytical studies and potential
applications.

The k-gamma function is expressed in the way shown below ([3] page no. 3
pro. 5):
o
T(q1) =/ ut =l gy (7.1.1)
0

Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00015-1 1 07
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and

Ce(qr + k) = q1Tr(q1), (7.1.2)

where, k > 0 and 9i(q;) > 0.
The Pochhammer k-symbol is described as follows ([3] page no. 4 pro. 6):

_ Tklqr+nk) _

Gn i = o [

1 n=0;¢41 € C\ {0},

qi(qi+k)--- (g1 +n—1k) neN;q €C.
(7.1.3)

The k-beta function is expressed in the way shown below ([3] page no. 7 pro. 14):

_l ! a1 _q _ 2
Bk(é]l,qz)—k Ouk (1 —w)¥* 'du, (7.1.4)

where k > 0, 91(q1) and N(gz) > 0.
For k > 0, the generalized k-hypergeometric function is expressed in the way
shown below ([15] page no. 381 Eq. (2.10)):

Fyil (1, 5), (€2.K)...(cp. K); (d1. K). (da. K)...(dg. K ]—inle(ci)””‘ w
pFgil(c1, k), (c2,k)...(cp, k) (d1, k), (d2, k)...(dg, k); w _nzol_[iqzl(di)n,k o
(7.1.5)
where |w| < %, N(c;) > 0, N(d;) > 0 and (d}), « is the k-Pochhammer symbol.
When we put p=2,g=1,and p=1, g =1 in Eq. (7.1.5), we have the k-
hypergeometric function and the confluent k-hypergeometric function defined as ([4]
page no. 2 Eq. (1.4)):

2 F1al(eo, ), 1,00 (ca, ks x) = 3 Dk 27 (7.1.6)
) (CZ)n,k n:

where, k > 0, R(cg) > 0, N(cy) > 0, N(cx) >0, and |w| < % and (c)n is the k-
Pochhammer symbol:

o0

1F1il(er, K); (e2, k) w] = @l(cr, k); (ca, k) wl =)

n=0

(cDnk w"
(€ n!’

(7.1.7)

where, k > 0, R(cy) > 0, N(cp) > 0.
Series representations of the k-hypergeometric and the confluent k-hypergeometric
functions are given as follows:

o
Bi(ci +nk,cy —cp) w"
2F1il(co k). (1. k) (2. k) wl = > (codnk— L L (7.18)
= Bi(c1,c2—c1)  n!
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and
>\ Bi(c1 +nk,cy —cp) w”
F k) (cr, k) w] = ’ —_, 7.1.9
1F1kl(er, k)s (e, k)s w] nE—O Bilcrca—c1)  nl (7.1.9)

where, k > 0, R(cy) > 0, R(cy) > 0, RN(cp) > 0, and |w| < % and By(cq, ¢p) is the
k-beta function.

Very recently, Laxmi et al. investigated the extended k-gamma and the k-beta
functions by using the 2-parameter k-Mittag-Leffler function as kernel and defined as
follows (see,[17]):

(b1.b2) © ko bRk
Fk,zi‘ ? (611)=/0 = Ek,bl,b2<_z ~ )dt, (7.1.10)

where, k > 0, %(q1) >0, b >0, %(by) > 0, R(b2) > 0 and Ey p, p,(2) is defined in
(7.1.13) and

B _L e %o bt d (7.1.11)
k.b 511,512)—%/(; ! (1—-1) k,bl,b2<m> f, -1
where, k > 0, min {R (q1), R (g2)} >0, b >0, R(b1) > 0, R(b2) > 0 and Ey p, 5, (2)
is defined in (7.1.13).

To obtain our main result we need to define the k-Mittag-Leffler functions ([5]
page no. 6 Egs. (2.1) and (2.2)) as follows:

n

o0
w
E =3
Kby (W) ~ Ci(nby + 1)

S n

w
E by hy(w) =Y  ——,
= I'r(nby + by)

k>0,00b1)>0,weC, (7.1.12)

k>0,00b1)>0,%(b2)>0,weC. (7.1.13)

Note. If we consider the variable b| = b, = 1 in Eq. (7.1.13), then we obtain the
k-exponential function Ey(z).

Very recently, Laxmi et al. investigated the new extended k-hypergeometric func-
tion and the confluent k-hypergeometric function by using the extended k-beta func-
tion (7.1.11) as kernel and defined as follows.

A new extended k-hypergeometric function is defined as follows:

bi.b
BV (qa+nk, g3 — q2) "
@Dnk—>
Bi(q2, 93 — q2) n!

o
FO (1.0, (g2.00: (g3, k) wl =
n=0

(7.1.14)
where, k > 0, R(g1) > 0, RN(g2) > 0, R(g3) > 0, R(by) > 0, R(by) >0, and |w| < %
and B,Ef?,;’bZ) (g1, q2) is the extended k-beta function.
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A new extended k-confluent hypergeometric function is defined as follows:

oo B(bls

b2)
bi.b k,b (g2 + nk, q3 — q2) w"
S P g2, 01 (g3 ) w]) =)
n=0

Bi(q2, 93 — q2) n!’

(7.1.15)

where, k > 0,9(q2) > 0, %(g3) > 0,9(b1) > 0, %(b2) > 0and B, "* (1. q2) is the
extended k-beta function.

In recent decades, several scholars have studied the applications and different
generalizations of various hypergeometric operators of fractional integration.

Using the pathway concept developed by Mathai and Haubold [5,6], Nair [10]
built a pathway fractional integral operator in 2009.

Let h(w) € L(c,d), v € C such that R(v) > 0, e > 0 and consider a pathway
parameter § < 1, then the pathway fractional integration operator is given as follows
([16] page no. 2 Eq. (12)):

X

03 , (Lt
(PO_’|r h)(x):x /0

The subsequent probability density function (p.d.f.) for the pathway model for
scalar random variables is given as follows:

h(t)dt. (7.1.16)

] | ei=ox =)
e

o

h(x)=k|x|5_1[1 —e(l —3)|x|y]”>, (7.1.17)

given that, § e Rand —co <x <00,y >0, o > 0, |:1—e(1—8)|x|7’i|>0,8>0,

where § is called the pathway parameter and & is the normalizing constant.
When§ — 1_:

1— &)™ —evt
[1—u} — exp(Z2H. (7.1.18)
X X

Then, we observe that operator (7.1.16) reduces to the Laplace integral transform of
h with parameter < ([16] page no. 2 Eq. (18)):

(Povjh>(x) =x”/0 exp(%vt)h(t)dt = Lh(ex—”). (7.1.19)

If, we put § =0, e = 1, and changing v by v — 1 in (7.1.16) the integral operator
becomes the Riemann-Liouville fractional integral operator (see, for example, [11-
14]).

7.2 Main results

Here, we find the image formula for the extended k-hypergeometric function (7.1.14)
and the confluent k-hypergeometric function (7.1.15) involving pathway fractional
integral formulae.
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Theorem 7.2.1. Assume k > 0, R(b2) > R(b1) > 0, R(c1) >0, R(ca) >0, b >0,
|lwt| < % and 0 < § < 1, then the following result holds true ([16] page no. 3
Eq. (20)):

v
k

(ngti—lF,ff};”’z)[(co, k), (c1.,k); (c2, k); wt])(x) = kx"[e(lx_ 5)]

Vk (C(),k), (Cl,k), ()/, k)’ wx
o B L |
-4 o (2, k), (v + 125 + k. k); e(1—-29)
(7.2.1)

Proof. Consider the left-hand side of Eq. (7.2.1) and denote it by L, then using the
definition given in Eq. (7.1.16), we obtain:

L=x" f[m] [1 - M]”t%—l {F,ff’,;”’z)[(co, k), (c1, k); (c2, k); wt]}dt.
A ,

X
(7.2.2)

Then, using the definition given in Eq. (7.1.14), we have:

L :x”/[m] [1 _ed=or 5);} Tk

0 X
o0 B(blst)(cl +nk, CZ_C]) t n
> L co)n,kﬂ dt. (7.2.3)
B(ci,ca—c1) n!

n=0
By transposing the sequence of summation and integration, we obtain:
- Bigbzi'bz)(cl +nk,co —c1) w”

L=x")" Ok~

n=0

{/[m] [1 _ M]mt%"—l}dn (7.2.4)
0 X

Substituting v = e(lxi, in Eq. (7.2.4), we have:

B(ci,c2 —c1)

R Blgb;;’hﬂ(cl +nk,ca—c1) w” x Ttn
L=x Z - (€onk—
= B(ci,cp —cy) n! [e(l—96)

1
{/ (1—v)1"svi+"1dv}. (7.2.5)
0

'k (a+nk)
Fr@@) >

simplifying the above

By using Eq. (7.1.4), the properties of the k-Pochhammer Symbol (a), x =

i (@I (b)

and the properties of the k-beta function By (a, b) = Fo(aih)

equation we obtain:

________________________
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v oo pb1.b2)
X 3 vk B, " (c1 +nk,co —c1)
L=kx" k, :
[6(1—5)] <1—5+ V) an_;) By (cy, 2 —c1) (cln.i
n
Y.k (e(lll)icg))
k n'
(1”75 +k+ y)
n,k
(7.2.6)

Then, in view of the generalized k-hypergeometric function (7.1.5), we obtain our
main result of Theorem 7.2.1:

%
(Pth%‘lef,”é"’”[<co,k), (c1,K); (c2, k); wt])(x) =kx”[e(1x_ 5)]

Bk<—k +k, ) Fk(bbl lbz)|: (co, k), (Cl,k) (v, k); wx :|

1-6 (c2,k), ()/—i-] +k,k); e(l—296)
(7.2.7)

O

Theorem 7.2.2. Assume k > 0, R(b2) > R(b1) > 0, R(c1) >0, R(cx) >0, b >0,
|lwt| < % and 0 < § < 1, then the following result holds true ([16] page no. 3
Eq. (27)):

%
( e er b (2. k) wr])m = m[ﬁ]
vk (b1.b2) (c1,k), (y,k)' wx
B"(l—a””’)“j’k’b’l |:(cz,k) (y+ 2 +k,b); e(1-8) |

(7.2.8)

Proof. Consider the left-hand side of Eq. (7.2.8) and denote it by M, then using the
definition given in Eq. (7.1.16), we obtain:

M:xv/[““‘”] [1_ M}l 15 {¢“’1 bz)[(cl,k);(CQ,k);wt]}dt
0

X
(7.2.9)
Then, using the definition given in Eq. (7.1.15), we have:
o /‘[eaa)] [1 e(l- 8)ti|ﬁt%_l
0 X

x BPIP) (c 4nk, ey — 1) (wr)”

Yok LA (7.2.10)
B(c1,c2 —c1) n!

n=0
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By transposing the sequence of summation and integration, we obtain:

B(hl P2 (e) +nk, ¢y — 1) wh

o0
Z B(ci,ca —c1) n

{f[ ][ M]mt%“—lm}. (7.2.11)

X
Substituting v = e(lxﬂ, in Eq. (7.2.11), we have:

k,b ’
M=x Z B(ct.c2—c1) e(1—-9)

1
{/ (1— v)ﬁv%“—ldv}. (7.2.12)
0

* B ey +nk, ey —c1) wn[ Y ]%Jm

By using Eq. (7.1.4), the properties of the k-Pochhammer’s Symbol (a),x =
Tk (er’;k) and the properties of the k-beta function By(a, b) = %, simplify-

ing the above equation we obtain:

Y b1,b
3 > B,E,ll (e +nk, ¢y — c1)

v X vk
M = kx [6(1_8)} Bk<1_8+k,y> x Yy

n=0

B(ci,c2—c1)

3 nk (%)

k n!
<1VT8 +k+ )/)
n,k

Then, in view of the generalized k-hypergeometric function (7.1.5), we obtain our
main result of Theorem 7.2.2:

Y
( S (e s (e, s w”)“” :kxv[eax— 8)] k

vk (b1,b) (c1. k), (%k)' wx
Bk<1_8+k V>1¢k,h,1 (2, k). (y—i-] kb ed—8) |

(7.2.14)

(7.2.13)

O

Theorem 7.2.3. Ifk > 0, R(by) > N(b1) > 0, N(c1) > 0, N(c2) >0,b >0, |wt| < %
and § = 1, then following result holds true ([16] page no. 5 Eq. (38)):

Y
x ;
(PO”M‘ F 10,00, (1, K (e2, 00 wt])(x) = kx“rm)(a)
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(blva) (C01k)a (C], k)v ()/, k), ﬂ
X1k [ (c2, k); kev ]’ (7:2.15)

Proof. To prove Theorem 7.2.3, consider the left-hand side of the above equation and
denote it by N:

N = (Pg;r‘t%—lF,ff’l;’bz)[(co, k), (c1, k); (2, k): wt])(x). (7.2.16)

By using the result (7.1.19), we have

*© —evt
N:x”/ exp( v )tZ_I{Fk(bb"bz)[(co,k),(cl,k);(cz,k);wt]}dt. (7.2.17)
0 X ’

From use of Eq. (7.1.14), we obtain:

(b1,b2)
00 —evt > B (c1 +nk,ca —c1) H"
N:x”/ exp( iv >t%_1{ E k.b (co)n .k (wr) }dt.
0

Bi(c1,¢c2—c1) n!
n=0

(7.2.18)

By transposing the sequence of summation and integration, we obtain:

x BIP (e +nk, e — 1) w" 00 —evt
NZXVZ kb (CO)n,k_{/ exp( )tn+%_ldt}-
= Bi(c1,c2—c1) n! [ Jo X

(7.2.19)

Putting [ = exﬂ and re-arranging the terms, we obtain:

Y oo plb1,b2) n

3 B (c1 +nk,ca—c1) L 0o

N :xv(i) 3o Sk (o 2 { / e“U"*?ldl}.
ev = Bi(c1,c0 —c1) n! 0

(7.2.20)

By the definition of the gamma function, the k-Pochhammer Symbol (a),r =

F"lﬂja’)’k) , and the property of gamma function I'y (ak) = k%~ 'T"(a), we have:

Y oo pb1,b2) n
3 B (c1 +nk,cy —cy) wx
N:xV(i> Z k.b (co)n,k(“) Fk<%+n), (7.2.21)

ev Bi(c1,c2 —c1) n!
n=0
Y oo pb1.b) wx \N
x \ % B, " (c1 +nk,co—cy) ()
N = kI v ) kev )
k(y)x (k_ev) { nE—o Brtcr.cr— D) €On kY nk P
(7.2.22)

Then, in view of the generalized k-hypergeometric function (7.1.5), we obtain our
main result of Theorem 7.2.3:
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Y
x Z
(Po”;‘f%‘lFéf’é’b”[(co, k). (e1. ks (2. b: wr])(x) = kx”my)(E)

< FO [ (co, k), (c1, k), (v, k); ﬂ} .

(c2,k); kev
(7.2.23)

O

Theorem 7.2.4. Ifk > 0, R(by) > R(b1) > 0, R(c1) >0, N(c2) >0,b >0, |wt| < %
and § = 1, then the following result holds true ([16] page no. 5 Eq. (46)):

z
k

(Po”;‘t%‘lcﬁﬁ’é’“)[(cl,k>; (2, k; wr])(x) - kx“rk(w(k%)

de)]gf}i,bz) [ (C] ’ k)a ()/, k); wx } .

(c2,k); kve
(7.2.24)

Proof. To prove Theorem 7.2.4, consider the left-hand side of the above equation and
denote it by R:

R= (Pgﬁz%—l@gf’;’bﬁ[(q, k); (c2, k); wt])(x). (7.2.25)

By using the result (7.1.19), we have:

v [ —eVL\ ¥ (b1b)
R=x exp P s ¢k,b [(c1,k); (c2,k); weldt. (7.2.26)
0

From the use of Eq. (7.1.15), we obtain:

(b1,b2)
o —evt B (c1 +nk,c2 —c1) (wr)"
R:x”/ exp ! Z kb (w1) dt.
0 X = By (c1,¢2 —c1) n!
(7.2.27)
By transposing the sequence of summation and integration, we obtain:
x B (e 4 nk, e —er) wr [ [ —evt
R=x"y &L —{ f exp< >z"+%—1dr}. (7.2.28)
= Bi(cr,c2—c1) n! [ Jo x
Putting / = efo and re-arranging the terms, we obtain:
Y oo p(b1,b2) _ wx\n
szv i k ZBk!b (C1+nkyc2 Cl) (E) /Ooe(il)anr%ildl .
ev By (c1,¢2 — 1) n! 0

n=0
(7.2.29)
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By the definition of the gamma function, the k-Pochhammer Symbol (a), =

%ﬁ;’}“, and the property of the gamma function 'y (ak) = k*~'T'(a), we have:
7 bi,b
R=x'( %iB]E”; o1tk 2 —e) (' (L +n (7.2.30)
R a— Bi(c1,ca —c1) n! * -2
£ = (bl,bZ) wx \1
A\ B, " (c1 +nk,c2 — ¢1) ()
R v | @1 (7231
) (kep) {Z ey e 3231

n=0

Then, in view of the generalized k-hypergeometric function (7.1.5), we obtain our
main result of Theorem 7.2.4:

( ¢(b1 bZ)[(Cl, k); (c2, k); wt]) (x) ZkXUFk(y)(ki>k
ev
b1.by) | (c1, k), (v, k); wx
X1 [ (2, k; kevi|'
(7.2.32)
O

7.3 Special cases

In this section, we discuss some special cases by substituting particular values into
the parameters.

Corollary 7.3.1. Assume k > 0, R(b1) > 0, N(c1) >0, R(c2) >0, b >0, |w| < %
and 0 < § < 1, then the following result holds true:

-1 (h]) X i
P Fip [(co, k), (c1, k); (c2, k); wi] (x) = kx" c(1—8)

vk Feo | @k, (61,k) (v. k) wax
Bk(l— +k, ) kb1|:(cz’k) b+ 2k kb el |

(7.3.1)

Corollary 7.3.2. Assume k > 0, R(by) > 0, R(c1) >0, R(c2) >0, b>0, and 0 <
8 < 1, then the following result holds true:

Y

( pyd ,_1¢(b1)[(01 k); (¢, k); wt >(x):kxv|:e(1x_8):|k

vk (c1, k), (y k); wx
n( +k,y)1¢£f’,;?1[

1-6 (c2, k), (V+1 +k, k), e(1—-90)
(7.3.2)



7.3 Special cases

If we consider by = 1, in Theorem 7.2.1 and Theorem 7.2.2, we obtain Corol-
lary 7.3.1 and Corollary 7.3.2.

Corollary 7.3.3. Assume k >0, N(c1) >0, N(c2) >0, b >0, |w| < % and 0 < § <
1, then the following result holds true:

(P“‘S 1571 Fepl(co. k), (e1, k)i (e2. K); ’“””)(X)‘kx [ <1x— J

Uk (Co,k), (Cl,k), (V»k)a wx
Bk<—+k V)le,b,l|: .

1—36 (€2.5). (v + 15 + k.b): e(1—93)
(7.3.3)

Corollary 7.3.4. Assume k > 0, RN(c1) >0, R(c2) >0, b>0,and 0 < § < 1, then
the following result holds true:

(P”"l [(c1. k): (ca. K): t])()—k“[ al ]
dk.pl(ct, c2, w x)=kx e(1—3)

vk (c1,k), (y,k)' wx
B"<1—5+k’y>1¢"””1[ (€2, K), (7 + 245 + &, k); e(1—8):|'

(7.3.4)

If we consider by = by = 1, in Theorem 7.2.1 and Theorem 7.2.2, we obtain
Corollary 7.3.3 and Corollary 7.3.4.

Corollary 7.3.5. Assume k > 0, R(cy) >0, R(c2) >0, |w| < %, and 0 < § < 1, then
the following result holds true:

P31, Fy (o, K, (e1. K): (can k) we] ) () = kx| ——
o+ AR e e(1-9)

vk (co, k), (c1, k) (v, k); wx
B k, F .
k<1—8+ y>3 2”‘[ (2,00, (7 + 15 + &, k); e(l—S)}

(7.3.5)

Corollary 7.3.6. Assume k > 0, N(c1) >0, R(ca) >0, b>0, and 0 < § < 1, then
the following result holds true:

PR By iler, k): (ean k) wi] ) () = kx| —— ‘
0+ DR A T e(1—9)

k Jk ,k);
Bk( v_a‘+k,7/>2¢2,k|: (et 0. (y ) ot

1 (€2, k), (v + 125 + k. k); e(1—9)
(7.3.6)
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If we consider by = b =1 and b =0, in Theorem 7.2.1 and Theorem 7.2.2, we
obtain Corollary 7.3.5 and Corollary 7.3.6.

Corollary 7.3.7. If k > 0, 5(b1) > 0, R(c1) >0, N(cp) >0, b >0, |w| < % and
8 = 1, then the following result holds true:

)4
k

(P"1 ’_IF(bl)[(CO,k) (c1,k); (2, k); wt]>(x)_kx Fk(y)( v)

) (co, k), (c1,k), (v, k);  wx
kb (2. k); kve |’
(7.3.7)

Corollary 7.3.8. If k > 0, 9%(b1) > 0, N(c1) > 0, R(c2) >0, b >0, and § =1, then
the following result holds true:

< vl 771¢(b1)[(cl’k) (c2,k); wl])(x)_kxvrk(y)< v)k

w | (e, k), (v, k);  wx
19 |: (c2, k); kvei|'
(7.3.8)

If we consider b, = 1, in Theorem 7.2.3 and Theorem 7.2.4, we obtain Corol-
lary 7.3.7 and Corollary 7.3.8.

Corollary 7.3.9. Ifk > 0, Ri(c1) >0, N(cx) >0, b >0, |lw| < % and § = 1, then the
following result holds true:

Y

k
<P0+ ~ Frpl(co, k), (1, K); (c2, k); wt])(X)—kx Fk()/)( v)

<\ Fep [ (co. k), (c1, k), (v, k); ﬂ] ‘

(c2,k); kve
(7.3.9)

Corollary 7.3.10. Ifk > 0, %(c1) > 0, N(cy) >0, b >0, and § = 1, then the follow-
ing result holds true:

%
<PH E g pler b (e k) wt])(x)_kx Fk(y)( v)

(c1,k), (v, k); wx
X1¢k’b[ (c2.k); m}

(7.3.10)

If we consider by = by = 1, in Theorem 7.2.3 and Theorem 7.2.4, we obtain
Corollary 7.3.9 and Corollary 7.3.10.
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Corollary 7.3.11. If k > 0, N(cy) > 0, R(cx) > O, |w| < % and § =1, then the
following result holds true:

Y
13
(Povirlt%_lel,k[(Co, o), (e1, K); (c2, b; wr]) () = kx”my)(—k;)

(co, k), (c1, k), (v, k);  wx
(c2,k); kve |
(7.3.11)

><3F1,1<[

Corollary 7.3.12. If k > 0, 9(cy) > 0, R(ca) > 0, and § = 1, then the following
result holds true:

vl Y1 v X k
Py tF7 1 Fikl(er, k); (c2, k) we] ) (x) = kx "I (y) Ten

(c1,k), (v, k);  wx
(c2,k); kve |’
(713.12)

X 2F1,k|:

If we consider b = by = 1 and b = 0 in Theorem 7.2.3 and Theorem 7.2.4, we
obtain Corollary 7.3.11 and Corollary 7.3.12.

7.4 Conclusion

In conclusion, this chapter has successfully developed new pathway fractional inte-
gral formulae associated with extended and confluent k-hypergeometric functions.
The results obtained provide natural extensions of several known fractional integral
relations. Furthermore, by assigning specific values to the involved parameters, a
variety of meaningful special cases and unique conditions have been derived, demon-
strating the versatility and generality of the proposed approach. We believe that the
framework presented in this chapter is expected to facilitate further research on frac-
tional integral and differential operators involving other classes of special functions,
as well as their applications in mathematical physics, engineering models, and related
areas.
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8.1 Introduction and preliminaries

In mathematics, hypergeometric functions are extremely valuable. These Functions
could be very beneficial in clearing up many interesting problems in engineering and
the sciences [1,5,6,9,15-24]. In 2005, Diaz et al. [3,4] studied the k-gamma, k-beta
functions and additionally showed their various properties. In addition, they also de-
fined k-hypergeometric functions that are based on the k-Pochhammer symbol. Later,
in 2007, Diaz et al. [2] established integral representations of the k-gamma and k-beta
functions. The integral representations of some generalized k-hypergeometric func-
tions also defined by Mubeen and Habibullah [5]. Some important generalizations of
these functions are also being continuously investigated.
For k > 0, the k-gamma function is defined as follows [7]:

00 k
Fk(v1)=/ e Cdr, Ry > 0. 8.1.1)
0

Here, we note that when &k = 1, 'y (v;) = I'(v), where I"(v;) is the classical Euler
gamma function:

Iy (v1 + nk)
n-k = ~ 8.1.2
(WDnsk T (on) ( )
Ip(vi +k) = vk (vy). (8.1.3)

The relation between the k-gamma function I'x(v1) and the gamma function I"(vy) is
defined as follows [10]:

u_g U1
F :kk F —_
k(v1) (k
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For k > 0, the k-beta function is defined as follows [7]:

1t
Bk(vl,vz)zzftTl_l(l NF e, k>0,%), Rw) >0, (8.1.5)
0

By (v, v2) = M k>0,N(1), R(v) >0, (8.1.6)
(v +v2)
when k =1, By (v1, v2) = B(v1, vp), where B(vy, v2) is the classical Euler beta func-
tion.
The relation between the k-beta function By(vi,v;) and the beta function
B(vy, vp) is defined as follows:

v 02

B , ——B
(V1 v2) (k P

1
) or  By(ak,bk) = EB(a, b). 8.1.7)
For k > 0, the k-hypergeometric function is defined as follows [7]:

YOnk (Y2)nk V"

TSR <1, (8.1.8)

2Pk, K, (2, ); (s, k)i vl =)

n=0

where (y1),.x is the k-Pochhammer symbol. When k£ = 1, (8.1.8) is reduced to the
Gauss hypergeometric function 7 F; (.):

. YDn(y2)n V"
2Fily, vl =y Syl < L (8.1.9)
=0 ¥3)n  n!

For k > 0, the generalized k-hypergeometric function is defined as follows [9]:

I—[z (¢in,
pFakllcr, k), (c2,k)...(cp, k); (d1, k), (d2, K)...(dg, k); v] = Zl(4d)nllil’;'
o<l (8.1.10)

In 2023, Parik et al. [13,14] studied some well-known k-type gamma, beta, and
hypergeometric functions and discussed many important properties and results:

[e'e) tk Skt_k
r,ﬁf_;’”)(ul):/ rvl—lEk,sl,n(——— )dt, (8.1.11)
0

k k
where, k > 0, R(vy) > 0, R(s) > 0, R(s1) > 0, R(s2) > 0 and Ey 4, 5,(2) is the k-
Mittag-Leffler function defined in [13]:

1 1 —Sk
(s1,52) 771
ka; 52 (v1,v2) = E/O (1—1) - Ek,sl,sz <m)dl, (8.1.12)
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where, k£ > 0, min{N (v)), N (v2)} > 0, R(s) > 0, R(sp) > 0, N(sp) > 0 and
Ek 5.5, (2) 1s the k-Mittag-Leffler function defined in [13]:

[ee] B(XI»SZ)(UZ + nk v3 — U2) n
(s51,82) k,s > w
F v1, k), (v2, k); (v3,k); w] = v —_
ks [t k), (v2, k); (v3, k)5 w nE:o Br(vs. v — v2) Dk~
(8.1.13)

where, k > 0, R(vy) > 0, R(v2) > 0, N(v3) > 0, NR(s) > 0, N(sy) > 0, NR(s2) >0, and

|lw| < % and B,E‘Y;“YZ)(vl, v7) is the extended k-beta function defined in [13]:

B 0+ ks = o) w7

¢]5)Y;,S2)[(v2’ k), (v?” k)’ w] — Z —_—, (8114)

Bi(v2,v3 — v2) n!
n=0

where, £k > 0, N(v2) > 0, R(v3) > 0, R(s) > 0, N(sy) > 0, N(sp) > 0 and
B,ES;’XZ)(vl , 12) is extended k-beta function defined in [13].
To obtain our main result, we need to define the k-Mittag-Leffler functions [11]

as follows:
o n
z
E = —  k>0N >0, C, 8.1.15
ks (2) };ka _ >0,%(s1) >0,z € (8.1.15)
o0 n
Ejs5.5,(2) = Z s k>0,%(s1)>0,N(s2) >0,z C. (8.1.16)

Ti(ns) +s2)
n=0

A remarkably large number of integral transforms involving various special func-
tions have been investigated by many authors. Very recently, Agarwal [8] gave some
integral transforms and fractional integral formulas involving the F' 1‘;‘ *2(.). In the fol-
lowing, using the same technique, we establish certain integral transforms for the
extended k-hypergeometric function Fk(fsl’sz)[(vl, k), (v2,k); (v3, k); wl.

The k-beta transform of function f(v) is defined as follows [8]:

1
Bi(f(v):a,b)= %fo VED (1 = 0)ED fv)dv. (8.1.17)

The Laplace transform of function f(v) is defined as follows [8]:

L(f(v):s):fwe_svf(v)dv. (8.1.18)
0

For a non-integer complex number y and positive real numbers k, r, the following

identities hold [10]:
r\" [k
WMnr= (%) <_y> ) (8.1.19)
r n,k



126 CHAPTER 8 Certain integral transforms for k-hypergeometric functions

when r = 1:
1 n
M = (%) kY k- (8.1.20)

The Varma transform of function f(v) is defined by the following integral equa-
tion [8]:

V(f,x,y;s):/ eIV (s0) TIW, y(sv) fF(0)dv,  NR(s) >0,  (8.1.21)
0

where Wy y(sv) is the Whittaker function defined by:

'(=2y)
We )= ———2  pe (), (8.1.22)
" Z?F@—x—y) "
y,=y
where
L1
Mx,y(u)zuy%ﬁm[i—x+y;2y+1;u}. (8.1.23)

The following formula will be used to prove our main results:

1 1
_p Tlp+y+3)lo=y+3)

o0
1
“2V ()P lw dv= . (8.1.24
A e T W) Wy s (sv)dv =5 ot (8.1.24)
where 0i(s) > 0, R(p + y) > 5.
The Elzaki transform of function f(v) is defined by [12]:
o
E[f(v)]= w2/ fww)e Vdv. (8.1.25)
0
The Elzaki transform of the function f(v) = v”" is:

E[v"]=nlu"*2, (8.1.26)

8.2 Main results

In this section, we will prove various integral transforms for extended k-hypergeome-
tric functions.

Theorem 8.2.1. Suppose k > 0, qo,q1,q2, w,t €C, g3 € C\ Z;, N(qo) > 0,
N(g1) >0, R(g2) >0, |w| < % and N(s) > 0, R(s1) > 0, R(s2) > 0. Then, the sub-
sequent k-beta transform for the extended k-hypergeometric function is defined as
follows:

- +4q1,k), (g2, k);
Bk[F;’A;,m[(qo 6213 3{)@ ) wt]:qo,fh]
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’k bl 9k ;
= Bi(q0. q1) F,ff;“”)[ (@0 (q)3 (g)z_ ) w] (8.2.1)

Proof. Consider the left-hand side of Eq. (8.2.1) and denote it by L, applying the k-
beta transform (8.1.17) to the extended k-hypergeometric function (8.1.13), we have:

1 g > B (qr + nk, g3 — 42) (wr)”
L:—/ rT°—1<1—t)T'—1[Z<qo+q1>n,k = ( )]dt.
k 0 n=0

Br(q2, 93 — q2) n!
(8.2.2)

By changing the order of integration and summation and using the definition of the
k-beta function (8.1.5), we obtain:

B gy + nk, g3 — q2) w”

— By (qo + nk, q1). (8.2.3)
Bi(q2,93 — q2) P 1

oo
L=Y "(q0+qnk
n=0

By using Eq. (8.1.6) and the properties of the k-Pochhammer’s Symbol (8.1.2) and
simplifying the above equation, we obtain:

BIESi’xZ)(Ch +nk,q3 — q2) w"

r +nk)I" >
I k(qo )k(q1) Z(q0+q1)n,k = —. (824
n=0

~ Tk(qo +q1 + nk)

Bi(q2, 93 — q2) n!’

Then, after applying the generalized k-hypergeometric function (8.1.10), we have:

(s1,52) (qu k)7 (CI2’ k)v ]
L = Bi(q0.q1) F, : 8.2.5
%(q0, q1) Fs [ (. h): w (8.2.5)

O
Corollary 8.2.2. The following result holds true:

+q1.k), (g2, k);
Bk[Fk(fi)[(qo a1, k), (g2, k) wt}:qo,ql}

(g3, k);
sy | (qo, k), (q2,k);
=B F : 2.
k(qo, q1) Fig [ (. K): w (8.2.6)
Proof. Considering so = 1 in Theorem 8.2.1, we obtain our results. O

Theorem 8.2.3. Let k >0, q1,q2, w,1,t €C, g3 € C\ Z, R(q1) >0, R(q2) >0,

|%| < %, and N(s) > 0, N(s1) > 0, R(sz) > 0. Then, the subsequent Laplace trans-
form for the extended k-hypergeometric function is defined as follows:

1 (st k), (q2, k);
e 1F<wz)[ (q1 wt“
[ ks (g3, k);

Zkrk(lk)lF(sl,sz) (q1,k), (g2, k), Uk, k);  w
(sk)l T h (43K ks |

(8.2.7)
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Proof. Consider the left-hand side of Eq. (8.2.7) and denote it by L, applying the
Laplace transform (8.1.18) to the extended k-hypergeometric function (8.1.13), we
have:

(s1,82)
92 TR @3 — @) (wi) ]dt. (8.2.8)

L= ll_”[ I
/ Zq ! Bi(q2, 93 — q2) n!

By changing the order of integration and summation, we obtain:

(g2 +nk,q3 — q2) (w)" o
q2 q3 — q2) (w) [/ t1+"les’dt:|. (8.2.9)
Bi(q2,93 — q2) nt LJo

(Sl 52)

L= Z(qonk t

xk-1

—dx:

. k
Putting st = - =1 = ’,ﬁ— =dt=

’Ck NK—
Blgsi m(qz—i-nk,cn —q) (w)" 00 H(=35) x Uknk=1)
L= E (G1)n k B — Y Itn jlin—1 dx |.
k(92,93 — q2) nt LJo s

(8.2.10)

By using the definition of the k-gamma function and the properties of the k-
Pochhammer Symbol (8.1.2) and then after applying the generalized k-hypergeometric
function (8.1.10), we have:

_kTRK) 5150 | (q1.K), (g2, k), (Tk, k);  w
=i LEST [ P E} (8.2.11)

O
Corollary 8.2.4. The following result holds true:

L[IHF/S;) [ (q1,k), (g2, k); th

(g3, k);
kTik) sy [ (q1.6), (g2, k), Uk, k);  w
=—— " F"! P ATe T A ] 8.2.12
skl s (g3, K); Sk (8.2.12)
Proof. Considering s, = 1 in Theorem 8.2.3, we obtain our results. O

TheoremS 2.5. Supposek >0, q1,q2,1, w,t,€C, g3 € C\Z;, R(gq1) > 0, R(q2) >

0, | ]?; | < k’ and N(s) > 0, R(s1) > 0, R(s2) > 0. Then, the subsequent Varma trans-
form for the extended k-hypergeometric function is defined as follows:

3
vl -1 peis | @1k, (g2, K); k2T T (Qyk + 1Ty (k)
! Fk s . wt - i k
’ (g3, K); (ks)' Tp(vk + 1k —xk+5%)
o m[ (@1.K), (2. 00, Uk, ), Qyk +1k,K); - o

k.s,1 k 1)- ks
> (q3.k), 0k + 1k — xk + 5, k); ks

(8.2.13)
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Proof. Consider the left-hand side of Eq. (8.2.13) and denote it by L, applying the
Laplace transform (8.1.18) to the extended k-hypergeometric function (8.1.13), we
have:

T - -3
L= ; t e 2 (s1)’72 Wy y(st)

B(SLSz)

0
(g2 +nk,q3 — q2) (wt)"
[Z(‘h)n,k = ,) }dz. (8.2.14)
n=0 Bi(q2, 93 — q2) n!

By changing the order of integration and summation, we obtain:

. B(“’”)(qz +nk,q3 — q2) (w)"
k, = w)
L= Z((p)n,k -
n=0

Bi(q2, 93 — q2) n!

o
/ tl+n+yf%fle(*%~”)(s))’*% Wy y(st) dt. (8.2.15)
0

By using the definition of the k-gamma function (8.1.4) and the properties of the
Pochhammer Symbol and the k-Pochhammer Symbol (8.1.2), and simplifying the
above equation we obtain:

1
_ Trllk 4+ 2yk) Ty (lk)k Uy 27170 i (qUnk Yk +1k)y 1 (k) 1
Ttk + yk + & — xiyk2 =11 (k+ yk + 5 — xk) i

n=0

B/S;’SZ)(CH +nk,q3 — q2) ( a) )" 1
ks

H.

Bi(g2.93 — q2)
(8.2.16)
Applying the generalized k-hypergeometric function (8.1.10), we have:
KT T Qyk + IO TR (k)
k) Tr(yk 4k —xk+ %)
k), (g2, k), Uk, k), Qyk + 1k, k);
i | @D G0, Gk, @y + IR @ ] 6217
> (g3, k), (yk + 1k — xk + 3, k); ks
O

Corollary 8.2.6. The following result holds true:

3 ) —
-1 g6 | (q1.k), (g2, k); k2T T QQyk + 1O Ty (k)
V ! le s . wt - i k
’ (g3, ) (k)" Ty(yk +lk — xk + %)

(q1,K). (92, k), (k. k), 2yk + 1k, k); @

2Fk(51)l [ k .
(g3. k), (yk+1k —xk+5.k); ks
(8.2.18)
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Proof. Considering s» = 1 in Theorem 8.2.5, we obtain our results. O

Theorem 8.2.7. Suppose k > 0, q1,q2,u,t,l,yeC, g3 € C\ Zy, R(q1) > 0,
NR(g2) >0, |ﬁ| < 1, and R(s) > 0, N(s1) > 0, R(s2) > 0. Then, the subsequent Whit-
taker transform for the extended k-hypergeometric function is defined as follows:

0o .
/ =1 e Wy (ur) Fk(S;'SZ)[ (q1,k), (g2, k); yt} dr

0 (g3, k);
kxS A pk + OT (S — ke + 1)
 (ku)! Te(d — 1k +1k)
JFO1) (q1.K), (q2.K). (5 + pk + Lk, k). (5 — pk+ 1k R Y |
ksl (g3, k), (& — Ak + 1k, ) uk

(8.2.19)

Proof. Consider the left-hand side of Eq. (8.2.19) and denote it by L, using the def-
inition of the extended k-hypergeometric function (8.1.13) and setting ut = v, we

have:
00 -1
v v
L:f <—) T2 Wy (v)
0 u

B(Sl,SZ)

o0

s (q2+nk,q3 —q2) v)"\ dv

{ > @nr— ((ynH )—'} (8.2.20)
e Bi(q2, 93 — q2) u n!

By changing the order of integration and summation, we obtain:

> B(Sl‘m(@ +nk,q3 —q2) "1
_ k, Kk y
L=u ! Z(‘]l)n,k : (—) e
= Bi(q2, 93 — q2) w) n!
oo v
/0 I A AN ) (8.2.21)

Here, we use the following integral formula involving the Whittaker function [8]:

00 ; FE+u+nlG—p+v
/ Pl oD W= 2T : Wa-p+v) (8.2.22)
0 rd —x+v)
o B(Sl,’SZ)(QZ +nk,Q3 —612) n 1
L=u"' Z(‘h)n,k 2 <X> =
= Bi(q2,93 — q2) u/ n!
FG+p+l+mrG —p+1+
Gruti+nlG-ptitn) (8.2.23)

I —a+1+n)
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By using the definition of the k-gamma function (8.1.1) and the properties of the
Pochhammer Symbol and the k-Pochhammer Symbol (8.1.2), and simplifying the
above equation we obtain:

ety TR + puk + 10Tk (5 — pk +1k)
Tk(5 — 2k +1k)
oo

Z(% + 11k + 1k (5 — pk + 1K) i
= & —rk + 1k

L=u"! k(%

(q1)n,k

(s1,82)
B (g2 +nk, g3 — q2) "
by 7 i (l> ot (8.2.24)
Bi(q2, 93 — q2) uk ) n!
Applying the generalized k-hypergeometric function (8.1.10), we have:
kxS A pk + IOT (S — pk + 1)
(ku)! Tk — 1k + 1K)
JEG1en | (@1K), (@2.K), (5 pk+ 1K), (5 = pk L sy
o (g3, k), (& — 3k + Ik, ); uk
(8.2.25)
O

Corollary 8.2.8. The following result holds true:
/ootz—l e W, (ur) FOV [ (q1.k), (g2, k); yt] dr
0 ’ (g3, k);
k2 r Tk 4 pk + 0T (S — pk + 1K)
k) Tk — ik +1k)

G ICIRONCERO N
k.s,1 (g3, k), (5 — 2k + 1k, k);

Y
E] . (8.2.26)

Proof. Considering s» = 1 in Theorem 8.2.7, we obtain our results. O

Theorem 8.2.9. Suppose k > 0, qo,q1,q2, w,t €C, g3 € C\ Z;, N(qo) > O,
N(g1) > 0, N(q2) > 0, |wu| < % and R(s) > 0, N(sy) > 0, N(s2) > 0. Then, the
subsequent Elzaki transform for the extended k-hypergeometric function is defined
as follows:

=u2r(2)1F,§f‘;"2)[ (0. %), ((qq; ]f)) @b wu:|. (8.2.27)

131
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Proof. Consider the left-hand side of Eq. (8.2.27) and denote it by L, applying the
Elzaki transform (8.1.25) to the extended k-hypergeometric function (8.1.13), we
have:

- BV (g1 +nk. g2 — q1) (wt)”
L:E{I[Z(qo)n,k ks A 42 ) () “ (8.2.28)
= Bi(q1,92 — q1) n!
- B (g1 +nk. g2 — q1) w”
L= Z(QO)n,k ks 9 1 1 w—E(tn+l). (8.2.29)
n=0

Br(q1,92 — q1) n!

By using Eq. (8.1.26) and the properties of the Pochhammer Symbol and simplifying
the above equation, we obtain:

oo B(SIJZ)( +I’lk, y— ) n
L= (gt LT ZATY (g2 (8.2.30)
e Bi(q1.92 — q1) n!
— B (g1 + k. 2 — q1) w"
L= (qoni—= C @) @u? (8.2.31)
s Bi(q1,92 — q1) n!
= B (g1 +nk, 2 — q1) w”
L=T2) ) (qoni@n—> L2, (8.232)

— |
= Bi(q1. 92 — q1) n!

Then, after applying the generalized k-hypergeometric function (8.1.10), we have:

(8.2.33)

L= uzr(z)l Fk(:Y;»SZ) [ (CIO, k)v (f]h k)’ (27 k)7 wu:| )

(q2, k);
O

Corollary 8.2.10. The following result holds true:

sy | (qo, k), (q1,k); 2 s | (qo, k), (g1, k), (2,k);
e [ @000 ] o [ G000 ]
(8.2.34)

Proof. Considering s» = 1 in Theorem 8.2.9, we obtain our results. O

8.3 Conclusion

In the present chapter, we investigated the k-beta transform, Laplace transform,
Varma transform, Whittaker transform, and Elzaki transform of the extended k-
hypergeometric functions. We also investigated another fractional integral formula
of the extended k-hypergeometric function, which is in progress.
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9.1 Introduction and preliminaries

The classical Riemann—Liouville fractional derivative of order « is defined as ([2,
page-3, Egs. (2.2), (2.2)]):

DS f(y)= o — )" f(@)ds. 9.1.1)
Forthecase s — 1 < N(a) <s,neN:
o dS oa—Ss
DY f(y)= T {f(y)}
9.1.2)

_; ’ _ p—ots—1 \
B r(_aﬂ)/o =0 f@®)dt, R(e) > 0.

The Riemann—Liouville k-fractional derivative of order « is defined as ([2, page-3,
Egs. (2.3), 2.4)]):

Dy f(y) = o) ( / (=) 7 f(0)dr. (9.1.3)
Forthecase s — 1 < N(x) <s,neN:
o d’ a—sk
Diiy F3) =~ Dy fO)
9.1.4)

P E——— = F+s—1 g
k(= OH—sk)/ Oy =) T f(Hdt, R(a) > 0.

Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00017-5 1 3 5
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In 2025, Laxmi et al. extended the k-gamma, k-beta, k-hypergeometric, and con-
fluent k-hypergeometric functions by using a 2-parameter k-Mittag-Leffler function
as kernel and defined as follows (see, [4] and their cited works):

o0 _ xk wkx =k
Fl(ct“ul},wz)(pl)=/(; xP1 1Ek,w1,wz(_?_ X )dx, 9.1.5)

where, k > 0, %i(p1) >0, w >0, R(wy) > 0, R(wz) > 0 and Ey y,,uw, (z) is defined
in (see, [4] and their cited works) and

k

v ))dx, (9.1.6)

(I 7
B]Suui,wz)(pl,pﬂ:E/O Xk 1(1—x)k lEk,wl,w2<kx(17—x

where, £k > 0, min{N (w;), N (wr2)} >0, w > 0, N(wy) > 0, N(wp) > 0 and
Ef wy,w, (z) is defined in (see, [4] and their cited works) and:

00 B(wmm)

(wy,w3) rw P2+ nk, p3 — p2) ik
F [(p1,K), (p2,k); (p3,k); 2] = (POnk—
o g Bi(p2, p3 — p2) "l

9.1.7)

where, k > 0, R(p1) > 0, R(p2) > 0, N(p3) >0, N(wy) >0, R(w2) >0, and |z]| < %
and B,Ef”uﬁ’u&) (p1, p2) is the extended k-beta function:

2, B (p2 + k. p3 = p2) 2"

(w1, w2) k,w ’ <
o) [(p2,K); (p3,k); 2] = -, 9.1.8)

o ,; Bi(p2. p3 — p2) n!

where, k > 0, %(p2) > 0, R(p3) > 0, R(wy) > 0, R(wy) > 0 and BV (py, pa) is
the extended k-beta function.

The extended k-hypergeometric function has the following integral representa-
tions:

F 2 [(p1 k). (pa. k): (p3. k) 2]

1 Loy, 1 P=ry 4 P
=—————— || tF (1= F " (1—kzt)" %
kBi(p2, p3 — p2) ./0
Ek wy.m (—wk(kt(l - z))”)dt. (9.1.9)

To obtain our main result we need to define k-Mittag-Leffler functions ([ 1, page-6,
Egs. (2.1), (2.2)]) as follows:

S n

Z
E = _ k>0MN >0, C, 9.1.10
ko (2) nZOFk(nw1+l) >0,R(wy) >0,z € ( )
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0 n

Z '
Ekswbwz(Z):Zm’ k>0,R(wi)>0,N(w2) >0,zeC.
=0

(9.1.11)

Note. If we consider variable w; = wy =1 in Eq. (9.1.11), then we obtain the k-
exponential function E(z).

9.2 Extension of the Riemann-Liouville k-fractional
derivative operator

In this section, we define a new extension of the Riemann—Liouville k-fractional

derivative operator by using a two-parameter k-Mittag-Leffler function.

Definition 9.2.1.

Ol wi,w —wky2
k y,w f( )= kF ( / (y —t)" - Ek wi, wz(m)f(t)dl. 9.2.1)

Forthecases — 1 <N(x) <s,neN:

k,wi,
D o =Dy o)

‘s 9.2.2)

- —t k'H 1E W
krk( (X+Sk)/ (y ) k,wy, wz(kt(

where f(w) > 0, N(w) >0,ands — 1 <N(x) <s,neN.

)f(t)dt

In the case wi = wy =1, w =0, k = 1, the extended Riemann-Liouville k-
fractional derivative reduces to the classical Riemann—Liouville fractional derivative:

D51 £ () = D2 (7).
Theorem 9.2.2. Let R(w) >0ands — 1 < N(a) < s, then

(w,w2) _
OtU)1 U)Z( k)_ Bk,u) (M+k, a)y% (92.3)

Dy Tk (—a)

Proof. Applying Definition 9.2.1 to the left-hand side of (9.2.3), we have:

otwl wy —wky2 I
](yu) ( k)_kr( (y_t) k Ekwlwz m tkdt

Putting t = yu then dt = ydu in the above equation, we have:

—wk ©
DWW _ I3
D'y (y )= / (v — yu) Ek,wl,wz (m)(yu) kydu
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k
ozw1 wy —w
kyw (yk)_kF - ot)/ '4"(1—”) Ek,wl,u&(m)d”

Applying the definition of the extended k-beta function (9.1.6), we have:

R R
y k

DEoh ==

O

Theorem 9.2.3. Let («) > 0 and suppose that the function f(y) is analytic at the
origin with its Maclaurian expansion given by f(y) =Y .~y any", where |y| < p for
some n € RY, then

oo o
DIV f(y) = DL (Zcmy”) =3 @ DG, (924)
n=0 n=0
Proof. Using the power-series expansion of f(y), we have:

pLLLW —w"y "
k)iu z(f(y))_ /(y—t) kT Ekw1 w2(kt(y—t)>zan dt.

By changing the order of integration and summation, we have:

e9]

DWW 1 Y n 41 wkyZ d
—_— t —1) FE t].
ky w (fO)= E a"(ka(—a) /0 (& ) k,wl,w2<kt( —I)) )
Applying Definition 9.2.1, we have:
DEVL () = Zan DG,

O

Theorem 9.2.4. Let f(y) be the analytic function on the disk |y| < p that has a
. . . o n
power-series expansion given by f(y) =), gany", then

DY (T F(y) = eyt 025

Proof. Applying Definition 9.2.1 to the left-hand side of (9.2.5) and using the power-
series expansion of f(y), we have:

DIV (yET f(y))
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1 Y _e_y —w'y -1 2 : P
= — —1 k E dt.
ka(—a)/o o= "‘“”’“”(lct(y —t)) it

Changing the order of summation and integration, we have:

D;";”:,;“’z GO

— _ —wy E+n—1
Z {krk( gl om0t Ekwl’”(kr(y—t))” dt}'

Applying Definition 9.2.1, we have:

M+nk —k

,‘Z;"‘wwz(yk f(y))—zanD;jw' 2y

n=0

).

Applying Theorem 9.2.2, we have:

gwiw2)

(,LL + nk k + k —Ol) utnk—k—a

Da,wl vw2 ——1 — k w -k
ky,w fF) = ’? Oan Tr(—) y

u_l 00

Z:anB(w1 w2 (14 + nk, —a)y".

DY (i F () =

O
Theorem 9.2.5. Let R(w) > N(x) > 0and |y| < %, then
n—o,wi,wy K — i1 Ik (w) (wy,w2) . .
Dy .y GE A —ky) T )— I (@ )ka (B, k), (, k); (a, k) 2]
(9.2.6)

Proof. Applying Definition 9.2.1 to the left-hand side of (9.2.6), we have:

pHewiw ?_ll—k Tﬁ_—/ —[7_1 11 kl%ﬁ
k,y,w o ( ) kT (o — ) =7 ( )
_wky?
E — |dt
W"“’Z(kt(y—t))

——1 k2
_ L —wvy
kl“k(a—u)./ ( ) (1=t E"’“’””(kt(y—t))d’

Putting = yu then dt = ydu in the above equation, we have:

i 1 ! k

y * yu\ * L -8 —w
=— [ (1-= (1 —kyw) T E = )y
ka(Ol — M) ‘/O < y ) (yu) ( yu) k,wl,w2<ku(1 — u)>y u
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«_q . _wk
= Tl - l—kyw) L E "\
ka(a—,u)/ . (= ky) ¥ Ex, w2<ku(1—u)) “

Multiplying and dividing by By (i, @ — 1), we have:

vl Bi(u,a — )

T kTi(o — ) i o — o)

_wk
Ek,wl,wz <m)du

1 » ~
W11 =) (1 = k) T

Applying the result of the extended k-beta function By (v, v2) = % and
definition (9.1.9) we have:
o1 De(p)
= YR S F (B, ), (1 K (0, K): 2.
()
O

Theorem 9.2.6. Let R(w) > R(a) > 0, R(B1) > 0, R(B2) > O, max{lay|, |by|} <

1
% then

Du a,wi, wz(y%_l(l kay) (1 _kb ) )_ Z (ﬁl)m,k (ﬂZ)n,kambn

k,w,y

! !
— m.: n.
(wy,w2)
Bk,uﬂ Y+ mk+nk, o — ) @
Crloe — )

(9.2.7)

Proof. To prove Theorem 9.2.6, we use the power-series expansion and Theo-
rem 9.2.3, and we have:

B m,k (,32)n k

m!

(1 —kay) © (1—kb) Z (ay)™ (by)"

m,n=0

DM oWy, wz(y%_l( kay) (1 —kby) ) Z (.Bl)m k (ﬂZ)n k( )m(b)n
m!

k,w,y
m,n=0
u—a,wi,wy o Etmin—1
Dk,w,y (¥ ).

Applying Theorem 9.2.2, we have:

( )
_ Z (ﬁl)mk(m)nk mpn Bt mk + nk, o - B gmnnt,
(o — )

m,n=0
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9.3 More results

Theorem 9.3.1. The extended Riemann—Liouville k-fractional derivative of f(y) =
e’ is:

70(

Olwl w2( V)_

(w1, w2) "
D - ( w2 ZB (nk +k, —e) - (9.3.1)

Proof. Using the power-series expansion of ¢” in Theorem 9.3.1, we have:

© 5
pD* Wi wz(ey) pEww2 2 : y
k w,y - k w,y n!

n=0
nk
DL =3 oo
Applying Theorem 9.2.2, we have:

1 B(w1 wZ)(nk-i—k ) nk__d)
3

DEWLW2 (Y
k w,y (e”) = n' T (—a)
n=0
y_Ta = y"
DWW LYy B(UJ1,U)2) k+k, —a) 2.
Ky (€) [ik(—a) Zo k' (kA ) n!
n=
O
Theorem 9.3.2. Let R(w) > N(x) > 0and |y| < % then
a_ (wy,w2)
phewwz(Rolp yi~l in’ui 2 (,u—l—nk,a—u)yn
JS1,8 = .
k,y,w 1,52 i (e — ) s I'r(ns1 + 52)
(9.3.2)

Proof. Applying the definition of the 2-parameter k-Mittag-Leffler function (9.1.11)
to the left-hand side of (9.3.2), we have:

00 n
pr-ewrwy Kol o phroewrwy [ f—1 -y .
k,y,w (y k,s1,52 ) = k,y,w Y n2=(:) I'v(nsy =+ 52)

Applying Theorem 9.2.3, we have:
o

- 1 - By
DkLyol[uw] wz(yk lEk,sl,sz(Y))227D# oW, w2 (yk+” ]>
n

— Tk (ns1 +52) k.yw
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00 1 Blsvui-,wz)

— B
DS T B s O =)
n=0

(n+nk, o — )
Ci(ns1 + s2) Ci(a — )

F+n—1

y

a_q oo plwi,wy)
e Bk,w

—awy, w_ y
D/ﬁy?wwl wz(yk ]Ek,sl,sz ) = Z

(n+nk, o —p)
Cla —p) = '

Ci(nsy +s2)

Corollary 9.3.3. The following result holds true:

I~ B,Ej”ui’w”(u +nk,a — 1)

nu—o,wiwy K1 —
Dk,y,w (y/\ Ek,.&‘l(y)) - Fk(a _ ,bL) r;) Fk(nsl + 1)

Y. (9.3.3)

Proof. By setting s, = 1, we obtain our desired result. O

Theorem 9.3.4. Let R(B) > 0, R(x) >0, |y| < % and u > 0, then

/S;arwl,wz(u)
awiwr, B y k kO 9.3.4)
M\ Dy (V) u ZWBk(ﬂ+M+k,u—a)_ 3.

Proof. Applying the Mellin transform, we have:
o, Wi, Wy B o u—1 o, wy,wa il
M Dk;w’y (yE):u)= ; w Dk,w,y (Y®)dw.

Applying the definition of the Riemann—Liouville k-fractional derivative, we have:

M Da’w"wz(yg)'u :/oow’h1 ¥/y(y—t)’%*l
kow.y ' 0 kTe(—a) Jo

k2
—w E
Ekwy,wy (W—ﬁ))tk dt)dw

5 o0 1 Y _a £\
M<DZ’$1:“”2(yf>:u>=/ w“*(—/ y‘r1<1——)
Y 0 kTi(=a) Jo y

kL2
—w B
Ekwy w, <W—yt)>tk dl)dw.

Putting t = yx in the above equation, we have:

B yﬁ%ﬁ 00 Loy 51
M| DE) (R tu ) = —— w ! / xF(1—x
Y kTk(—a) Jo 0

_wk
E‘k,wlyw2 <m>d}(>dw
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Interchanging the order of integration, we have:

o 1 | 00
3 8 3
M pewiw2 y “il1— / u—1
( fayob: ”) KTi(—a) * 0o "
k
—w
Ek’wl’w2<m>dw>dx.

Substituting v = —*— then dw = Xk a- x)%d v and applying the definition
xk(1—-x)k
of the k-gamma function, we have:

B—a

B—a 1 u—a g
DWW Yk Btu k w1 wy
M( kaw,y (yk) >_krk(—0l) x K (1_x> (u)dx

yﬁka et 112(u)
M| D&Prw2 k 273 k,u—ao).
(kwv o) ) o Bt utku—o)

Theorem 9.3.5. Let R(B) > 0, R(x) >0, |y| < % and u > 0, then

w] u2(u)
k
M(Dl‘:::ll))’l)q}wZ(l — ky)fg : u) = )]FTBk(ﬂ +u +k1 u— 0[), (935)

Proof. From the definition of the Mellin transform, we have
M pevr wz(l k )—g _ * u— lDotw1 W2 — Kk _gd
kwy y u )= A w kw,y (( y) Fdw.

Applying the definition of the Riemann-Liouville fractional derivative operator, we
have:

© 1 y a —wky? B
u—1 —7—1 -z
= S —1t) k 'F ——— (1 —kt)” *dt |dw.
‘/(; w (krk(—a)/o (& ) k’wl’w2<kt(y—t)>( ) ) w

The binomial expansion is defined as follows:

(1 —kl)_Tﬁ _ Z (,B)n,ktn'

n!
n=0

Using the above result, we have:

= /mw”‘<;/y(y—t)il
0 kT (=) Jo
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—wky? (ﬁmn

Interchanging the order of integration and summation, we have:

(,B)nk e ” - ﬂ) )
/ (kl_'k( a)/ - Ek’wl’w2<kt(y—t) dt Jdw.

From the definition of the Mellin transform, we have:
o0
(,B)n,k oW, w nk
= ZTM Dk,w,ly 2yE):u .
n=0

Applying Theorem 9.3.4, we have:

nO

k,"‘le wz(u)
k
—Z('B)nky Bi(nk +u+k,u—a)

[r(—a)
yE <ﬂ)nk
F( 2 ;{vbwz( )Z . Bi(nk +u+k,u—a)y”.
O
Theorem 9.3.6. Let R(B) >0, R(x) >0, |y| < % and u > 0, then
_ U@)  wy.wy) u—a
M( WD,‘jglv“’z(yk) ) T a)Bk“;j Y+ k, —a)y F . (9.3.6)

Proof. Applying the Mellin transform, we have:
© © "
M (e_’” DZ’”&&:W (yF): u) = /0 w' e Dy’ ww1wa E)dw.
Applying Theorem 9.2.2, we have:

(wy,w2)
o0 B k7 _ .
M( _wDZ :})1 w2(y’}c_l) :u> :/ wu_]e_w k,w (/’L + ot)yﬂwa
g 0 Tp(—a)

(wi,w2) -
B +k9 —a —a
M( _ngg))lvwz(y%):u> - k,w (M )yﬂT{/ wu_le_wdw}.
[k (—a) 0

Applying the definition of the k-gamma function, we have:

B k)
y ¥ T'(w)
[k (=)

M( D) u)
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F L—o
M<e_wDZ:;”fy"”2(y%>¢“)‘ W By k, —ay 5.

RVICT
O
Theorem 9.3.7. Let R(B) > 0, R(x) >0, |y| < % and u > 0, then
F@y t <~ B)
M<e—WD,‘j;;‘jjy’“’2((1 —ky)~Fy: u) = r(:()—ya) 3 n’;”‘ B (nk + k, —a)y".
" (9.3.7)

Proof. From the binomial expansion defined as follows:

G-ty =3 Prn

n!
n=0

Applying Theorem 9.2.3, we have:

o0
_ _g ] B
M(e "D (1 — ky) k>:u)=M(e wDZ}fﬁ;“(Z o f”)ﬁu)

n=0

o
B nk
M (e‘wDZ,’$,1§w2(<1 —ky)™E) :u) =y Bk (e‘wD?,’u’i’,‘;“’z () u)

Applying Theorem 9.3.6, we have:

RTTRY B F(u)y_% > B,k (wi,wy)
M(eka;wjy’ 2((1 —ky)"F): u) e > ) B (nk + k, —a)y".
n=0 :
O
9.4 Generating function
Theorem 9.4.1. Let R(B) > 0, R(x) > 0, |(1yTt)| < %, and R() > 0, then
o
2 (fj,';}k Fiw " LB + nk. ). (e k) (v, K): y)i"
n=0 ’
—(1- r)‘fF,f,‘“u}"“”[(ﬁ,k), (o, k) (0, b); %] (94.1)

Proof. Taking the identity

<(1 —ky) — t)

=
=

-k}
=(1-1 k<1 1_t>
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] ]
_B t Tk B ky 3
1—ky) Fl1— —— 1—1t 11— —
=) ( (1—ky)> == < 1_t>
and applying the power-series expansion of (1 — ky)_Tﬁ, we have:
B
t " ky \
Z(l—k)§ al (- F(1=22)
n! (1 ky) 1—1¢
Applying the properties of the k-Pochhammer symbol ( = (Vk);‘ k. we have:
B
k

- Bkt " s ky \~
20k o (a2m) =00t (-7%)

when |¢| < |1 — y|. If we multiply both sides with y%_l and apply the extended

Caputo k-fractional derivative operator Da Y wl “2 we have:

00
(Blnk - - _ (Bink)
Z an! tnDl?,w‘,j,ywl,wz 1(1 _ky)

n=0

_ B a—v,wiws @ ky \~
=({1-1 ka,w,y (yk (1__1—1‘

Z (B)n.k Fawr, wQ)[(,B + nk, k), (o, k); (v, k); ylt"

ny k,w
n=0k

= (- kR wz)[(ﬂ k), (o, k); (v, k); —] O

B
k

1—1t

9.5 Conclusion

We conclude our investigation by remarking that the extension of the Riemann-
Liouville k-fractional derivative operator presented in this chapter makes a novel
contribution and offers significant potential for the further development and expan-
sion of other classes of special functions within the framework of fractional calculus
in the last decades (see, for example, [3—13]). Future research may explore the appli-
cation of the proposed operator to fractional differential equations, boundary value
problems, and mathematical models arising in physics and engineering, as well as its
extension to other generalized fractional operators and function spaces.
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10.1 Introduction and background

The study of discrete Appell polynomials holds great importance in mathematics due
to their distinctive properties and broad spectrum of applications. Similar to their
continuous counterparts, these polynomials are characterized by a discrete shift op-
erator acting as their fundamental differential operator. They play a key role in the
development of special functions, which have practical uses in various areas such
as approximation theory, numerical analysis, quantum mechanics, and other fields in
mathematics, physics, engineering, and statistics (see [9,11]).

In this context, let f : Z — R be any function of the integers, and consider the
discrete operator Af(x) = f(x + 1) — f(x). This operator plays a crucial role in
the definition and analysis of discrete Appell polynomials, further highlighting their
importance in both theoretical and applied mathematics.

A discrete Appell sequence {p,(x)};2, is a sequence of polynomials such that
(see [5]):

Apr(x) = pr(x + 1) — pr(x) =kpr—1(x), k=1

It is known that a Taylor-series expansion can define Appell sequences (see [1]):

A(z)e** =2Pn(x)%, (10.1)
n=0 :

where A(z) is an analytic function at z = 0 with A(0) # 0. Similarly, discrete Appell
sequences can be defined by the Taylor-generating expansion:

(0.¢] Zn
X
AR)(1+2)" = E pn(X);, (10.2)
n=0 ’
Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00018-7 1 49
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where again A(0) # 0.

Typical examples include the elementary case {x¥ } e o> Whose generating function
corresponds to (10.1) with A(z) = 1, as well as the classical Bernoulli polynomials,
employed by Euler in 1740 to evaluate the series Y .o, gk For the Bernoulli poly-
nomials, the generating function (10.1) becomes A(z) = e‘_l

The discrete analogs of the Bernoulli polynomials are known as the Bernoulli
polynomials of the second kind (see [3]), denoted by by (x). Introduced independently
by Jordan [10] and Rey Pastor [15] in 1929, they are also referred to as Rey—Pastor
polynomials (see [2]). Their generating function can be written as:

10g(1+z)( +2) Zbk(x)_'

Throughout this chapter, the following notations are used: N denotes the set of all
natural numbers, Ny the set of all non-negative integers, Z the set of all integers, R
the set of all real numbers, and C the set of all complex numbers.

The Korobov polynomials K, (x; A) of the first kind are defined by the generating
function (cf. [12]):

AZ

W(”Z)x ZKn(x A)—

n=0

When x = 0, the numbers K, (1) = K,,(0; A) are called the Korobov numbers.
In [4], Carlitz introduced the degenerate Bernoulli polynomials, given by the gen-
erating function:

< (1+a7)% —293 (x: x)—. (10.3)

I+ )\Z)’_ -1 n=0
From (10.3), it follows that

Alin}),@n()c; A)=B,(x), ((n=>0),

where B, (x) are the classical Bernoulli polynomials.

Additionally, for n € Ny, we define a new family called the U-Bernoulli poly-
nomials M, (x) of degree n by the power-series expansion at 0 of the following
generating function (see [13]):

S n
Z _ Z

fx;2) = oz Y= E Mn(x);, |z| < 2. (10.4)
=0 .

We have, for the first few U-Bernoulli polynomials M, (x):
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Mo(x) = —1, M3(x) =x3 - 3x% + %x,
Ml(x)zx—%, M4(x)=—x 4253 — x2 +20,
Mz(x)z—xz—i—x—l, Ms(x)=x5— 5X +5x3—%x

When x =01in (10.4), the U-Bernoulli numbers M,, are defined by the generating
function:

f@)=

> Z
Z n s lel <2
-0 n

Some of the first U-Bernoulli numbers are:

On the topic of polynomial families and their various extensions, a remarkably
large amount of research has appeared in the literature (see, for example, [6-8,17,
18]).

Given this context, the main objective of this work is to define and study discrete
U -Bernoulli-Korobov polynomials. We explore their algebraic and differential prop-
erties, and present graphical representations of their zeros, computed using a Python
program.

10.2 Main results on U-Bernoulli-Korohov discrete
polynomials
This section explores the properties of U-Bernoulli-Korobov discrete polynomials.

We include schematic proofs to highlight the main methods and results; further details
can be found in [14,16].

Definition 10.2.1. The new family of U-Bernoulli—-Korobov discrete polynomials
P (x) of degree n in x are defined by the generating function:

S n
Z X Z
(ez—l)(1+Z) _Z%(x)a, |z] <27 (10.5)
n=0
The first six U-Bernoulli—-Korobov discrete polynomials &, (x), are:
3
Po(x) =—1, @3(x)=—x3+5x2—x
1
Pi(x)=—x — > Pu(x) = —xV+4x3 —4x2 4+ 3x + —
1 15 3 553

Ps(x) = —x° +—4——x ——x

DPo(x) = —x% — -,
200) =27 = 2 3 6
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For x = 0 in (10.5) the U-Bernoulli-Korobov discrete numbers £?,,(0) are defined
by the generating function:

(10.6)

Po=—1; Pr=—z; Pr=——; P3=0, Py=_;

A consequence of (10.5) and (10.6) is the following proposition.

Proposition 10.2.1. For n € N, let {2, (x)}u>0 be the sequences of U-Bernoulli—
Korobov discrete polynomials in the variable x. Then, the following statement holds:

[e¢]

X n!
Inl0 = Z()(n BIRE

Proof. It is sufficient to use the generatriz function given in Definition 10.2.1:

Z@ <x> (
:Z@ni—r: i (:)zm

)(1+z)"

n=0 " m=0
—X;);)< )(n—k)v '

Comparing the coefficients of z”* on both sides of the equation, we have

f@n(x)_ " (x\ P, —k
n! _I;O<k>(n—k)!

X n!
P (x) =Z (k)mynk-

k=0

This completes the proof.

Theorem 10.2.1. For n € N, let {Z,(x)}n>0 be the sequences of U-Bernoulli—
Korobov discrete polynomials in the variable x that satisfy the following relation:

Pn(x)=Py(x+1) —nP,_1(x).
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Proof. Of the generating function (10.5), we have:

(ezz_1>(1+z)xzz %(x)%. (10.7)
n=0 :

Multiplying by (1 4 z) both sides of (10.7), we have:

( z
e <
ZO Pulx + 1)2—’; =Z %(x)% +z2 %(x);—"!
=Z P, (x)—.

(x+1) __ - i
1)(1+z> _<1+z>n§0 s

Il
M8 i
N

3

ol

2 +Z Pt () 1),

Z Py (x)—' +Zn% 1<x)—

D CRR I I NS RPANG) L
n=0 n=0

. . b4 . . .
Comparing the coefficients of — on both sides of the equation, the result is:
n:

Pn(x)=Py(x+1) —nPp_1(x).

Theorem 10.2.2 (Differential expressions). For n € N, let {7, (x)}n>0 be the se-
quences of U-Bernoulli-Korobov discrete polynomials in the variable x, which sat-
isfy the following relations:

1.
(n—=1)Pn(x) —nyr(x;n; z)%@n—l(ﬂ =0,
where
yxiniz) = [(z+ 1)1zg(z+ Dt ez le)log(z+ 1)]
2.

9P, L | k!
- o) _ n(" )(—1)"— k1 ().
X Pt k k+1
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Proof. For the proof of 1. Consider the following equations:

o0 Zn
L(x;z)=§)%<x)a, (10.8)
Lxiz)= ——(1+2). (10.9)
et —1

Partially differentiating with respect to z in (10.8) and (10.9), the result is:

dL(x;z) _ Z gzn(x)nz

n—1
|

0z = n
and
aL(x; 1 x 1 * 1 * 2
(x;2) =( +2) z2(I+2) X z2(14+2) e . (10.10)
0z et —1 e t—1 |1+z e t—1 e z—-1
Partially differentiating with respect to x in (10.9), we have:
dL(x;z)  zlog(z+ (1 +2)"
ax et —1 '
Of (10.10), we have
0= dL(x;z) (142" [zlog(z+ D +2)* x
9z et —1 e 2—1 (14+2)log(z+ 1)
_ zlog(z + 1)(1 + 2)* et
e z—1 (e72—Dlog(z+ 1)
0= L(x;z) (42" x 9L (x;2)
9z e—1 (14+z)logz+1) ax
e ¢ oL(x;z7)
(e72—1Dlog(z+1) ox
0 2WL(x;z) [ 7x N ze ¢ } dL(x;z)  z(142)*
9z (I1+2)logz+1) (e —Dlogz+1)] dx et —1

s nz" 1 ad zx ze %
°=,§%<“ n! Z_ng[(l Tologz D) | e Dlogie + 1>}

9 " o 7"
a«@n(x)ﬁ - Z_;)«@n(x)a

00 nz" o X e ¢
O_ngoy"(x)ﬁ _;[(1 Fologe+ 1) | (e F — Dlog(z + 1>}
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9 nz" S 7"
a nfl(x)W - X_E)gzn(x)a

X e ¢

+ }niﬂ (x)
(I+logiz+1) (e 2—Dlogz+ 1) ax_ "1

0=m—-1)P(x) — |:

This completes the proof.

Proof. For the proof of (10.1). Partially differentiating with respect to x in 10.2.1,
we have:

b4 9 "
(e Z_1> [+ ]=2 -2

n=0

o ol ) (5 ) Z8 2 0
(/;)cyn(x)n!)<2n+lZ >_28xyn(x)n'

n= n=|

oo n—1

n—1 "
ZZ%_l_ku)(—l)k( L )m = Z Pn(x) .

n=0k=0

. . Z" . . .
Comparing the coefficients of — on both sides of the equation, the result is:
n!

n—1

k!
—@ =) n (”k )( D Pake1 @),
k=0

Proposition 10.2.2. The U-Bernoulli—-Korobov discrete polynomials in the variable
x satisfy the following relations:

D) Zax 40 =3 (Z) Dk Pk ().
k=0

n—1 n
—1
(i) Pu@)=) n(”k )(x)k+§:<2)%(x>.
k=0 k=0

Proof. For the proof of (i), it is sufficient to use the generatriz function given in
(10.5):

Z«@;z(x‘FY)Z—,:( —Z
n. e

n=0

x+y
1)(1+Z)

= 3 ,@n(x)i S <y>zn
;) n! ,g) k

=< - )(1+z)’“(1+z)y
e~ —1
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-3y (’Z) (y)zcc%fk(x)i—':.

n=0 k=0

. . " . : .
Comparing the coefficients of — on both sides of the equation, the result is:
n!

n

Pu(x+y)=) (Z) Dk Pk (x).

k=0

To prove (ii). We will examine the generating function (10.5) as follows:

Z X > "
(e—z—1>(1+z) _ngoyn(x)n!

E2(1+2 =Y Pal) =Y %(x)%

n=0 ’ n=0
ZZZ(n—k)'<>Z _Z@(x)_._zmg Tl )_
oo n—1 n n
>3 (" - 1>(x)kn— = Z [%(x) = (Z)%(x)} =
n=0 k=0 n=0 k=0

n

. . Z . . .
Comparing the coefficients of — on both sides of the equation, the result is:
n:

n—1

-1 %
Pa(x) = Zn(" ' )(m +)° (Z)%(x).
k=0

k=0

Theorem 10.2.3. For n > 0, let {2, (x)}n>0 be the sequences of U-Bernoulli—
Korobov discrete polynomials in the variable x that satisfy the following relation:

n

> (Z) [Ph(x + ) Pk — Pui(x) Pr(y)] =0.

k=0

Proof. Let’s consider the following expressions:

z v > i
(e_z_1>(1+z) _Z;‘)%(x)n! (10.11)

and

o0 Z”
1)(1 +2' =) 20 (10.12)

n=0
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Of (10.11) and (10.12), we have

X = Zn
[ } (142" = (Zﬁ <x>—> (’;%(y)ﬁ)

n=0

(Z 9%) (2_) Py (x + y)%) = (Z %(x)%) (ZO ‘%(”%)

n=0 n=0

Z ( ) kﬁk(x-Fy)— ZZ( ) n—k(x)yk(y)z—,

n=0 k=0 ! n
k—0<

i
n=0 k=0
" (n
) n— kyk(x'i‘Y):Z<k>«@n—k(x)«@k(y)-
k=0
Therefore

> (Z) [Zr(x + Y)Pnk = Pn-i(x) Pr(y)] =0.
k=0

Theorem 10.2.4. Forn € N, let {7, (x)}n>0 be the sequences of U -Bernoulli—-Korobov
discrete polynomials in the variable x that satisfy the following relation:

n—1
(k+1)< k )(x)k—&-lf@n—l—k-

Proof. Of (10.5) and (10.6), we obtain:

Z X > "
(e—z_ l>(1+z) _rggn(x)n!

(==

n—1

Py (x) = %+Z

and

ad Z
)= 2T
then

[e¢) Zn [e¢) Z" o Zn
D NPu@) = Pal =3 Pa0) =Y Py
n=0 n=| n=0

— [+ -1]

n o

:Zf@nﬁg<n+l)z +1
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M:

n —k Zn+1
- k+1 n—k)!

3 "D wen P
k+ I k X)k+1 n—k—ln!~

:»
- O

5

. . Z" . : .
Comparing the coefficients of — on both sides of the equation, we obtain:
n!

-1
P(x) — Py = Z (k+1) (n L )(x)k+1t@nk1

— n n—1
%(x)=%+]§(k+l)( . )(x)kH%_k_l.

10.3 Approximate roots of U-Bernoulli-Korobov-type
polynomials and their applications

In this section, we investigate certain zero distributions of U-Bernoulli-Korobov-

type polynomials. The graph plots using the Mathematica program show the zero

distribution patterns.

7 Coefficient

. 100 o o0

7 Coefficient

Zero Functions

- rs B ——— Zero Functions
2 2 4 6

(a) Zeros of Pip(z) =0 (b) Zeros of Pap(x) =0

7 Coefficient

7 Coefficient

Zero Functions

e . . ZeroFunctions

10 15 20 T2

(¢) Zeros of Po5(x) =0 (d) Zeros of P30(x) =0
FIGURE 10.1

Roots of U-Bernoulli-Korobov-type polynomials, plotted considering 10, 20, 25, and 30
points.
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In Fig. 10.1 we show four different plots, each representing an amount of zero
distribution. In 10.1(a) purple dots for 10 points, in 10.1(b) black dots for 20 points,
in 10.1(c) red dots for 25 points, and 1(d) blue dots for 30 points, and we can see that
all the roots are located along the x-axes, except in the zero distribution for 10.1(b).

Finally, we will show the induced mesh of U-Bernoulli-Korobov-type polynomi-
als for different values of n (10.5) £, (x) =0.

--------
.

3
escesccece
.
etsseoe
.
.'a.oco
L
. )
%
LI ]
.
s
.
N
fM
jrosssmees ]
o Nesesseosssess
o Voossossseses
.w
‘! :.
b 4
'-.'*.
et
.o’
oo'o'.
s ©
. ".

. \ e,
o W 4 5} e 2
0 = 4
0 0 0 . 7o
2 5 . /
1 ~ 72
- L 10 -~ ’
8 U= R 1
(a) Data visualization of zeros of (). (b) Induced meshes of FPoy(x).

10 y 10
15 S ; g /
~ ~ 20
20 S/ s
(c) Data visualization of zeros of Po5(x). (d) Data visualization of zeros of Ps¢(x).
FIGURE 10.2

Data visualization of zeros of U-Bernoulli-Korobov-type polynomials, plotted considering 10,
20, 25, and 30 points.

In Fig. 10.2, we present four 3D plots illustrating the distribution of the zeros of
the polynomials &2, (x) for degrees n = 10, 20, 25, and 30, respectively. The plots
reveal that the zeros tend to cluster toward the upper left region of each mesh. As the
degree increases, the number of zeros naturally grows, and the mesh becomes denser
and more structured. Notably, a slight perturbation appears around x = 10, becoming
especially noticeable in the blue mesh of Fig. 10.2(d), corresponding to ?3¢(x).
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Next, we calculated an approximate solution satisfying the U-Bernoulli-Korobov-
type polynomials &, (x) forn =2, 3, ..., 15. The results are presented in Table 10.1.

Table 10.1 Approximate solutions for %Z,,(x) = 0.

Grade n x
O _
—0.5000
—0.4082i, 0.4082i
0, 0.75 — 0.6614i, 0.75 + 0.6614i
—0.01087, 1.033, 1.489 £ 0.8662i
0, 0.9438, 2.132, 2.212 £ 1.074i
0.0003813, 0.9977, 1.850, 3.253, 2.949 &+ 1.303i
0, 1.003, 1.982, 2.728, 4.363, 3.712 + 1.537i
—0.00001231, 1.000, 2.014, 2.918, 3.620, 5.462
4.493 + 1.763i
0, 0.9999, 2.001, 3.048, 3.751, 4.577
6.553, 5.285 4 1.983i
3.821 x 1077, 1.000, 1.999, 3.005, 4.218, 4.366
5.605, 7.639, 6.084 £+ 2.2i

0 ~NO O~ WN -

©

—
o

10.4 Conclusions

In this work, the algebraic and differential properties of a new family of polynomials
called discrete U-Bernoulli-Korobov polynomials were defined and studied. They
are constructed from a generating function that combines characteristics of Bernoulli
and Korobov polynomials. Recurrence formulas, explicit expressions, and functional
relations describing the behavior of these polynomials were presented, including
their expansion in power series, derivatives, and discrete shifts. Additionally, the ap-
proximate roots of these polynomials were analyzed using graphical representations
generated with computer programs, revealing structured patterns and a characteristic
concentration of zeros in certain regions of the plane. These observations allow for a
deeper study of the behavior of their zeros and open up new possibilities for their ap-
plication in mathematical contexts related to discrete analysis and special polynomial
theory.
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11.1 Introduction and problem statement

At present, special attention is being paid to the most rapidly developing direction
of mathematical physics on a global scale — methods of studying direct and inverse
problems [1], [2], [3], [4], [5]. These areas have become one of the most important
problems in mathematical physics and engineering. Due to the wide application of
this problem and the novelty and complexity of its theory, it has attracted the atten-
tion of many scientists. In recent years, the control of heat generation processes has
been rapidly developing, since the thermal conductivity and relaxation function of
each medium are different, and these quantities are closely related to the initial state
and properties of the medium. For this reason, the study of initial, initial-boundary
value problems, and the problems posed for loaded integro-differential equations of
fractional heat transfer is a targeted scientific study.

‘We should note that the scientific studies [6], [7], and [8] were dedicated to the
Cauchy problem for loaded equations, while works [9] and [10] focused on the heat
equation without loading. These studies formulated the problem and proposed meth-
ods that were utilized in our research.

Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00019-9 1 63
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In this chapter, we investigate the Cauchy problem for a heat equation involving
fractional derivatives. We establish the unique solvability of the direct problem for
a multidimensional loaded heat equation with variable coefficients in Holder spaces.
The loaded term is formulated using the fractional Riemann-Liouville derivative.
The findings of this study are applicable to the analysis of heat equations with frac-
tional loads, particularly in cases where the order is higher and the loaded term is
represented as a fractional function.

Before proceeding to the formulation of the problem, we give some definitions
and propositions in Holder spaces [11].

We introduce the following notations:

Let R" denote the n-dimensional Euclidean space, where x = (x(l), e x(")) S
Rn;

Let R7. represent the (n + 1)-dimensional Euclidean space, with points denoted
as (x,y), where x € R" and y € (0, T'], and

R’;ﬁl ={, ) e R 0<y<T},
(ﬁ’;_1> = i(x’,y)x’ eR 1 0<y< T} .
Let f(x) be a function defined on R"

Definition 11.1.1. If for any two points xM x@ ¢ gn.
1FD) = Fe@) < Alx D = x@P), A =const > 0,1 € (0, 1), (11.1.1)

the inequality holds, then, the function f(x) is said to satisfy the Holder condition
with [ exponent in R”, and the class of functions satisfying the condition (11.1.1) is
denoted as H!(R").

Definition 11.1.2. If for any given pair of values (x1,y1), (x2,y2) € R}, x1 =

xl(l), xl(z), xl("), Xy = xél), xg), s xé") holds,

n
|F @y = Faayl <0 Al = x + Ay — 32, (111.2)
i=1
Aj =const >0, 1 €(0,1),

then, the function f (x, y) is said to satisfy the Holder condition with exponent /, [ /2
on R7, and the class of functions satisfying the condition with [, //2, is denoted as
HUMZ(RD).

If p(x) € H/(R"), f(x,y) € HY/2(R%), then H'*™(R™), HITm-(+m/2(R1) the
norms in the spaces are defined as [11].

Cauchy problem. Find a solution u(x, y) in the domain (x, y) € R% of the fol-
lowing loaded heat equation:

uy —k(y)Au= ADaya(otoux O, y)+ Bou (0,y)), (x,y) € R’} (11.1.3)
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that satisfies the condition:
u(x,0)=¢x), x e R", (11.1.4)
where k(y), ¢ (x) are given real-valued sufficiently smooth functions, A, «g, Bo € R,

DO_V“ is the Riemann-Liouville fractional integral operator of order « is defined by:

1 [ fdz
F(Ol)o (y —g)t-’

Doy f () = if @>0.

ngf(y) = f(y),ifa=0; f(y) € Li(a,b)(a <b < +00).

"The inhomogeneous problem (11.1.3) and (11.1.4) in the case of A =0 is well-
known, and has been studied in many works. This equation, considered as a heat
equation, is investigated with various kinds of conditions such as initial Cauchy prob-
lems [12], mixed, nonlocal, and other types. At the beginning of the study of the
Cauchy problem (11.1.3) and (11.1.4), we use the following formula:

Wx,y) = /Rn XE)G(x,0(y). &, 0)ds+

a(y) dn .

+/ — | FG& o )Gk, oy),§ ndE, (11.1.5)
o k(@™ m) Jrn

which is the solution of the following Cauchy problem for the heat equation with

variable coefficients:

Wy —k(y) AW =F (x,y), (x,y) € Ry,
W(x,0)=yx (x), x € R".

In (11.1.5), the functions o (y) = fo) k (n)dn and o~ (y) are the inverse functions
of o (y), G(x,0(y),&,1n) =G1(x —&,0(y) —n) is a fundamental solution of a
differential operator with a variable coefficient 3/dy — k (y) A, where:

£= (g(l)’ £@) ...,g“”), £ = (é(n,g(z% m,smfl)) Cde=deD . qg™.

We note that the Cauchy problem can also be studied if the a9 and By coefficients in
Eq. (11.1.3) are functions of x and y.

It should be noted that in the work of Dikinov et al. [13], the problem related to a
one-dimensional bounded medium was considered at one of the ends of which there
is a heat source in this medium, the heat conduction equation. Later, in [14], studies
were conducted on cases where the loaded term involved a combination (differential)
of traces of the function u(x, t). However, the loaded heat equation with a fractional
operator was investigated in [10], [15], [16], [17], and [18].

We note that in this work, we investigated the Cauchy problem for the mul-
tidimensional fractionally loaded heat equation in Holder spaces. If «gp = 0 in
Eq. (11.1.3), the problem is analyzed analogously to [19]. Hence, in this study, we
focus on the case o # 0 and By = 0.
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11.2 Investigation of the problem

Our main result is stated as follows:

Theorem 11.2.1. Ifk (y) € E :={k(y) € C'[0,T1,0 <ko <k (y) <k < o0}, and

¢ (x)e H (R"), (11.2.1)
¢ (x) < ¢o = const > 0, (11.2.2)

then the Cauchy problem admits a unique solution in the function space u(x,y) €
Hl+2’(l+2)/2 (R;lw)

Before proceeding with the proof of Theorem 11.2.1, we first outline the method
used to establish the unique solvability of the problem.

To prove Theorem 11.2.1, i.e., to solve the Cauchy problem, we transform it into
an equivalent Volterra-type integral equation. By employing the theory of integral
equations and imposing suitable conditions on the given functions, in accordance
with the theorem’s assumptions, we establish the existence of a unique solution to the
derived equation. This, in turn, ensures the unique solvability of the original problem.
Following this approach, we first reduce problem (11.1.3) and (11.1.4) to an integral
equation of the Volterra type.

Using formula (11.1.5) and considering the properties of the fundamental solu-
tion, the Cauchy problem (11.1.3) and (11.1.4) is equivalently rewritten as follows:

dn o
)]

5 oW
u(x,y>=fRnG(x,o<y>,s,0)¢<s>ds+F(a)/o =

ottt o1
X//o (6_ (")_S) ux(0,9) G(x,0(y): §, 1) dsdg.
(11.2.3)

Then, we compute the derivative u(x, y) with respect to x for the case n = 1:

A o(y) dn
(5, y) =/Rl Gelr.0(0:6.0 9@ + s [

o) . a—1
x/ / (67 n=5)" we0,9) Gax, 0 ()5 &, ) dsde
Rl JO

and we consider the point where x = 0:

. A o () dn
Mx(O,Y)Zle Gx(x,a(y),$,0)|x20¢($)d§+W/O Ko—1n)) -

ol a1
<[ [ (e =s)" 0.9 Gutw o0 £ mlaadsde.
R JO
(11.2.4)
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Thus by denoting u, (0, y) = v(0, y), we obtain the following Volterra-type integral
equation of the second kind:

O /O'(V / / (77) 1() >a—l (O ) %‘
YOG k(o l(n)) & Y)Y e —n

xGy (x,t'f(y):éa77))|x=odsdé=/R1 Gy(x,0(y);§,0)x=00p()ds.  (11.2.5)

Similarly, for n = 2,3, ..., taking the derivative with respect to x; (i =2, 3,...), we
obtain the corresponding two-dimensional, three-dimensional, and subsequently in-
tegral equations of the Volterra type (11.2.5), which are studied in a similar manner.

Lemma 11.2.2. Let k(1) € E, ¢(x) € H'T3 (Rl), and suppose that |¢'(x)| < ¢y,
with conditions (11.2.1) and (11.2.2) satisfied. Then, there exists a unique solution to
the integral equation (11.2.5) in the function space HI+3.04+2/2 ¢ (R(%)

Proof. We prove this lemma using the method of successive approximations, con-
structing the following functional sequence:

200, y) = f G, 0 (1): £ ) yod (E)dE

o(y) (17) —
Sl
200 =55, it oy =) 0.0

X Gx(xa U(y)a gs 77)|x:0d5d$a

A o(y) (17) O a—1
v2(0,y) = F(a)/o K- 1(0)) /le (n)—S) v1(0, ) x

X Gx(x, o(y); &, m)lx=0dsd§,
................................... (11.2.6)

o (y) ‘(n) » a1
2 ©.3)= r()/ ko~ 1(n>)/R1/ (")_S) x

X Up—1(0, 5)Gx (x, o(y); &, 77)|x:()dsd%',
(x,y)eRL, n=1,2,.....

Therefore taking into account (11.2.1) and (11.2.2), along with the properties of the
fundamental solution of the heat equation [12], the equality f pmG1x —§,0(0) —
n)dé = 1, and introducing the notation

$1 =max|¢’(x)], (11.2.7)

we estimate the functional sequence {v, (0, y)} defined with the integral Eq. (11.2.5),
modulo in the class Rg, according to G, = —Gg:

v (0, )27 < f &) P26 (x — &, 0(y)limodE
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/ 1BET DG (x — &, 0(3))|cm0dE
< /R @261~ 6.0 ()limods < 1.

Similarly, we evaluate

o(y) '(n) a1
142,(42)/2 _ 1y
010, )l < F(a)/ = ‘(n))!/m/ ) s) x

x 000, )7 222 G (=&, 0 (y) — )dsds
_ Mg 2VRT ¥
- ko\/_ al’
142,(42)/2 _ Al ¢12vki T o) dn
k@l @+ o k(e ()|

B C) 1 a—1
x/ / a* (n)—s) X
Rl

% 5% v (0, s)|’+2 D2 G (—E, 0 (y) — n)dsdE
o1 21V T )
(koﬁ)2 QCa)!

1 (2|)\| ,—le)n—l /U(Y)dinx
ST T @ (- Da+ Do [k~ )]

) a1
— 1+2,(+2 2
[ (e =) s s
R' JO
no

¢1 (21K T)"
(koﬁ)n (na)!

[v2(0, y)l7

1+2,(142)/2
|0 (0, y)|F> D2 <

x Gi(=§,0(y) —ndsd§ <

Thus we have constructed the following functional series:

> a0, y). (11.2.8)

Using the above estimates, we estimate (majorize) the obtained functional series with
a numerical in the domain (0, ¢) € RO, 1.e.,

. 00 ) N 00 (A£>mx Tne
gvn(o,yns;aﬁv‘ mf‘mgWS
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()] < ¢r1exp <A$T> .

1 no
©, (447)
<p L
n=
Thus according to the latest estimates, according to the Weierstrass theorem, one
can easily verify that the resulting functional series (11.2.8) converges absolutely
and uniformly on the set H. Therefore the sequence of functions v (0, t) defined by
the integral Eq. (11.2.5), converges uniformly for some function v(0, y) in the space
HIH2.0+2)/2 (R(%).

Thus we have established the existence of a solution to (11.2.5). By substituting
the obtained function into (11.2.3), we uniquely determine the solution to the Cauchy
problem (11.1.3) and (11.1.4) in the class H'T2(+2/2(R1).

Now, we will prove that the integral Eq. (11.2.5) and thus the Cauchy problems
(11.1.3) and (11.1.4) have a unique solution. To do this, first assume the opposite, i.e.,
let there be two different solutions v; (0, y) and v; (0, y) of the integral Eq. (11.2.5):

dn o
)

a(y)
v1(0,y) = / Gi(— EU(y))¢(E)d§+F( )/ ko—

() . a—1
X/ / (o_ (n)—s) v1(0,5)G1x(=§,0(y) —n)dsd§. (11.2.9)
R JO

A o(y) dn
v2(0,y) = /R | G1(—£.0 0N+ /0 PETEYE

RO X a—1
x /1 / (a— ) — s) 1200, )G 11 (—£, o (y) — p)dsde.  (11.2.10)
R' JO
The difference of these functions v and vy, is denoted by w (0, y):

w(()’ )’) = UI(O’ Y) - UZ(O’ )’)

As a result, we obtain a homogeneous integral equation of the second kind:

0 _/G— d+/\/m 5
w0 = | GiEoNe@detrs | S

ot a—1
xf[ (U_l(n)—s> w(0,s) Gy (—&,0(y) —n)dsdé.  (11.2.11)
R! JO

For each fixed y € [0, T'], we define the supremum of the modulus of the function
w(0, y) as:

w=sup|w(,y), yel0,T].

From the integral Eq. (11.2.11), we derive the following inequality:

Al oW l(n) . a1
O | et fy N @ =s) T w0
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_2 [kT y*
‘Gix(=§,0(y) —mdsd§ <wW—/——.
koV m «!

By continuing this process, we obtain the following result for any arbitrary natural

number 7n:
2 kT " Y "
[wO, M| <w|-—/— < ,
koV m (na)! 7 (na)!
where ¢ = % %T“. This inequality implies that either w(0, y) =0 or v1(0, y) =

v2(0, y) as n — oo. Hence, the integral Eq. (11.2.5) has a unique solution.

Indeed, considering the theory of integral equations and expressing the solutions
of (11.2.5) through the resolvent, it is straightforward to verify that for ¢ (x) =0, we
obtain v(0, t) = 0. This completes the proof of the lemma.

As a consequence, under conditions (11.2.1) and (11.2.2), from (11.2.3) it follows
that u(x,y) =0, for all (x,y) € R’T’. Thus we conclude that the Cauchy problem
formulated at the beginning has a unique solution. Theorem 11.2.1 is proved. O
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12.1 Introduction and formulation of the problem

Thermal conduction refers to the transfer of internal energy, in the form of heat,
between neighboring molecules within a solid, liquid, or gas, as well as between dif-
ferent materials in close contact, without requiring any bulk motion of the material
itself [1-3]. On this basis, heat conduction has been studied for more than two cen-
turies and remains a topic of continuing scientific interest, playing a fundamental role
in both natural and engineered systems.

From both physical and mathematical viewpoints, the heat conduction equation
occupies a universal position. It arises naturally in diverse contexts, including the
modeling of mass diffusion processes and the description of vorticity diffusion in vis-
cous fluids. Heat conduction problems are also of considerable interest in the theory
of partial differential equations. The one-dimensional heat equation is the most thor-
oughly studied case and has found extensive analytical and practical applications. In
contrast, heat conduction problems in three-dimensional and multi dimensional do-
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mains remain an active area of research, particularly when nonstandard operators are
involved.

In recent years, substantial attention has been devoted to fractional differential
equations, in which derivatives of non-integer order are employed. This growing in-
terest is closely linked to advances in fractional calculus, including the systematic
development of fractional integrals and derivatives and their successful application
across numerous scientific disciplines [4—8].

Fractional diffusion models extend classical diffusion equations by incorporat-
ing derivatives of fractional order, thereby providing a more accurate description of
anomalous diffusion processes. Such models have proven effective in representing
complex transport phenomena encountered in physics, medicine, and biology [9—13].

The analysis of two-dimensional and multidimensional space-fractional diffusion
equations with variable coefficients presents significant challenges from both the-
oretical and computational perspectives [14]. In many cases, classical methods are
insufficient to establish well-posedness or to construct efficient numerical schemes.
Consequently, the study of fractional diffusion equations with variable coefficients
often relies on a combination of analytical techniques and advanced integration or
approximation methods.

The study presented in [15] explores numerical approximation techniques for
solving fractional diffusion equations with variable coefficients. The application of
the method of prior estimates to boundary value problems for fractional diffusion
equations, following an approach analogous to that in the classical case, is examined
in [17]. In [16], a finite difference scheme is proposed for approximating solutions
to spatial fractional convection-diffusion models governed by equations with variable
coefficients. The homotopy analysis method and the Adomian decomposition method
are utilized in [18] to address high-order time-fractional partial differential equations.
Furthermore, initial and boundary value problems for fractional diffusion equations
with variable coefficients have been extensively studied in [19-23].

The increased interest in the study of loaded differential equations [24] is at-
tributed to their numerous applications and the fact that they form a distinct class
of partial differential equations [25,26]. Notably, the pioneering works of Nakhu-
shev provided one of the first generalized definitions of loaded equations, along
with their classification and applications to various problems in mathematical physics
and biology [27-34]. Boundary value problems for heat conduction equations with
loaded terms have been extensively studied in both bounded and unbounded domains
[28-31]. These investigations are particularly focused on cases where the order of the
derivative in the loaded term is greater than or equal to the order of the differential
operator in the equation.

In this article, we focus on both aspects, specifically examining an analogue of
the fractional diffusion equation with variable coefficients under a fractional load.

Inverse problems for parabolic equations with variable coefficients have been
studied extensively, and fundamental results on existence and uniqueness for cor-
res ponding initial-boundary value problems are well established. Motivated by
these developments, we consider an inverse problem for a loaded integro-differential
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heat conduction equation with variable coefficients. In particular, following recent
progress [35-39], the present work addresses the problem of identifying an unknown
coefficient in the loaded integro-differential heat conduction equation.

We introduce the following notations:

Let R" denote the n-dimensional Euclidean space, where x = (xy, ..., x,) € R".

Let RZT represent a subset of three-dimensional Euclidean space, specified by a
point (x, y, z), where (x, y) e R and z € (0, T'], with T > 0:

R = v.2) ’(x,y)eRZ,OSZST}.
Let f(x, y) be a function defined on R2.
Definition 12.1.1. If for any x1, x® € R?, the inequality
D) = FaeD) <kjx® —x@), k>0,1€(0,1), (12.1.1)

holds, then the function f(x) is said to satisfy the Holder condition with exponent [
in R2. The class of functions satisfying condition (12.1.1) is denoted by H LR?).

Definition 12.1.2. If for any given pair of values
(x(l), y 0, Z(l)) ’ (x@)’ v, Z(z)) eR2,
the inequality

‘f (xa)’ ¥, z(l)) —f (x<2)’ yO, Z@))‘
o _ .o o _ o o _o|?
Skl‘x —x ‘+k2‘y —y ‘—l—kg‘z —z ) , (12.1.2)
where

ki > O(constants), i =1,2,3, [€(0,1),

holds, then the function f(x, y,t) is said to satisfy the Holder condition with expo-
nents [ and [/2 in RZT. The class of functions satisfying condition (12.1.2) is denoted
by HU/2(RZ).

Inverse problem. Find a pair of functions u(x, y, z) and k(x, z) in (x, y, z) € RZ,
satisfying the following properties:

uz =y (2) (txx +1tyy) =AD" u (0, y,2) +u (0, y,2)]
z
—i—/ k(x,0)ux,y,z—r1)dr, (12.1.3)
0

u(x,y,)l,0=0x,y), (x,y)€R?, (12.1.4)
u(x,y,2)ly—o=x (x.2), (x.2) €Rp, (12.1.5)
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where y (z), ¢(x, y), x (x, z) are given functions and
y@el={y@Iy@>0y@ec'0.T1NCO.D}, (12.1.6)
0 (x,y) € H*? (R2> 0 (6, y) <go=const >0, ¢(x,0)=x (x,0), (12.1.7)
X (x,7) € HIHHU+D/2 (R‘T) ,1€(0,1),»eR. (12.1.8)
Daz"‘ is the Riemann—Liouville fractional integral operator [4] of order ¢ and « > O.

The inverse problem consists of determining the unknown functions u(x, y, z) and
k (x, 0, z) from the equalities (12.1.3)-(12.1.5).

12.2 Investigation of the problem

First, we will construct auxiliary problems equivalent to the inverse problem (12.1.3),
(12.1.4), (12.1.5).
Let us introduce the following replacement in the problem (12.1.3)-(12.1.5):

O(x,y,2) =ty (x, ¥,2), (x,9,2) € R3. (12.2.1)

Using the change of variable (12.2.1), the inverse problem (12.1.3), (12.1.4), (12.1.5),
is equivalently reduced to the following problem.

Aucxiliary problem: Find functions # (x, y, z) and k (x, ) in (x, y, z) € R2, pos-
sessing the following properties:

Zz
ﬁz—y(z)Az?:A[D()_Z“ﬁ(o,y,z)+19(0,y,z)]+/ k(x,0)0 (x,y,z—1)dr,
0

(12.2.2)
9 (X, Y, Dlmo = @yy (X, ¥), (x,¥) € R?, (12.2.3)
1
P (x,y, D=0 = IEYE (x,2) = Xax (x,2) —
—L[DO_Z“X (0,0,2) + x (0,0,2)] — L/ k(x,t)x(x,0,z —1)dT,
v (2) v (@) Jo
(12.2.4)

moreover, we assume that x (0,0,0) = 0, from the initial condition (12.2.3) and
(12.2.4) the following condition of agreement is satisfied:

1
iy (x,0) = —— ,0) — ,0). 12.2.5
Pyy (x,0) v (0) Xz (x,0) — xxx (x,0) ( )
Indeed, if the compatibility conditions (12.1.5) and (12.2.5) are satisfied, and the
functions ¢ and x are sufficiently smooth, it can be shown that the problems
(12.2.2)—(12.2.4) are equivalent to the inverse problem (12.1.3)—(12.1.5):
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First, integrating twice from the (12.2.1) substitution above from 0 to y, we get:

y
u(x,y,z)=x(x,z) +yp,0) +/0 & —md(x,n,2)dy (12.2.6)

and, consequently, in (12.2.1) for the function u(x, y, t), taking into account the
agreement condition (12.2.5) for z = 0, we have:

y
u(x,y,onz:o:x(x,0>+yuy<x,o,0>+/0 (v — &) gee (x, £) dE =
y
:)((x,O)—l—yuy(x,0,0)—i-/o (y—8)dos = x (x,0) + yuy (x,0,0)+
FO—Be <x,e>|3+/0’ 0s (x.£)dE = ¥ (x, 0) + yity (x,0,0) —

=@y (x,0)+ @ (x,y) —¢ (x,0) =y (uy (x,0,0) — @y (x,0)) + ¢ (x,y) =@ (x,y).

As can be seen from (12.2.6), on y = 0 the additional condition in (12.1.5) follows.
The sequence of obtaining Eq. (12.1.3) from Eq. (12.2.2) is as follows: first, we
integrate both sides of Eq. (12.2.2) twice from O to y:

y y
| o=00060d =y @ [ 0=6 060+ e (6,9) de =
y z
:/ (y—é)[)»ﬁ(O,é,z)—i—/ k(x,7)9 (x,&,z—1)dt]dé+
0 0
+L/y —d/z—"“lﬁo d
F@ Jo (y—§)dé A (z—1) 0,8, 7)dr
and taking into account equality (12.2.6), i.e.,
y
/0(y—E)ﬁ(x,S,z)dE=u(x,y,z)—x(x,z)—y<p(x,0)-

Accordingly, we establish the following relations:

Uz (x,9,2) = Xz (x,2) = Y (@D tex (x, y,2) + vy (@) x (x,2) + ¥ (2) yUy (x,0,2) —
_V(Z)ﬁ(xsy’z)+J/(Z)l9(x’0s2)=
=21 (u(0,y,2) — x (0,2) — yg, (0,0)) +

+/ ke, 7)(u(x,y,2—1) — x (x,2— 1) — yp, (x,0)) dr+
0

+ﬁ /OZ =" (1(0,y,7) = x (0,2 — ) — ypy (0,0) dr,
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Hence, taking into account the condition (12.2.4) for 9 (x, y, z), it is easy to see
that Eq. (12.1.3) has been obtained. Thus the (12.1.3), (12.1.4), (12.1.5) inverse prob-
lem of finding functions u(x, y, z) and k(x, z) is equivalent to the inverse problem for
finding functions ¥ (x, y, z) and k(x, 0, z) from (12.2.2)—(12.2.4).

Auxiliary problem

In the second step, if we differentiate the resulting equations to t and make the
replacement ¥,(x,y,z) = p(x,y,z) in (12.2.2)-(12.2.4), we obtain the following
auxiliary problem for finding the functions 9 (x, y, z), k(x, 2), p(x, ¥, 2):

2
pz =¥ (2) (pxx + Pyy) = (lny(z))’(p—/o k(x, )9 (x,y,z2—1)d7r)+
+/ k(x,7)p(x,y,z—1)dt —A(Iny (2))' (¥ (0, y,2) + D" (0, y,2) +
0

_ A _
+1(p (0,y,2) + (Do 0 (0,y,2)) +k(x,2) pyy (x,y) + 2" Loy (0,9,0),

I' (@)
(12.2.7)
pl.—o =y (0) Agyy (x, ), (12.2.8)
ply—o = F; (x,2) + ;:2((?) A k(x,7)x (x,z—1)dT—
—L Zk(x, ) ¥, (x,z—1)dt — Lk(x, )@ (x/, O) , (12.2.9)

AN y (2)

where

1 A 2 vl
F(x’Z)—sz(xsZ)_Xxx(va)_m/o (z—1)* x(0,0,7)dr.

As a result, we obtained an auxiliary problem for finding functions ¥ (x, y, z),
k(x,0,2), p(x,y,2).

In the next step, integrating both parts of the last change of variable from O to 7,
we obtain the following equality:

z
7 (x,y,2) =@yy (x,y)—i—fo p(x,y, t)dr. (12.2.10)

If the function p(x,y,z) is known, then the function ¥ (x,y,z) is found from
(12.2.10). Thus the problem (12.2.7)—(12.2.9) leads to problems (12.2.2)—(12.2.4)
and problems (12.2.2)—(12.2.4) lead to the inverse problems (12.1.3), (12.1.4),
(12.1.5). Hence, finding the functions ¥ (x, y, z), k(x,0, 2), p(x,y,z) from prob-
lems (12.2.2)—(12.2.4) and (12.2.7)—(12.2.9) is equivalent to finding the functions
u(x,y,z), k(x,0,z), from the inverse problem (12.1.3), (12.1.4), (12.1.5).
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Thus we have proved the following lemma:

Lemma 122.1. Suppose that y(z) € I, ¢(x,y) € H'T*(R?), x(x,2) €
H!T40+4/2 (RIT), and the matching conditions

1
X (x,0)=9¢(x,0), ¢y (x,0) = 0% (x,0) = xxx (x,0)
are met. Then, the problem (12.1.3), (12.1.4), (12.1.5) is equivalent to the problem of
determining the functions ¥ (x, y, z), k(x, 0, 2), p(x, y, z) from Egs. (12.2.2)—~(12.2.4)
and (12.2.7)—(12.2.9).

12.3 Uniqueness of solvability

Lemma 12.3.1. The auxiliary problem (12.2.2), (12.2.3), and (12.2.7)—(12.2.9) is
equivalent to finding the functions ¥ (x, y, z), k(x, ¥, z), p(x, y, 2) from the following
system of integral equations:

ﬁ(x,y,z)zf / §0nn(§»”)Gd5dU+/ 5 X
—00 /00 o v(e7l@)

00 o) or*l(r)
x/ / / k(E,0, )0 (s,n,a*‘ (7) —a) Gdadtdn+  (12.3.1)
—00 J—00J0

a(z2) dt e’} [ee)
A /O =Ty [ ) [ 000 B Gdpdy
N X /U@ dt
Froh Y10

oo o o l(1) . a—1
« / / / (o @ —8)" 0.0 Gapazan,
—00 J—00 JO

o0 o0 O'(Z) d
p(x,y,z>=f f V(O)Aconn(%‘,n)Gden+/ — %
—o0 J- o v(e7tm)
// (lny @) p(enoT @)=
o~ (0)
(i (@) [
o(2) drt 00 00 o ()
+f _71/ f / k(E,O,a)p(s,n,a‘l(r)—a)Gdadgdn+
0 VU (77) —00J—00J0

o(t)
+/O 1(T) / / §.0.0 1(r)) O (€.1) Gdédn+  (1232)

k(E,0, ) (g no () —a) da> Gdedn+
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(@ dt
tFah 7o)
1(f) » a1
x/_m/_m/o (o' @ —8)" p(O..5) Gapazdn-
A (@) dt
ol e

f / [my (t)))//oal(r)(a1(r)—;3>a_lx

a—1
<2 O P~ (67 @) g, n)] Gy,

k(x,0,z) = )Z(tz)) (Fz(x,z)—f / Y (0) Ay, (§, 1) Gdédn —
o(z2)
—1 -1
[ et Lo (e (7 @) o (e e @) Gaeans
o(2) dt
_l’_ - @
~/() V(U_l(f)) /—oo
00 ’ a"(r)
x/ ((lny(a_l(T))>/ k(E, 0, ) (g,n,a—l(z)—a)da) Gdedn—

o (2) @
_/0 71(7:)/ / / k(E,0,a)p (E n,o~ (7:)—05) Gdad&dn—

o(z)
—/ _1@)// (£.0.071 @) @y (6.1 Gdgdn—  (12.33)

o(2) dt
r(a) 0 y(lm) "

o] o] o’l(t) a—1
<[ [ [ (e @=p)" 00.0.p Gapagan+

o(2) dt
F (@) / y(0=1() (r)

X /OO /oo ((lny( (T))) /9 (r)( “1(p) _B)afl 50, n’ﬂ)dﬁ) Gdsdn—

—00 J —00

A o(2) B
_F(ot)/ —1(r)// (f) sonn(é,n)Gdédn)Jr
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1
@ (x,0)

where G =G (x — &,y —n, 0 (2)) and, respectively, from o (z) — T.

+ / (Iny @) x 6,2 = 1) = xe (8, 2= D)) k (x,0, 7) d,
0

Proof. In problems (12.2.2) and (12.2.3) taking into account formula (12.2.8) as in
the correct problem from [23]:

Z
F(x,y,@:kD&“ﬁ(O,y,z)—i—/o k(x,0,7)0 (x,y,z—1)dt

in the above form, we have the integral Eq. (12.3.1) correspondingly equivalent. In
the same way, taking into account (12.2.7) and (12.2.8), we obtain formula (12.3.2).
Then, taking into account the resulting integral equations and using (12.2.9), we ob-
tain the integral Eq. (12.3.3).

From problems (12.2.3), (12.2.4) and (12.2.7), (12.2.8), integral Egs. (12.3.1)
and (12.3.2) are obtained analogously to Eq. (12.1.5). Eq. (12.3.3) follows from
Egs. (12.2.9) and (12.3.2). Il

Now, we will prove the existence and uniqueness solution of problem (12.2.1)-
(12.2.3). The proof is given using the contraction mapping principle.

Theorem 12.3.2. If conditions (12.1.6), (12.1.7), (12.1.8), and (12.2.5) are satis-
fied, then there exists Ty > 0 a sufficiently small number such that for T € (0, To],
there exists a unique solution to the integral Egs. (12.3.1)—(12.3.3) belonging to the
classes:

(2(r,7,2), p(x, v 2 € HE2EDR(RE)  k(x,0.2) € B2 (RY).

Proof. To prove the theorem using the contraction mapping principle, we write the
system of Egs. (12.3.1)—(12.3.3) as a nonlinear operator:

0=L10, 0=(01,6,,05)" =D, p,k(x,0,2)*, (12.3.4)

where x* is the transposition symbol, L8 = [(L@)l , (LO),, (L0)3]*. Thus according
to the right sides of Egs. (12.3.1)—(12.3.3), (L6); (i =1, 2, 3), we have:

@ gr
y @

xfoo /OO /163(5,0,05)91 &,n,7T —a)GdadEdn+
—00 J—00 J0

A o) Jr 00 poo ?A »
V@ - )16, (0,7, B) Gdpdedn,
+F(a)/0 V(?)/_oo/_oo/o @=H" 6100, p)Gdpdsdn

X

(LO); =001 (x,y,2) +](;

where

dt
y (@)

o(z) oo 00
@%=%@m@+ﬁ / /[mwm%@%ﬂ—



182

CHAPTER 12 Inverse problem for the loaded heat conductivity equation

—(ny @) fo 63(2, 0, ) (&, n,?—a)da} Gdedn+

o(z) %) 00 T
+ / dr / / / 63(8.0, )0 (£, 0, T — ) GdadEdn+
0 V(ﬂ —00J—00J0

o(2) dt o0 00
+/O = /_w/_wes (£.0.7) gy (€. 1) GdEdn+
L2 fm) ad foo /Oo /?(?—ﬂ)“_192(0 0. B) Gdpdédn—
I' () 0 7/(?) —00 J—00J0 o

_ /m) dr /oo /oo [(m (?))’/?(?—ﬁ)‘“@ © ﬂ)dﬁ]Gdéd
T@Jo v®J)oslol T P -

(L9)3 = 903 ()C, Y, Z) -

y @ [°@ dr /oo/w ,
1 0 (E.0.7) —
ex, 0o v® ) _Oo(n)/(a)[z(%“ 7,7)

—/T 03(£,0,)0, (£,1,T —a) dai| Gd&dn—
0

v@) [ dr /oo /oo /?9 (€,0, )05 (£, 1,7 — ) GdeedEdn—
(ﬂ(x,()) 0 J/("L:) —o0J—c0Jo EACER) 2 > 1, n

Yy [°9 dr /00 /oo
B 05 (§,0, ,n) Gdedn—
c@0to vO) o) o 3(5.0,7) gy (§. 1) Gdédn

@ 79 do </°° /00 /?A a1
"T(@)e 0 - 0 (0, n, B) GdBdEdn—
T@Wex,0Jo 7@ \Uootoolo T—5) 2 (0,7, B) GdBdédn

- / / (ny (@)’ /0 @B (o,n,ﬂ>dﬂcdgdn>+
Ay () 9 dr 0o oo )
w0k 7@ (/_oo/_oo(ez(o””ﬁ”(ln”?” 0.0, ) Gdpddn
+<P():’O) /OZ (Any @) x (x,2— 1) — xz (x,2— 1)) 63 (x,0, 7) dT,

where a’l(r) =T, o1 (x,Y,2), 0o (x,y,z) and Oy3 (x, y, z) depends on the given
functions, i.e.,

901 ()C, y’ Z) = / / (Pnn (Ea '7) Gdi:dﬂ,

60 (x, v, 2) = f f (v (0) Agyy &, 1) + 1o (€, ) G+
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@ gr
+
[ (o) Jo y (@)

vy (@) o0 oo
9 (x,0) (FZ (X’Z)_/;w[w(y (0) Ay 6.1 + @ (5, m)Gdédn —

. O dr R a—1
T@ /0 G) /—oo /—oo @ @ (0, 1) Gd&dn) ,

Introducing the notation |0[/% = max <|91|”/2 6215172, |93|”/2) in HM/2 (R2),
we give the following condition:

/ f @* Loy (0,1) Gdgdn,

O3 (x,y,2) =

Lij2 112

S(T) =161 —boly "~ <16ol7, " (12.3.5)

11/2 11/2

|9()3 | . Thus

for any function o from S (T), T < Tp, when (12.3.5) is executed, the following
inequality is true:

1,12 2
where 6y = (6o1, 602, 6p3) and |90|TO = max (|901|TO/ 160217,

l6:15'% < 2169 |”/2 i=1,2,3.

As is known, for ¢ (x,y) € H't? (Rz), the Cauchy problem for the classical heat
conduction equation has a solution. In problem (12.1.3)—(12.1.5), taking into account
the auxiliary problem, the initial conditions must belong to ¢ (x, y) € H'*% (since the
auxiliary problem involves fourth-order derivatives).

If the Cauchy condition ¢ (x, y) € H'+? (R2) holds for the classical heat conduc-
tion equation, then the Cauchy problem for the classical heat diffusion equation has
a solution [39]. Since we are considering the class ¢(x,y) € H 46 the fourth-order
derivatives are also involved in the obtained auxiliary problem. Based on this, we
introduce the following notation:

14+4,(4+4)/2
yo:= max |[(ny )], ¢1:= oI+, xo:= Ix I "2,
z€[0,T]

Contraction Mapping Principle. Any contraction mapping defined in a complete
metric space has a unique fixed point; that is, the equation x = Ax has a unique
solution xg € S.

First, using estimates of thermal volume potentials ([38], pages 318-325), it is
easy to obtain the following inequalities:

1,1 2
I(L6), — 6o I3

/OZV(A)/ / /93<s0a>el<5nr—a>6dadsdn

112
‘ /o y(A)/ / 1O )

112
+
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112
=<

—B)* 1o, (0 GdBded
'm) ym///” p)" 00,0, p) Gapdsan|

< Bo(T) (65 (5,1, 20) 61 (&, m, 2 — 2o))I5> + B1 (T) 161 (0, m, zo)>|”/

< 4p0 (1) (10l5%) + 261 (1) (16012).

(L), — 6l <

<481 (1) G0+ 1) (10l5%) 42682 (1) @ + 1 + 1) (180157).

|(L6)3 — 603 |1 2 <

=2(B1 (M 7gy" @ro+e1+ D+ 005 To o+ D) 60lf > +
112
4 D yigy o+ 1 (10l )

AsT — 0, 5;(T) — 0, (i =0, 1, 2). Therefore if we choose Ty so that the following
inequalities should be satisfied:

480 @) (16015)” + 28 1) (10%) < 1.

41 o) o+ 1) (1157%) 4262 () o+ + 1 (16l57) <1, (1236

1l 2
2(B1 (T gy @ro+ o1+ D+ 005 To o+ 1) lool

1,1/2
4 T ney oo+ D (16015%) <1,

then the operator L for T < Ty has the first property of a contraction mapping opera-
tor, that is, LO € S(T).

Now, consider the second property of the contraction mapping for the operator L.
Leto® = (6", 6", 6{") e 5(1),6@ = (6,656 € 5 (T, then, following
evaluation

112

1,12
‘9(1)9(1) 9(2)9@‘ ‘(92(1)—92(2)>91(1)+92(2)(9(1) 9(2)>‘ <
T

52‘9(])_9(2)‘7: <‘ (1)‘1 JA/2 ll/2> 4|9 |l 1/2‘0(1) 0(2)‘1 JA/2
we have
‘((L@)(” (L9)(2)> ‘1,1/2 /o(z) dt de d
_ — n
tr o v@®J-
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= 1,1/2
/O [93‘”(5, 0,000 . 0.7 — ) — 02 (,0,0)0? (£, 1,7 — oz)] Gda| +
T
¥ /W) / [ / RED o 0,0, ) -6 0.1 x
0 o~! (r) T () o b
11/2
x Gapdgdnl'"” < [880 (T) 6ol +4py (1) | [o — 0|
Similarly, estimating the second and third components of L6 we have:
11/2
(o) —ao®) | <
21T
L2 o) _ g |
< [261(T) @w+ 1+ D+ 86T G0+ Ddols ] o — 0@
0
1.1/2
(wo®—ao®) |7 <
3T
1/2

=[2(B1 Mg Cro+ o+ D+ 3005 Ty o+ 1) | - 9<2)‘

+[88: e oo+ 1 (18l ?) o0 -0

Ty

Therefore |(LOW) — L9(2))|ZT’I/2 <plo® —0®@ |1711/2, where p < 1, if satisfied

(860 (T) 0015 +261 ()] < p < 1,
[261(1) v+ 1+ 1) +882(T) (o + D 6ol *| < p <1,
[2 (;‘31 (MY ney' Cro+e1+ D+ fowg ' To (vo + 1))] + (12.3.7)

+[88: @ mest o+ (100177) | <o <1,

then the operator L is also a contraction on S (7).

From the satisfaction of inequality (12.3.7), it directly follows that (12.3.6) also
holds. Furthermore, since Ty satisfies T < T and condition (12.3.7), the properties
of a contraction mapping operator are fully satisfied. Consequently, by the Banach
fixed-point theorem, Eq. (12.3.4) has a unique solution. Using the method of succes-
sive approximations for the system of Eqs. (12.3.1)—(12.3.3), we determine a unique
solution within the function space H!™2(+2/2(R2).

Thus the existence and uniqueness of a solution to the system of integral
Eqgs. (12.3.1)—(12.3.3) imply the existence and uniqueness of the solution to the
equivalent problems (12.1.3)—(12.1.5). O
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13.1 Introduction

Fractional calculus is a branch of mathematical analysis focused on the proper-
ties of functions and operators defined by arbitrary non-integer order derivatives
and integrals. This field has gained increased attention across various fields of sci-
ence and engineering, including physics, chemistry, biology, fluid dynamics, as-
trophysics, electrical engineering, image processing, and others. For more details
about fractal calculus and its applications, interested readers can refer to [5,7,8,18].
Recently, researchers have extensively studied fractional calculus, developing new
fractional integral and derivative operators that have gained significant attention due
to their wide applications in diverse fields. In particular, various fractional operators
such as Riemann-Liouville, Erdélyi—-Kober, Caputo, Saigo, Hilfer and Marichev—
Saigo—Maeda fractional operators are present, see, for example, [9,21,22].

We recall here the generalized hypergeometric fractional integral and fractional
derivative operators involving Appell’s function F3, introduced by Marichev [11] and
later extended and studied by Saigo and Maeda [16]. These operators are known as
the Marichev—Saigo—Maeda operators. The generalized fractional calculus operators
with the Appell function F3 in their kernel are defined as follows.

Let v, ¥, u, 1, n € C with () > 0, x € RT, then the left and right fractional
integral operators are defined as follows (see [16]):

(7 f ) o = L / -t (v, 6o 1= =1 f) f 0yt
'@ Jo x t
(13.1.1)
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and

(li’ﬁ’“”i*"f) (x)

X7V [ 1ty , , x t
=)t F (v, 0,y L — =, 1— =) f(de, (13.1.2)
NG t x

where F3 is defined as follows (see [20]):

o0 - -
L W) (D) (W) ()0 X™ 1"
F3(v, 0,y s myx, 1) = Z m (’; m ”—‘—', (max{|x|, |t]} < 1).
=0 N)m+n m:n

(13.1.3)

These operators are reduced to the following Saigo fractional integral operators (see

[15]):

(107 )
— (1 ) 0

xR v—1 t
= x—=—0)""HF |v+u,—p;v;l1—— ) f@®)dt, peC (13.1.4)
I'(v) Jo x
and
(Iu-i-u,O,—p,O,uf) (x)
= (12" f) ()
= ! /Oo(l‘ — ) TV R <v+u —p;v; 1 — )—C) fdt, peC
rw)J, o t/) ’ ’
(13.1.5)
where , F is the Gauss hypergeometric series defined by (see [20]):
o0 m
v X
2 F (V,M;,O;x)=ZM—‘, x| < 1. (13.1.6)
m—0 ©m m!

Let v, D, i, (1, n € C with R(n) > 0, x € RT, then the left and right generalized
fractional differentiation operators involving the Appell function F3 as a kernel are
defined by (see [16]):

(Dgf»u,/l,n ) (x) = (I(;rﬁﬁvﬁ/l.ﬂt,fnf) (x)

_ (%) (1(;}*”’*’”’"’*“’*”+mf) (x) (13.1.7)
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and

(Dz’ﬁ‘””l’”f> (x) = (1_*‘3»*V»*/i,*u,fnf) )
- (_%Y (I:ﬁ’ivﬁﬂ’iﬁm’fwmf) @),  (13.1.8)

where m = [ (n)] 4+ 1 and [N (n)] denotes the integer part of R ().
These operators are reduced to the following Saigo fractional derivative operators
(see [15]):

(D577 ) ) = (DG £) (), peC (13.1.9)

and
(DE”L”’O’_”’O’”f) (x)=(D""* f) (x), peC. (13.1.10)
Ifweset u = —vin(13.1.4), (13.1.5), (13.1.9), and (13.1.10), the Saigo fractional

integral and derivative operators reduce to the Riemann—Liouville fractional integral
and derivative operators, which are defined as follows (see [7]):

v,—V v 1 . v—
(1) =) 0 = o [ =0 pwar a3
v,—V,p0 (v _ 1 > BN
(L f)_(l_f) (x)_—F(V)/X (t —x)"" ' f@)dr, (13.1.12)
v,—v v d\" m—v
(Do’+ ”’f)=(D0+f)(x)=<a> (157" ) () (13.1.13)
and
V,—V,p v d " J
(D_ f)=(D_f)(x): 0 (1" F) (), (13.1.14)

where v e C, R(v) > 0, m = [R(v)] + 1, and x € RT.

When p© =0 in (13.1.4), (13.1.5), (13.1.9), and (13.1.10), the Saigo fractional
integral and derivative operators reduce to the Erdélyi—Kober fractional integral and
derivative operators, which are defined as follows (see [8]):

(”Opf)(x) (,;*,Uf)(x)— /(x 0 P f(r)dt, (13.1.15)

O
(17 1) o = (vaf)m)—r() / (=)’ f(odr, - (13.1.16)

( ”‘”’f)(x) ( ) [yt e mf)(x) (13.1.17)
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and

(022 1) 0= @5 = (=) (= ). st

where v € C, R(v) > 0, m = [R(v)] + 1, and x e RT.
Further, the image formulas for a power function, under operators (13.1.1),
(13.1.2), (13.1.7), and (13.1.8) are given by [16]:

(g59590t) g9 = TOTOE1 205 WA i
0+ K

FA+a)T(A+n—v—0)T(A+n—0—p)

(13.1.19)

where v, U, i1, /1,7 € Cand R(n) > 0, R(A) > max{0, R + D+ pu —n), RO — )},

(1WMH1>() FAd=x2—wr(l=a2—n+v+9)F(1-2+v—4—n)
FA-MTA=A+v—wT(I=A+v+Do+4—n)
XAyl (13.1.20)

where v, U, u, 1, n € Cand R(n) > 0, R(A) < 1~|—max{§R(—u,), Rv+v—0n), R+
—m},

FTWT(A—n+v+0+a4)T(A—pu+v) JURET—
FA—w I (A=n+v+0)T(A—n+v+4a)

’

(Dgi)sﬂ’ﬂﬂt)\—l) (x) —
(13.1.21)

where v, U, u, 1,7 € Cand R(n) > 0, R(A) > max {0, Rp—v—v—p0),R(u— v)}
and

(vawn . 1)( - F(l—A+4)T(1—=A—=b—pn+n)T(1—A—v—"7+n)
T -MI(1=2=0+@)T(1—r—v—D—p+n)
A==l (13.1.22)

where v, v, u, 1,1 € Cand R(n) > 0, R(\) < 1 +max{§ﬁ(/l), R —v—"1),R0n—
v — /L)}.

The Fox—Wright function , W, (z), which is a generalization of a hypergeometric
function, is defined as follows (see, e.g., [7,20]):

p
[ (d1. D1), ... (dp, Dp) } Z H, (D@ Dim) 2" 3 oa

(615E1)7-”7(€q5Eq) F(EJ +E I’l)

where d;, Di, e, Ej,z € C, (dy) > 0, (D) > 0,i =1, ..., p, R(e;) > 0, R(E;) >
0,j =1, g and 1+ 9% (L4, E; = X, Di) 2 0.
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The Mittag-Leffler function and its generalization appear in special functions as a
solution of fractional integro-differential equations having arbitrary order. The impor-
tance of such functions in applied mathematics and engineering sciences is steadily
increasing. Some interesting applications of the Mittag-Leffler function are consid-
ered in the study of quantum mechanics, electric networks, random walks, Levy
flights, and kinetic equations, interested readers can refer to the recent work of re-
searchers [2—4,10] and the references cited therein. In addition to fractional calculus
the Mittag-Leffler function also plays an important role in several branches of science
and engineering like applied physics, statistics, quantum mechanics, mechanics, ther-
modynamics, telecommunications, electrical engineering, and more.

In recent years, Mittag-Leffler functions have garnered significant attention in
the field of special functions, prompting numerous researchers to explore their gen-
eralizations and applications. Pathan and Bin-Saad [12] introduced and studied the
function E/* o 5(2), which is defined as:

nj+k

o0
£ () = < . . B.zeC, 0 0, % 0,j>1,k>0.
V5@ ;F(ﬂ+a(nj+k)) o, B.2€C.R@) >0,RB)>0,j=1k=

(13.1.24)

Very recently, Bin-Saad and Younis [1] 1nvest1gated a new generalization of the arbi-
trary order Mittag-Leffler-type function E gk ﬂ(z) which is defined as:

o]

jak _ (V)n nj+k
Eolpy.s@ _,,2:(:) ST Framizo (13.1.25)

where o, 8,y,8 € C; R(a) >0, R(B) >0, N(y) >0, X)) >0and j > 1, k >0.
Here, (y), denotes the Pochhammer symbol defined in terms of the familiar Gamma
function I by (see, e.g., [19]):

Ly +n) _ = =0),

(y)n = F()/)

yy+1D..(y+n-1) (neN:={1,2,..})).

Clearly, when j =1 and k£ = 0 in (13.1.25) yields the generalized Mittag-Leffler
function given by Salim [17]:

y.,6 _ s (V)n n
Emﬂ(z)—;—r T (13.1.26)

where «, 8, y,6 € C; R(a) > 0, R(B) > 0, N(y) > 0, N(S) > 0.
For our present investigation, we also need the Hadamard product that helps to
decompose a newly emerged function into two known analytical functions. Let f
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and g be two functions represented by the following power series:

f@=) anz™ and gx) =Y bnz".

m=0
Then, the Hadamard product of the power series is defined by (see [13]):

oo

(f*xg)(2):= Z am mZ =:(g* f)(2). (13.1.27)

m=0

In this chapter, we aim to investigate the Marichev—Saigo—Maeda fractional cal-
culus operators and Caputo-type Marichev—Saigo—Maeda fractional differential op-
erators of the generalized arbitrary order Mittag-Leffler-type function. All the results
are expressed in terms of the Hadamard product of the generalized Mittag-Leffler
function Egg (z) and the Fox—Wright function , W, (z). We also include some special
cases of our main results as corresponding image formulas for the Saigo, Erdélyi—
Kober, and Riemann-Liouville fractional integral and derivative operators.

13.2 Marichev—Saigo—Maeda fractional integrals with the
function Ej’ﬂ 5.6(@)

In this section, we establish the composition formulas of Marichev—Saigo—-Maeda
fractional integrals involving the generalized arbitrary order Mittag-Leffler-type
function E ({[lgy 5(@) in terms of the Hadamard product of the generalized Mittag-

Leffler function E;/Z (z) and the Fox—Wright function , ¥, (z).

Theorem 13.2.1. Let v, ¥, i, fi,n, A, o, B, v, 8,0, w € Cwith R (A + ok) > max{0,
R+ 9 + o — 0), R — D)}, R > 0, K@) > 0, R(B) > 0, R(y) = 0, R(S) >

0, and j > 1, k> 0. Let I(;}f’“”l’" be the left-sided operator of the Marichev—
Saigo—Maeda fractional integral. Then,

”’ ”’ 6 . .
(I(;)-’_UMMWI:A lEj/Sy(S(wt )]) (x)zwx v—v+n+rtok— 1E§/ﬁ+ak(wjxaj)

.U (1, D,(A+ok,0j),(=v—=V—p+n+r+o0k,oj),
Y (At atok o)), (cv =D+ 4 A+ok,a)),

(=0 + A+ h+ok o)) o,
. 13.2.1
(cv—utntatokap | @) (13.:2.1)

Proof. By using the series form definition of the generalized arbitrary order Mittag-
Leffler-type function (13.1.25) and the left-sided Saigo—Maeda fractional integration
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power function formula (13.1.19), we have:

V0,010 [ a—1 ik
(10+ " [t Ea,ﬂ,y,s (a)tc)]) (x)

| v | a—1 - (V) o\nj+k
_<I°+ [’ 25T rawm i ) D(’”'

By interchanging the order of integration and summation, we obtain:

in Tt ik
(1(1;+v o [IA lEé,ﬂ,y,s(wfo)]) (x)

> (y), o" P
ZwkZ Yn (I(l);,v,u,u,ntx+a(nj+k)—1) (x)
2 (8),T (B +a(nj +h) \ O
o .
— wkx—v—ﬁ+n+k+ok—l (y)n ™

£ (8), T (B+amj+)

y F(i+ok+onj)T (=0 +fa+r+ok+onj)T (—v—190—pu+n+ri+ok+onj)
F'(a+ri+ok+onj)T (—v—b+n+Ar+ok+onj)T(—v—pu+n+r+ok+onj)

onj

- 62
— wkx—v—v+n+k+ak—l n

22 (8), T (anj + p + k)

FAd+nT(+ok+onj)T (=0 + 4 +A+ok+onj)
F(a+Ar+ok+onj)T(—v—"70+4n+i+o0k+onj)
F(—v—V—u+n+i+ok+onj)
'—v—u+n+ri+ok+onj)n!

i| (! x",

Finally, by expressing the above equation as the Hadamard product of the generalized
Mittag-Leffler function (13.1.26) and Fox—Wright function (13.1.23), we arrive at the
desired formula (13.2.1). O

Corollary 13.2.1. Let v, u, p, A, 0, B,y,8,0,w € C such that R(x) > 0, R(B) > 0,
N(y) >0, RE) >0, RW) >0, R +o0k) >max {0, N(uw—p)}, and j > 1, k> 0.
Then, the following left fractional integral formula holds true:

v,i,p | =1 J.k
(IO+ [t Ea,ﬁ,y,é

(LD, A +ok,0)), (—u+p+r+ok,oj)
(—u+Ar+ok,0)), v+p+Ar+0k,0))

(a)tﬂ'):l) (x) — wkxfll.+)u+a‘k7] Eys‘s

o), prak (@' x77)

*3‘112[

(a)xg)j:|. (13.2.2)

Corollary 13.2.2. Let v, p, A, , B,y,8,w,0 € C such that N(a) > 0, R(B) > O,
R(y) >0, RE) >0, RWw) >0, RX+0ok) > —NR(p), and j > 1, k > 0. Then, the
following left fractional integral formula holds true:

v [l pik
(1 [P EL

— 8 S

aj,fta
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*2\111[ oyt h o) (wx®) |. (13.2.3)

Corollary 13.2.3. Let v, A, B8,y,8,w,0 € C such that R(v) > 0, R(A) > 0,
N) >0, RB) >0, Ry) >0, RG) >0, Ro) >0, and j > 1, k >0. Then, the
following left fractional integral formula holds true:

(13 [P ELG s ) () = e L ERS, | (k)

(1,1, A +ok,0j)

*2‘1’1[ (v +A+0k. o))

‘ (a)x”)f} . (13.2.4)

Corollary 13.2.4. For y =68 =1, Eq. (13.2.1) reduces to the following form:
<1(;zjrﬁ,lt,ll,'l I:t)n—l EOJ[:]/(S ((l)ta)]> (.X) — a)kx—v—lj+n+)u+6k—1Eaj’ﬁ+ak (wjxaj)

. 1,1),A+0k,0j),(—v—V—u+n+Ar+ok,oj),
Yl i+ a+ok,a)), (—v—b+n+rtok, o)),

(—v+p+r+ok,0j) o\J
, 13.2.5
(oo —ptn+r+okagy | @) (13.2.3)

Corollary 13.2.5. For j =1and k =0, Eq. (13.2.1) reduces to the following form:

(Iv,ﬁ,u,;l,n [tA*]E;’”g(wt")D (x) zx—u—ﬁ+n+)\71EZ:5 (0x°)

0+ B
*4%[(1,1),()»,0),(—v—ﬁ—u+n+k,0),(—ﬁ+ﬂ+k,o) a]
(l;«"‘)ha)’(_V_‘3+77+)h0)»(_v_ﬂ+77+)\,0)

(13.2.6)

Theorem 13.2.2. Let v, v, u, i1, n, A, a, B,y,8,w,0 € C with R(A — ok) <1+
min {m(—u), R+v—n), RV +n— n)}, R >0, R(a) >0, R(PB) >0,R(y) >
0, RGS) >0, and j>1, k=>0. Let Ii’ﬁ’“”l’n be the right-sided operator of the
Marichev—-Saigo—Maeda fractional integral. Then,

VO, 0 [ A1 ik - k_—v—b+n+r—ok—1 V.8 i —oj
(1o i [P @ )]) ) = b e g o))

.U 1, D), (—u—Ar+ock+1,0)),v+v—n—A+ock+1,0j),
453 (= +0ok+1,0/),(v—p—Ar+ok+1,0j),

Oth—n—ttoktlof) | )il (132.7)
v+v+pa—n—r+ok+1,0))

Proof. By using the series form definition of the generalized arbitrary order Mittag-
Leffler-type function (13.1.25) and right-sided Saigo—-Maeda fractional integration
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power function formula (13.1.20), we obtain:

—1 j.k -
(Izvllﬂ-ﬂ[t}» lE(‘)/é’ﬁ’y’S (C()t O')]) ()C)

_ | v A—loo W _o\nj+k
_<I‘ {t L5 TG ram i @) D(’”‘

By interchanging the order of integration and summation, we obtain:
v [ -1 gk -
(1_ ol [r EL% st ")]) (x)

R (V) @™ RN R k) —1
—w Z 5 n (I_’ ol =0 (nj+h)— )(x)
n=0 n

I'(B+anj+k))

_k —v—ltnta—ok—1 - (7)n @
v 2 @) T (B+a(nj+)

F(—p—A+ok+onj+ DI (v+0—n—r+ok+onj+1)
F'(—*4+ck+onj+DIrrv—pu—Ar+ock+onj+1)
F(v+ia—n—r+ok+onj+1)
F(v+ﬁ+;i—n—k+ak+anj+1)

—onj

o
— kv IHnHAok—1 (n
= O T (B +anj+k)

|:F(1+n)F(—M—A+ok+anj+1)F(u+\3—n—k+ok+onj+l)
X

F(—A+ock+onj+1D)TFT(v—pu—r+ock+onj+1)

F(v+i—n—r+ok+onj+1)
F(v+io+pg—n—r+ok+onj+1)n!

:| (wjx—oj)n.

By expressing the above equation as the Hadamard product of the generalized Mittag-
Leffler function (13.1.26) and Fox—Wright function (13.1.23), we arrive at the desired
formula (13.2.7). O

Corollary 13.2.6. Letv, u, p, A, o, B,y,8, w,0 € C such that R(a) > 0, R(B) > 0,
Ry) >0, RE) >0, RW) >0, RA —0ok) <1+ min{Rw),R(p)}, and j > 1,
k > 0. Then, the following right fractional integral formula holds true:

L 1 ik _ _ o s S
(Iiﬂpl:t)» lEé’ﬁ,y’s(wt O‘)]) (x)za)kx n+r—ok lEgj,ﬂJ,-ak(w]x O’])

(LD, (=2 +ok+1,0)), (p—h+0k+1,0))

oy . (13.2.8
(~A+0k+1,0)), (v +p+p—Ar+ok+1,0j) | @~ )} ( )

*3‘1’2[

Corollary 13.2.7. Let p,v, A, @, B,Y,8,w,0 € C such that R(«x) > 0, R(B) > 0,
N(y) >0, RG) >0, RW) >0 RA—0ck) <1+NR(p), and j > 1, k > 0. Then, the
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following right fractional integral formula holds true:

(Ko [ B s @™ ]) ) = b AR ELS L (@lx7)

aj,B+ak
- [ (1,D,(p=r+0ok+1,0))

_grj
(p+v—r+ok+1,0)) ‘(“’x )]' (13.2.9)

Corollary 13.2.8. Let v, A, a,B8,y,8,w,0 € C such that R(a) > 0, R(B) > O,
Ry) >0 NRN0B)>00<RW) <1 —-NRA—0k), and j > 1, k > 0. Then, the fol-

lowing right fractional integral formula holds true:

o, B+ak
[ (1, 1), (—v —A+ok+1,0))

* oWy i (—A+ok+1,0)) |(wx_”)/] . (13.2.10)

Corollary 13.2.9. For y =68 =1, Eq. (13.2.7) reduces to the following form:

(IK,V,M»MJ? tk—lEé:/;(wt—a)]> (x) = wkx—v—ﬁ+n+k—ok—lEaj’ﬂ+ak(wjx—aj)

.U 1, D), (—u—Ar+ock+1,0j)),v+v—n—A+ock+1,0j),
453 (= +0ok+1,0/),(v—p—Ar+ok+1,0j),

P . (13.2.11)
Ww+v+p—n—r+ok+1,0j)

W+ —n—htok+1,0)) ’ (wxa)j]
Corollary 13.2.10. For j =1and k =0, Eq. (13.2.7) reduces to the following form:
(Iz,ﬁ,u,ll,n I:t)\—lE;/:g(a)t—o'):I) (X) — x—v—\;+ﬂ+A—1E;’:g (a)x—o')

*4\1./3 (1,1)7(_11«_)»4‘1,0)7(‘)‘{‘\3_7)_)»4‘170),
(=2r+Lo),(v—p—»r+10),

wv+pu—-—n—-21+1,0) ‘a) —zr:|. (13.2.12)

Ww+v+p—n—r+1,0)

13.3 Marichev-Saigo—Maeda fractional derivatives with the
H J’k
function E.’,  (2)
In this section, we establish the composition formulas of Marichev—Saigo—Maeda

fractional derivatives involving the generalized arbitrary order Mittag-Leffler-type
function E égy 5(2) in terms of the Hadamard product of the generalized Mittag-

Leffler function E;:g (z) and the Fox—Wright function , ¥, (z).
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Theorem 13.3.1. Let v, ¥, i, 1,0, A, o, B, v, 8,0, w € Cwith R (A + ok) > max{0,
R(—v—D—f+mn,Ru—v)}, R >0, Ra) >0, R(B) >0, R(y) >0, RE) >

0, and j > 1, k> 0. Let DS_:M“" be the left-sided operator of the Marichev—
Saigo—Maeda fractional derivative. Then,

”, ”’ 8 . .
(D(‘))J:“””[* IE]BJ/B(wt )]) (x) = i x "I nHA+ok= 1E(J)t/jﬁ+(xk(w1xa/)

. U (L, D,A+0k,0j), v—pu+Ar+ok,0j),
4 (—pt+ A+ 0k, o)), W+D—n+Ar+ok o),

(13.3.1)

V+i+p—n+ritokoj) (a)x”)j
v+ a—n+r+ok,oj) '

Proof. By using (13.1.25), the left-hand side of (13.3.1), leads to:

(D(‘)}fnusll’ﬂl:)t 1E//3y5(60f )

\_/

(x)

v,ﬁ,u,ﬂ,ntx+o(nj+k)—1

o0
k Y ( )
= D, )
Y ng @) T (B +almj+h) \OF )
which on using the result (13.1.21), we obtain:

(D(';f’””l’” [ e 1E1 " S(@t° )]) (x)

kv Hi—nhtok=1 ()o@
Z $ 0T (B+alnj+k)

y F(A+ak+anj)l"(v—/L+A+0k+an])r(v+ﬁ+,li—r]+k+ak+(rnj)
F(—M+A+ok+anj)r(v+ﬁ—n+A+ok+anj)r(v+;l—n+x+ak+onj)

onj

k v+v—n+A+ok—1 (y)n
Z o On T (anj + B +ak)

rai+mr(A+ock+onj)T(v—pu+r+ok+onj)
F'(—p+r+ok+onj))T (v+0—n+i+ok+onj)

F(v—i—;l—n—i—)\—i—ok—i—onj)n!

By applying the Hadamard product (13.1.27) in (13.3.2), in view of (13.1.23) and
(13.1.26), we obtain the right-hand side of the result (13.3.1). O

Corollary 13.3.1. Let v, u,p, A, a,8,y,8,w,0 € C such that R(A + ok) >
—min{0,Rv+pu+p)}, Ra) >0 RPB) >0, Ry) >0, RE) >0, and j > 1,
k > 0. Then, the following left fractional derivative formula holds true:

(Dvyu,p [ Al gk

ot w By a(wt")D (x) = @ xrHrtok=1 gy 8 k(a)jx"j)

oj,ft+a
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W (LD,A+ok,0j), v+pu+p+r+ok,oj)
2 (W+Ar+0k,0j), (p+Ar+0k, o))

(wx”)f] (13.3.3)

Corollary 13.3.2. Let p,v, A, a, B,y,68,w,0 € Csuch that R(A+ok) > —R(p+V),
N() >0, RN(B) >0, RN(y) >0 NRE) >0, and j > 1, k >0. Then, the following left
fractional derivative formula holds true:

s . .
(Dl-oi—y I:)n 1E]ﬂy5(wt )]) (x):w Aok— 1E2;j ﬁ_HXk(waG/)

N
*zwl[ (o4 4ok 07) wx®) ] (13.3.4)

Corollary 13.3.3. Let v, A,a,8,y,8,w,0 € C such that R(v) > 0, RA) > O,
R() >0, RPB) >0, Ry) >0, RE) >0, Ro) >0, and j >1, k> 0. Then, the
following left fractional derivative formula holds true:

ik _ 5 . .

(1,1),()»+(Tk,(7j) o~ i
*2‘1—’1[ (—v+ A+ k. o) ‘(a)x )/:|. (13.3.5)

Corollary 13.34. Fory =68 =1, Eq. (13.3.1) reduces to the following form:
(Dg’f’“"l’" [ e 1E’ k (a)t )]) (x) = w xv+ﬁ—n+)»+ak—lEaj!ﬂ+ak(wjxaj)

.U (IL,D,A+ok,0j),v—pu+i+ok,oj),
(—u+Ar+o0k,0j), v+V—n+Ar+o0k,0j),

Ww+v+p—n+r+ok,ojf)
v+a—-n+itok,oj)

(wx?)’ } (13.3.6)

Corollary 13.3.5. For j =1and k =0, Eq. (13.3.1) reduces to the following form:

%4 |: (171),()L,O’),(V_M+)\70),(V+lj+ll_77+)\ao')
(_M+)‘10)7(v+ﬁ_n+)‘*10)v(v+/1_n+)"0)

a)x"] . (13.3.77)

Theorem 13.3.2. Let v, v, u, i1, n, A, a, B,y,8,w,0 € C with R(A — ck) <1+
min{ﬂt(;l),iﬁ(—v —v4+n), R(=D —,u+n)}, R > 0, Rw) >0, RNB) >0,
NR(y) >0 RES) >0, and j>1, k>0. Let D" be the right-sided operator
of the Marichev—Saigo—Maeda fractional derivative. Then,

<D3U9Msﬂan [ )\. IEJ wBoy. 3(wt_0):|) (X) —w xl)+l) n+r—ok— lEg:] ﬂ+ak(wj-x_o-j)

. 1,1, (u—r+ock+1,0j),(—v—v+n—A+ock+1,0j),
453 (A4 0k+1,0/), (=0 + i —r+ok+1,0)),
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(=V—pu+n—Xri+ok+1,0)) ‘( x—a)jj|_ (13.3.8)

(—v—v—u+n—Xr+ok+1,0j)

Proof. Using (13.1.25), the left-hand side of (13.3.8), leads to:

(Di,ﬁ,ﬂ,llaﬂ [ = 1Eoft]; ). a(a)t*(r)]) (x)

o] n .
— ok Z (), @ : (Di,ﬁ,u,u,ntx—o(njjuk)—l) x),
= (), T (B+a(nj+k)

which on using (13.1.22), we obtain:

(Dz,ﬁ,u,/l,n [ e lEz{:]fs N B(a)t_c)]) (x)

ko vbb—nth—ok 12 (O
= O T (B +anj+k)
F'(i—r+ok+onj+ 1) (—v—V+n—r+ok+onj+1)
x F'(-A+ok+onj+ DI (V44— r+ok+onj+1)
F(=0—pu+n—Ar+ok+onj+1)
F(—v—ﬁ—u+n—/\+ak+o—nj+1)

x—onj

k U+v n+rt+ok—1 (V)n
Z (5),, I' (anj 4+ B + ak)

F(1+n)F(M—A+ak+an]+1)F(—v—\3+n—k+ak+anj+1)
X
F(—A+ok+onj+ D) (=044 —r+ok+onj+1)

F(=0—pu+n—r+ok+onj+1) }(wjx—aj)n, (13.3.9)

F(—v—ﬁ—u+n—k+ok+anj+1)n

By applying the Hadamard product (13.1.27) in (13.3.9), in view of (13.1.23) and
(13.1.26), we have the right-hand side of the result (13.3.8). [l

Corollary 13.3.6. Let v, u, p, A, o, B,y,8,w,0 € C such that R(A — ok) <1+
min {R(—pu) —m, R + p)}, m = [ROW)] + 1, Ra) > 0, R(B) > 0, R(y) > 0O,
N(@) >0, and j > 1, k > 0. Then, the following right fractional derivative formula
holds true:

L s S
(DKMPI:)L lEJ/SV(S(wt 0)]) (x)_wxu-i-)u —ok— IE;:]ﬂ+ak(wjx O'])

(LD,(—u—A+ok+1,0/),v+p—A+ok+1,0j) —oNj
*3q’2[ (—h+ok+1,0)), (=t +p —r+ok+1,0/) (@x )7

(13.3.10)
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Corollary 13.3.7. Let p,v, A, o, B,y,8,w,0 € C such that R(v) > 0, R(A —ok) <
R +v) — [RW)], R(@) >0, RPB) >0, R(y) >0, RES) >0, and j>1, k>0.
Then, the following right fractional derivative formula holds true:

_ ik _ S
(1,1),(p+v—x+ak+1,aj) v
*2‘1’1[ (0 — A+ 0k +1.0/) (wx™%) |. (13.3.11)

Corollary 13.3.8. Let v, A, a,8,y,8,w,0 € C such that R(a) > 0, N(B) > O,
N(y) >0, NRNE) >0 NRW) >0 RA—0k) <RW)—[NW)], and j > 1, k > 0. Then,
the following right fractional derivative formula holds true:

(Di [ )\ lEj /3 ). é(a)t (T):I) (x) — —v+A—ck— 1E2/5ﬂ+ak(wjx*(fj)
(1,1),(V—)\,+6k+1,01) —o\J
*2\Ifl|: (—h+ok+1,0)) ‘(wx ) |. (13.3.12)

Corollary 13.3.9. Fory =8 =1, Eq. (13.3.8) reduces to the following form:
(Dz,ﬁ,u,ll,n I:ZA—IEé:]/(S (wt—o'):l) (.X) —w xv+ﬁ_n+)h_o-k_lEaj,ﬂ+ak(wjx_gj)

.0 (LD, (a—r+0k+1,0)),(—v—V+n—Ar+0ck+1,0j),
(=A+ok+1,0)),(=v+p—r+ok+1,0)),

(=0 —u+n—r+ok+1,0j) (a)x_a)'j . (13.3.13)
(_v_\j_M+n—)\,+O'k+lyaj)

Corollary 13.3.10. For j =1and k =0, Eq. (13.3.8) reduces to the following form:
(Diﬂw,ﬂ,n [ e lEV ‘S(a)t a)]) x) — VI IE” B(wx oy

* \II (1’1)’(/1‘_)"_'_1’0)9(_U_‘j+n_)"+1’0)9
453 (cA+1,0), (=D +—r41,0),

(_VTM+)7—)»+1,C7) x| (13.3.14)
(—U—V—l/«+77_)‘+1’a)

13.4 Caputo-type Marichev—-Saigo—Maeda fractional
derivatives with the function E”ﬂ y s(2)

Here, we present the Caputo-type Marichev—Saigo—Maeda fractional differentiation
of the generalized Mittag-Leffler-type function of arbitrary order. Rao et al. [14] in-
troduced the Caputo-type fractional derivatives that have the Gauss hypergeometric
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function in the kernel. Let v, i, p € C with %i(v) > 0, x € R™, then the left and right
Caputo-type fractional differential operators associated with the Gauss hypergeomet-
ric function are defined as follows:

(DU £) (x) = (,—v+[m(u>]+1,—u—[m(m—1,u+p—[m<v)]—1fqm(u)m)) @)
0+ -

0+
(13.4.1)
and
(”DK’”’pf) (x) = (_1)[s>t(u)]+1 (IO—JrvH.‘H(v)Hl,—u—[m(v)]—l,v+pf([9i(v)]+1)> (x).
(13.4.2)

The corresponding Caputo-type Marichev—Saigo—Maeda fractional differential oper-
ators are given by Kataria and Vellaisamy [6]. Let v, v, i, £, n € C with R(xn) > 0,
x € RT, then the left and right Caputo-type Marichev—Saigo—Maeda fractional dif-
ferential operators are defined as follows:

(CD(‘;f’””i"’ ) (x) = (Io_f’_”’_’”[m(")]“’_"’_"Hm(””“f([m(””“)) (x)

(13.4.3)
and

(cprtrin g @)
— (_1)[57{(\))]'5‘1 (1_—15,—“,—Ii,—u+[3“(v)]+l.,—'H-[m(v)]-i-lf([m(u)]+l)) (x) (1344)

The following are known results for the Caputo-type Marichev—Saigo—-Maeda
fractional differential operators of the power functions (see [6]):

FMWT(A=n+v+i+a—m)TA—pn+v—m)
FA—p—mT(A—n+v+0)T(A—n+v+a—m)

x xAtvFv=n—=1 (13.4.5)

Vs D 1 A —1
(‘D0+ t )(x):

where v, U, u, 1, n € C, R(A) —m > max {0, %(n—v—f}—/l),?ﬁ(u—v)}andm:

[9%(n)] + 1 and

FT(A+a+m)T(A=b—pu+n+m)T(h—v—"V+n)
FML(—v+a+m)T(A—v—V—p+n+m)

x xVTI=n—A (13.4.6)

(cDiﬂ?,M’liJ?t—A) (x) —

where v, U, u, f1,n € C,R(A) +m > max{i)%(—;l), RO+u—n), Rw+0—n) —|—m},
and m = [R()] + 1.

Now, the left-hand sided Caputo-type Marichev—Saigo—Maeda fractional deriva-
tive of the function E él; " 5(2) 18 given as follows.
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Theorem 13.4.1. Let v, v, u, 1,0, A, o, B, y,8,0,w € C with R(A + ok) —m >
max {0, R(=v =V — i +n), R —v)}, m = [R] + 1, K@) > 0, RB) > 0,
NRy) >0 9% >0,and j>1, k>0. Let CDS::’”’”’" be the left-sided operator
of the Caputo-type Marichev—-Saigo—Maeda fractional derivative. Then,
y/v £ /s 8 . .
(cDng efin [ e lE] " S(01° )D (x) = @k xV iAok IE;/] ﬂ+ak(w1x01)

e 1, D), A+o0k,0)), v—pu+r+ck—m,oj),
YU (cptatok—m, o)), v+ D —n+r+ok, o)),

Ww+v+a—n+Ar+ock—m,oj)
w+p—n+r+ok—m,oj)

(a)x”)j:|. (13.4.7)
Proof. By using (13.1.25) and (13.4.5), we obtain:
(cD\O)i),u,M,n [ e 1EJ " S(0t° )D (x)

P nj+k
— [cpyimsina—1 (V) o (O (j+k)
( 0+ 2 )T (B +alnj +5)' )

nj—+k

v,ﬁ,u,ﬂ,ﬂtk-&-a(nj+k)—l) (x)

ZZ ) w (
—~ (8, T (B+amj+k) \ 0F

nj—+k

Wk gV T—ntitok—1 ()
Z (5)n LB +amj+k)

F()»—i—crk—i—cm])l"(v—,u+)»+crk—m+onj)
x F(—p+Ar+ok—m+onj))T (v+0—n+i+ok+onj)
F(v—i—ﬁ—i—,tl—n—i—k—i—ak—m—i—anj)
F(v+/l—17+)»+ak—m+anj)

% xon

k v+u n+itok—1 (y)n
Z (8, T (anj + B+ ak)

ri4+n)fr(r4+ock+onj) T (v—pu+r+ok—m-+onj)
F(—p+r+ock—m+onj)T (v+V—n+Ar+ok+onj)

F(v+a—n+r+ok—m+onj) n!

F(v+v+n— n+k+0k—m+anj)] (! xTI)"
By using (13.1.27) and in view of (13.1.23) and (13.1.26), we obtain the result. [

Corollary 13.4.1. Let v, u,p, A, a,8,y,8,w,0 € C such that R(A + ok) —
max {0, —=RW+pu+p)}, m =[RW)]+1, R(x) >0, R(B) >0, R(y) >0, R(S) >0,
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and j > 1, k> 0. Let CDSf’p be the left-sided operator of the Caputo-type Saigo

fractional derivative. Then, the following formula holds true:
(ch,u,p [ Pl ik
0+ a,B,y.8

. 1,),r+0k,0)),v+pu+p+ri+ock—m,oj)
32 (mw+Ar+ok,0)),(p+r+0k—m,oj)

(a)to'):l) (x) W x/t+)\+(7k IEV )

o), prak (@' x77)

‘(wx")f} . (13.4.8)

Corollary 13.4.2. Let p,v, A, a,B8,y,8,w,0 € C such that R(\ + ck) — m >
max {0, =N(p +v)}, m =[RW)]+ 1, R(x) >0, R(B) > 0, R(y) >0, RS) >0,
and j > 1, k> 0. Let CD+ be the left-sided operator of the Caputo-type Erdélyi—
Kober fractional derzvatlve Then the following formula holds true:

5 . .
(CD;; I:)» IEJ’B),(;(CUI )]) (x):w Aok— ]EZIﬂ+ak(a)]xU])

(1,1),(,0+v+)\+0k—m,0j) oNJj
*2\1—’1|: (0+h+0k—m, o)) ‘(a)x ). (13.4.9)

Corollary 13.4.3. When y =8 =1, Eq. (13.4.7) reduces to the following form:
(CD(‘;;f’””l’" [ e lEj k (a)t )D (x) = wkxv+ﬁfn+k+nk71Eaj ﬁ+ak(wjxdj)

Y (L,D),(A+ok,0j),(v—pn+Ar+ok—m,o)),
4 (—u+Ar+ock—m,0j),v+v—n+Ar+o0ok,oj),

w+v+a—n+ri+ok—m,oj)
Wv+pa—n+r+tok—m,oj)

(a)xo)j:|. (13.4.10)

Corollary 13.4.4. When j =1 and k =0, Eq. (13.4.7) reduces to the following form:

(CD(I;;‘_}’MJLU I: )\. IEV 5((1)[ )]) (x) =xV+V n+i— lEy B(Cl).x )

*4%[ (LD, (o), (v —p+r=m.o), v+ D+ A—n+i—m.o) wxa}
(—p+r—-m,0), W+D—n+i,0),V+a—n+i—m,o) '
(13.4.11)

Further, the right-hand 51ded Caputo-type Marichev—Saigo—Maeda fractional
derivatives of the function E 5(2) are given as follows.

Theorem 13.4.2. Let v, V, i, ,tl, nAa o pB,y,8,0,0€C with R(A + ok) +m >
max {—N), RO +u—n), R +0—n) +m},m=[R]+1 Re) >0, R(B) >
0, R(y) >0 NRG)>0,and j>1,k>0. Let ”Di’ﬁ’“”l’" be the right-sided operator
of the Caputo-type Marichev—-Saigo—Maeda fractional derivative. Then,

(cDE,V,IMM»ﬂ [ —r ik

_ 5 o
. py.s (@1 G)]) (x) = oy Himn—tmok gy (@ x7%7)

oj,ft+a
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. 1,D),(u+r+0ck+m,0j),(—v—v+n+Ar+ok,0j),
o O+ 0k, o)), (=0 + i+ & + ok + m, 0 ),

(—v+v—pu+n+i+ok+m,oj)
Proof. By using (13.1.25) and (13.4.6), we obtain:
St T ik B
(CDEUMMUIZt )\Eé,ﬁ’y)s(wt 0)]) (x)

nj+k

_fepviuin, —x C (Y@ —o (nj+k)
_<D‘ LT @ e 10 )

— i () Wtk
=26, T B+at k)

(c v,ﬁ,u,ﬂ,nf(ﬂa(nﬁk))) (x)

L' (B+a(nj+k))
F(ﬂ+k+ak+m+anj)l"(—v—ﬁ+n+k+0k+onj)
F'(A+ok+onj)T (=0 +[A+A+ok+m+onj)
(=0 —pn+n+r+ok+m+onj)
X
T(—v4+0—p+n+i+ok+m+onj)

)
— wkxv+ﬁ—17—k—ak Z (V)n
225), T (anj + f + ak)

00 .
— @k vti—n—a—ok Z (7)p ™
n=0 (8)"

—onj

FA+mT (i+r+ok+m+onj)T (—v—V+n+Ar+ok+onj)
X
I (A+ok+onj)T (=0 +A+A+0ok+m+onj)

X

I'(=0—pu+n+Ar+ok+m+onj) :| (w/ x0T )"

F(—v+V—pu+n+r+ok+m+onj) n!

By using (13.1.27) and in view of (13.1.23) and (13.1.26), we obtain the result. [

Corollary 13.4.5. Let v, u, 0, A, a,8,y,8,w,0 € C such that R(A + ok) +m >
max {R(u) +m, R(—=v —p)}, m = [RE)] + 1, R(w) > 0, R(PB) >0, R(y) >0,
M©S) >0, and j > 1, k > 0. Let °D""** be the right-sided operator of the Caputo-
type Saigo fractional derivative. Then, the following formula holds true:

cpVslp | —A ik
<D_ [z EL%

(LD, (—u+2r+ok, o)), v+p+itok+m,oj)
A+ok,0j),(—u+p+Ai+ock+m,0j)

s )]) 0 =kt RN (@l )

*3\112[ ‘(a)x“)j].

(13.4.13)
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Corollary 13.4.6. Let p,v, A, a,8,y,8,w,0 € C such that R(A + ok) + m >
max {m, R(—v — p)}, m = [ROW)] + 1, R(x) >0, R(B) >0, R(y) >0, RNS) >0,
and j > 1, k > 0. Let “D ,, be the right-sided operator of the Caputo-type Erdélyi—
Kober fractional derivative. Then, the following formula holds true:

T ik _ L 5 S
(CDP,V I:t )\Etl)ll,ﬂ,y,é(wt U):I) (x):a)kx - UkEg{/j’ﬂ_;’_ak(a)]x Uj)

(LD, (p+tv+Ar+ok+m,oj) —oj
*2\1/1|: (0 + A+ ok+m, o)) (wx™?) |. (13.4.14)

Corollary 13.4.7. When y =6 =1, Eq. (13.4.12) reduces to the following form:

(CDEJ;,M»IJVJ] I:t—)\Eé:]/; (wt—o')]) (x) — a)kxv—i_‘;_n_)\_UkEaj,ﬂ-i-ak (a)jx—lfj)

. U (LD, (p+Ar+0k+m,0j),(—v—v+n+r+ok,oj),
453 (A 40k, 0)), (=0 + i+ A+ 0k +m,a)),

(=0 —pu+n+r+ok+moj) (a)x“’)j ) (13.4.15)
(_v+‘j_u+n—|—)\+0k+m,0].)

Corollary 13.4.8. When j =1 and k =0, Eq. (13.4.12) reduces to the following
form:
(“Di’ﬁ’“”z’77 [I*AEgy’g(wt*")]) (x) =x”+‘3*"*AEZ:§(wx7")

LD, (f+r+m,0),(—v=V4+n+21,0), (=0 —p+n+r+mo)

wx~ %
o), (=0 +p+r+mo),(—v+v—pu+n+i+m,o)

(13.4.16)

*4\IJ3|:

Finally, if we let © = —v in Corollaries 13.4j1 and 13.4.5, respectively, we obtain
the left- and right-sided Caputo derivative of E él/;y 5.
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Fractional integration and
differentiation of the
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function
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14.1 Introduction

Fractional calculus is a branch of mathematical analysis focused on the proper-
ties of functions and operators defined by arbitrary non-integer order derivatives
and integrals. This field has gained increased attention across various fields of sci-
ence and engineering, including physics, chemistry, biology, fluid dynamics, astro-
physics, electrical engineering, image processing and others. For more details about
the fractal calculus and its applications, interested readers can refer to [7-9,17].
Recently, researchers have extensively studied fractional calculus, developing new
fractional integral and derivative operators that have gained significant attention due
to their wide applications in diverse fields. In particular, various fractional operators
such as Riemann-Liouville, Erdélyi—Kober, Caputo, Saigo, Hilfer, and Marichev—
Saigo—Maeda fractional operators are present, see, for example, [10,20,21].

We recall here the generalized hypergeometric fractional integral and fractional
derivative operators involving Appell’s function F3, introduced by Marichev [13] and
later extended and studied by Saigo and Maeda [16]. These operators are known as
the Marichev—Saigo—Maeda operators. The generalized fractional calculus operators
with the Appell function F3 in their kernel are defined as follows.

Let v, ¥, u, f1,n € C with R(n) > 0, x € R™, then the left and right fractional
integral operators are defined as follows (see [16]):

(I(;er&,lhll,ﬂ )(x) _ i /X(x _ [)"—1[_‘3}’_‘3 (v’ O, s 1 — L’ 1— f) f(t)dt
' Jo x t
(14.1.1)

Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00022-9 2 1 1
Copyright © 2026 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and similar technologies.
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and

(If’ﬁ’”"l’" f) x)

xfﬁ 00 el —v . ) x 1
/ ="t v, w1 ==, 1= =) f(H)dt, (14.1.2)
NG t x

where F3 is defined as follows (see [19]):

o - -
, . Wi D)y (W ()5 x™ 2"
Fy(v, 0, fiimsx,t) =y =2 (’; T (max(|x], ]} < 1).
=0 M) m+n m!n!

(14.1.3)

Here, (v),, denotes the Pochhammer symbol defined in terms of the familiar Gamma
function I' by (see, e.g., [18]):

C(v4m) (m=0),

Wm = ()

viv+1D...(v+m—1) (meN:={1,2,...}).

These operators are reduced to the following Saigo fractional integral operators (see

[15]):

(07 )
= (" f) @)

VTR X . t
= / x=—0""HFlv+u,—p;v;1——) f)dt, peC (14.1.4)
I'v) Jo x
and
(Iv+u,0,—p,(),uf) (x)
= (12" ) @)
1 oo v—1,—v— X
= (t—x)"" TR (erM,—p;v;l——)f(t)dt, peC,
rw) J; t
(14.1.5)
where 5 F is the Gauss hypergeometric series defined by (see [19]):
0 m
v X
2 F1 (V,M;,O;x)ZZM—', x| < 1. (14.1.6)
=0 (©)m  m!

Let v, 7, i, (i, n € C with R(n) > 0, x € RT, then the left and right generalized
fractional differentiation operators involving the Appell function F3 as a kernel are
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defined by (see [16]):
(DE7 ) @ = (1 )
- (j_x)m (15j"”"’1+m"“"”+mf) (x) (14.1.7)
and
(D25t £ ) (o = (12077 ) )
- <_%>m (I__‘j’_”’_’i’_“m’_’”mf) (x), (14.1.8)

where m = [N(n)] + 1 and [9(n)] denotes the integer part of N (7).
These operators are reduced to the following Saigo fractional derivative operators
(see [15]):

(ng“’o"”")’”f) @) = (DY f) (x), peC (14.1.9)
and
(DU 0 £) () = (DM £) (), peC. (14.1.10)

Ifweset u = —vin (14.1.4), (14.1.5), (14.1.9), and (14.1.10), the Saigo fractional
integral and derivative operators reduce to the Riemann—Liouville fractional integral
and derivative operators, which are defined as follows (see [8]):

v,—Vv v 1 * v—
(10’+ ”’f) =(Ig, f) ()= m/o (x — )" f(r)dr, (14.1.11)
V,=V,p _ v _ 1 * _ v—1
(1_ f) =" f)x) = To) /x t —x)""' F()dt, (14.1.12)
v,—v v d \" m—y
(Do’+ 'pf) = (D, f) () = (E) Iy " f) () (14.1.13)
and
v,—v v d\" m—y
(D_* "’f) = (D f)(x)= <_E> (I"7Vf) (), (14.1.14)

where v e C, R(v) > 0, m = [R(v)] + 1 and x € RT.

When p =0 in (14.1.4), (14.1.5), (14.1.9), and (14.1.10), the Saigo fractional
integral and derivative operators reduce to the Erdélyi—Kober fractional integral and
derivative operators, which are defined as follows (see [9]):

xVp

')

(“‘”’f) W) = (I}, f) =1 / =" P f(dr,  (14.1.15)
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<Iﬁ*°'p’f)(x> (Ko f) Wmf (=" f@di, (14.1.16)

( uopf) (x) = ( ) e “’””*"‘f) (x) (14.1.17)
and
(e ) w=opnw=(-1) (e s

where v e C, R(v) > 0, m = [R(v)] + 1 and x e RT.
Further, the image formulas for a power function, under operators (14.1.1),
(14.1.2), (14.1.7), and (14.1.8) are given by [16]:

(Ivvuunk 1)() F()‘)F()““’?—V—‘j_ﬂ)r(k“‘ﬂ—‘;) pAv=i =1
ot T(A+A)T(A+n—v—"0)T (A+n—10—p) ’
(14.1.19)

where v, U, u, £, n € Cand R(n) > 0, R(L) > max{O, RO +v+u—n), R0 - p’L)},

(Ivﬁvfﬁu’ﬂ,ntk_»(x):r(l—x—u)r(l—x—n+v+ﬁ) (I—A+v—f—n)
B FA—MTA—a+v—wI (I—A+v+0+a—n)
XAy (14.1.20)
where v, U, i, 1,7 € Cand R(n) > 0, R(A) < 1+max{§)%(—u), Rw+v—n), R+
w—m},
(Du,ﬁ,/,c,,d,r;t)\_1> (x) = F()\-)F()\—n‘i‘l)‘l‘\}‘i‘ll)r()h_ﬂ‘i‘l)) x)L+V+‘3_77_1
0+ TA—mW T (A=n+v+0)T (A —n+v+4) ’
(14.1.21)
where v, U, i, 1, n € Cand R(n) > 0, R(X) > max {0, R —v—0—0), R — v)}
and
(Dv,ﬁ,w,ntH)(x)zr(1—x+;l)r(1—,\—ﬁ—u+n)r(1—,\—v—ﬁ+n)
- FrA-Mr(1—-a—o+a)T(1-=A—v—0—u+n)

xAtvti—n=1 (14.1.22)

where v, v, u, i1, n € Cand R(n) > 0, R(\) < 1 +max{9i(/l), R —v—1),R0n—
v— /L)}.

The Mittag-Leffler function and its generalization appear in special functions as a
solution of fractional integro-differential equations having arbitrary order. The impor-
tance of such functions in applied mathematics and engineering sciences is steadily
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increasing. Some interesting applications of the Mittag-Leffler function are consid-
ered in the study of quantum mechanics, electric networks, random walks, Levy
flights and kinetic equations, interested readers can refer to the recent works [4—0,12]
and the references cited therein. In addition to fractional calculus, the Mittag-Leffler
function also plays an important role in several branches of science and engineer-
ing like applied physics, statistics, quantum mechanics, mechanics, thermodynamics,
telecommunications, electrical engineering, and more.

In recent years, Mittag-Leffler functions have garnered significant attention in
the field of special functions, prompting numerous researchers to explore their gen-
eralizations and applications. Pathan and Bin-Saad [14] introduced and studied the

function EZ* u.p(2), which is defined as:

. o nj+k
EM () = ‘ o« B.zeC N 0, % 0,j>1k>0.
V@ ;F(ﬁ+a(nj+k)) o, B,2€C, @) >0,RB)>0,j>1,k>

(14.1.23)

Very recently, Bin-Saad and Younis [2] 1nvest1gated a new generalization of the arbi-
trary order Mittag-Leffler-type function E’ ﬂ(z) which is defined as:

o
j.k (¥)sn nj+k
SE)5(2) = , Uk, (14.1.24)
neep ;)rww(nj +K))

where «, B, y,8 € C; R(a) > 0, R(B) > 0, R(y) > 0, R(G) > 0, N(aj) > R(5), and
j>=1,k=>0.

Clearly, when j =1 and k = 0 in (14.1.25) yields the extended Mittag-Leffler-
type function given by Garg et al. [3]:

= W,
y,éEa,ﬁ(Z)—l§)4F i (14.1.25)

where a, 8, y,8 € C; R(a) > 0, R(B) > 0, RN(y) > 0, RN(S) > 0, N(x) > N(S).
The Fox-Wright function , W, (z), which is a generalization of a hypergeometric
function, is defined as follows (see, e.g., [8,19]):

14
[ (d1, D1), ..., [y, Dp) } Z 1_[: 1F(d 0 2 4106)

(EI,EI),...,(eq,Eq) ( +E n)

where d;, Di,ej, Ej,z € C,0(d;) > 0, R(D;) >0,i =1, ..., p, R(e;) > 0, R(E;) >
0,j=1,..,q and 1 +% (ijl E;j Y7, D,~) > 0.

In this chapter, we establish the Marichev—Saigo—-Maeda fractional integration
and differentiation of the generalized Mittag-Leffler-type function of arbitrary or-
der. As special cases, the corresponding assertions for the Saigo, Erdélyi—Kober, and
Riemann—Liouville fractional operators are also deduced.
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14.2 Marichev—Saigo —Maeda fractional integrals with the
function ,, 5 E”ﬁ(z)

In this section, we study Marichev—Saigo—Maeda fractional integrals of the general-
ized arbitrary order Mittag-Leffler-type function.

Theorem 14.2.1. Let v, ¥, i, i, n, A, o, B, v, 8,0, w € C with R(h + ok) > max{0,
R + 6+ 1 — 1), NG — @)}, Rn) > 0, R(@) > 0, RB) > 0, and j > 1, k > 0.

Let Igf’“ A b the left-sided operator of the Marichev—Saigo—Maeda fractional
integral. Then,

ko —v—b4n+atok—1
0+ [

) (e

s (LD, (y.8), A+ 0ok, 0j), (=0 + i+ r+0k,0)),
(,3+Olk,0lj),(/1+)\.+O'k,0'j),(—U—\,)+77+)\,+O'k,0'j),

(Ivvuun

(—v—v—u+n+r+ok,0j) ‘(wxa)j]. (14.2.1)

(=0 —p+n+rtok,o))

Proof. Consider the left-sided Marichev—Saigo—Maeda fractional integral operator
with the representation of (14.1.24), we find:

(1o [l () ) @0

o0
— o Z (¥ )sn w."’ (I(l))_,i_ﬁ,ﬂ,ll,ﬂtk+n(nj+k)fl) (x).
=L (B+amj+h)

Applying (14.1.19), we obtain:

k

(1&3”“”[:1 L oELE (ot )]) )

wkvafﬁ+7]+)»+(7k7] 0 wn] F(y+8n)
) ZT@E+amj+h)

y F(A+ak+orlj)l"(—\3+/1+)»+<7k+(mj)l"(—v—ﬁ—u+n+k+ﬂk+0nj)
M'(a+r+ok+on)T (—v—0b+n+r+ok+onj)T (=0 —p+n+i+ok+onj)
wkvafﬁ+i7+)»+ok71 o0 C(1+n)T(y+6n)

I'(y) = T (B+ak+an))

y FA+ok+on)T(—b+a+r+ok+onj)T (—v—0—pu+n+xr+ok+onj)
F'(a+r+ok+onj)T(—v—V+n+r+ok+onj)T (=0 —pu+n+r+ok+onj)
(a)jxaj)n

n!

which in view of (14.1.26), yields the desired result (14.2.1). O

onj

)
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Corollary 14.2.1. Letv, u, p, A, o, B,y,8, w, o € C such that R(a) > 0, R(B) > 0,
RW) >0, R+ ok) > max {0, N — p)}, and j > 1, k > 0. Then, the following
left fractional integral formula holds true:

vtp [aet ik kx—u+)n+0k—l
) ASiaN [t T sEN G (w0t ]) x) =
( 0+ 14 C{,,B( ) F(V)

(],1)7(V,S),()L‘i‘o'kao'].),(_M+P+)L+Uk70j) (C!).xo)j
(B+ak,aj),(—pu+r+0ok,0)),v+p+r+ok,oj)) '

w

X 4\1’3 |:
(14.2.2)

Corollary 14.2.2. Let v, p, A, , B,y,8,w,0 € C such that N(a) > 0, R(B) > O,
RW) >0, RA+0ok) >—-N(p), and j > 1, k > 0. Then, the following left fractional
integral formula holds true:

k  Atok—1
i w"X

1+ I:t)\71 SEAIvk wt® ]) ()C) —

( P,V Vs a,ﬁ( ) F()/)

(1,1)»(%5),(P+)»+0k,dj) oNJ
x3\112[ B+ ak.aj). (p+v+r+ok o)) ‘(a)x )/]. (14.2.3)

Corollary 14.2.3. Let v, A, o, B8,v,8,w,0 € C such that R(v) > 0, R(A) > O,
N() >0, R(B) >0, N(o) >0, and j > 1, k > 0. Then, the following left fractional
integral formula holds true:

k., v+rtok—1
_ ik w"X
(I(l))+ [1‘)\ IV,SEé,ﬂ (wta)]) x) = TJ’)

1,1),(y,8), A+ok,0))

x 3% [ (B+ak,aj), v+ 1+ ok, o))

(wx")-/:| ) (14.2.4)

For § =1in (14.2.1), Theorem 14.2.1 yields the following corollary.

Corollary 14.2.4. Let v, vV, i, 1, n, A, &, B,y,0,w € C such that R\ + ok) >
max {0, R + 0+ —n), RO — )}, R > 0, R(@) >0, R(B) >0, and j > 1,
k > 0. Then, the following left fractional integral formula holds true:

o ' k. —v—b4n+r+ok—1
*x

UV [tl—l lEf’k wt’ :|) (x)=

( 0L vl =a,B ( ) L'(y)

[ (1,1), (y, 1), A+ 0k, 0j), (=D + i + A+ ok, o)),
X sWy

(B+ak,aj), (i+Ar+ok,0j),(—v=0+n+Ar+ok o)),

(=0 —p+n+r+ok,oj)

For 6 =0in (14.2.1), Theorem 14.2.1 yields the following corollary.
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Corollary 14.2.5. Let v, ¥, i, (i, 1, A, &, B, 0, @ € C such that R(A + ok) > max {0,
RO+V+u—n),R0 - ;1)}, R >0, Ra) >0, RPB)>0,and j>1, k>0.
Then, the following left fractional integral formula holds true:

V0,0 [ =1 .k k_—v—> rok—1
(10+ uun[t Eé,ﬂ (wtg)D (x) = @ x TV

X Wy (I, D),A+ok,0j), (=0 +pa+r+0k,0)),
(B+ak,af),(i+r+0k, o)), (—v—D+n+r+0k, o)),

(—v ¥ _M+n+x+ak,fr]) (x) |. (14.2.6)
(—=V—pu+n+r+ok,oj)

Further, if j =1 and kK =0 in (14.2.1), then we have the well-known result in-
volving the left-sided Marichev—Saigo—Maeda fractional integral operator (see [1]).

Theorem 14.2.2. Let v, v, u, 1, n, A, , B,y,8,0,w € C with R\ — ok) < 1 +
min {?R(—/L), Rw+v—n), R0V +0— 77)}, R >0, R() >0, RPB) >0, and
j=1,k=>0.Let 1""""" be the right-sided operator of the Marichev—Saigo—-Maeda

fractional integral. Then,

k . —v—V+n+i—ock—1
]vvuun[txl SE —aD(x):wx
( Vs (xﬁ( ) F(V)

W 1,D,(,8),(—u—A+ock+1,0j), v+v—n—A+ock+1,0j),
B+ak,aj),(—A+0ck+1,0j),v—pu—r+ok+1,0j),

(vJ/rujn—MerJrl»UJ). (x|, (14.2.7)
w+v+p—n—Ar+ok+1,0j)

Proof. Considering the right-sided Marichev—Saigo—Maeda fractional integral oper-
ator with Eq. (14.1.24), we find:

(13”‘””’[ y s EE (ot *)])(x)

:i @K ()8 <Iv’ﬁ’“"l’”tk_a("j+k)_l> (-
~ rB+amnj+k)\

Using (14.1.20), we have:

(quuun[ 5Ea,3(a” a)]>(x)

Wk x V- IHntr—ok— 12 " (Y)sn C(—u—XA+ock+onj+1)
F(ﬁ—i—oz(n]—i—k)) ''(—A+ock+onj+1)

F(l)—i—\}—n—)wl—ak—l—an]—l—l) (v—i—y,—n—k—l—ak—l—onj—l—l) —onj
X X
Fw—p—r+ok+onj+ DI (v+v+4—n—r+ok+onj+1)
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Wk xVIENTA—ok=L 2 P (1 4 )T (y +8n) T (—p — A+ ok +onj + 1)
r'(y) = rB+ak+anj)T' (—A+ok+onj+1)
F(v+b—n—A+ok+onj+ 1)L (v+4a—n—ri+ok+onj+1)
x F(v—u—k+ak+anj+1)F(v+ﬁ+/l—n—k+ok+anj+1)

(w/x—o0)"
n!

which in view of (14.1.26), yields the required result (14.2.7). Il

3

Corollary 14.2.6. Letv, i, p, A, a, B,y,8,w,0 € C such that R(a) > 0, R(B) > 0,
RW) >0, RA—0k) < 1+min{N(w),N(p)}, and j > 1, k = 0. Then, the following
right fractional integral formula holds true:

(120 [y o) ] 0=

1,0, (,8),(n—r+0ck+1,0j),(p—rA+0ck+1,0j) N

X4‘~I’ . . . ( X ) .
B+ak,aj),(—r+ok+1,0/),v+u+p—r+ok+1,0j)

(14.2.8)

Corollary 14.2.7. Let p,v, A, , B,y,8,w,0 € C such that N(a) > 0, R(B) > O,
RW) >0, RA —0ok) <1+NR(p), and j > 1, k > 0. Then, the following right frac-
tional integral formula holds true:

k., A—ok—1
_ j.k _ _ w" X
(Kpsv[ Ellﬁ( )]) (x)_ F()/)
(1’1)7(7/’5)a(l)_)¥+0k+1701) —0oy\Jj
><3\112[ (B+ak,aj),(p+v—Ar+ok+1,0)) ‘(")x )/]' (14.2.9)

Corollary 14.2.8. Let v, A, «, B,y,8,w,0 € C such that R(x) > 0, R(B) >0, 0 <
RW) <1 =R\ —0k), and j > 1, k > 0. Then, the following right fractional integral
formula holds true:

wk‘xUJr)\*ka]

([ s )] 0 = = —

1, D,Wy,8),(—v—rA+ock+1,0)) —onj
xs‘llz[ B+ ak,aj), (—h+ ok +1,0)) ’(a)x )/]. (14.2.10)

For § =1in (14.2.7), Theorem 14.2.2 yields the following corollary.

Corollary 14.2.9. Let v, v, u, i, n, A, @, B,y,0,w € C such that R(A — ok) <
1+min {fﬁ(—u), Rw+v—n), R0V +0— n)}, R(n) >0, N(a) >0, R(B) >0, and
Jj =1, k > 0. Then, the following right fractional integral formula holds true:

k. —v—b+n+r—ck—1

(58 1 o) = e
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XS\IJ4 (151)7()/’ 1),(-M-)&-{‘O’k‘l-1,0’]),(\)—’-]}-7’}-}."—0/{"—1,0—]),
B+oak,aj),(—A+0ck+1,0j)),v—pu—Ar+ok+1,0j),

w+p—n—A+ok+1,0j) ’(a)x_g)j]- (14.2.11)

Ww+v+p—n—Xr+ok+1,0j)
For 6 =0in (14.2.7), Theorem 14.2.2 yields the following corollary.

Corollary 14.2.10. Let v, v, u, (1,0, A, , B, 0, € C such that R(A — ok) < 1+
min {f)i(—u), RO+v—n), R +n— 77)}, R >0, Na) >0, RPB) >0, and
Jj =1, k > 0. Then, the following right fractional integral formula holds true:

V0,40 [ =1 ik - k. —v—0 r—ok—1
(L ’”“’[t Eé’ﬁ (a)t ”)]) (x) = WfxVVHntA=o

Wy 1,D),(—u—A+ock+1,0j)),v+v—n—A+ock+1,0)),
B+ak,aj),(—r+0ck+1,0j),v—pu—r+ok+1,0j),

v+p—n—Ar+ok+1,0j) ‘(a)x_a)j:|. (14.2.12)

w+v+p—n—Xr+ok+1,0))

Further, if j =1 and £k =0 in (14.2.7), then we have the well-known result in-
volving the right-sided Marichev—Saigo—Maeda fractional integral operator (see [1]).

14.3 Marichev—Saigo—Maeda fractional derivatives with the
function ,,,(;Eé’l';(z)

In this section, we study the Marichev—Saigo—Maeda fractional derivatives of the
generalized arbitrary order Mittag-Leffler-type function.

Theorem 14.3.1. Let v, ¥, i, i, n, A, o, B, v, 8,0, w € C with R(h + ok) > max{0,
R—v—v—pg+n),Ru-— v)}, N1 >0, RN) >0, R(B) >0,and j > 1, k> 0.
Let D(l;f’“ AN e the left-sided operator of the Marichev—Saigo—Maeda fractional
derivative. Then,

o . K v+i—n+rtok—1
w"X

DY fn [[Ail SE/’k wt® ]) (x) =

(3 yoEup (1) ro)

v (1, 1), (7, 8), A+ 0k, o)), (v — pu + &+ ok, 0 ),
S (B4 ak,a)), (—p+ A+ 0k, o), v+ —n+Ar+ok o)),

W+V+a—n+r+oko)) ‘(a)xa).f} (14.3.1)

W+ —n+x+0ok o))
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Proof. In view of (14.1.24), (14.1.7), and the left-hand side of (14.3.1), we obtain:
RTINS - j k
(D;l s psn I:t)n ly,SEé’ﬁ(wto-)]> (x)

'~ (V)on @™ V0,0 Ao (njHk) — 1
n=0

F(B+amj+k) \ 0F

Now, applying (14.1.21), we have:

— j k
(DSJ:MMVII:I)» ly,tsEé’ﬁ(a)tO‘)jI) ()C)
a)kxv+15—77+)»+ak—l 0 F(y+8n)a)”j
L(y) ST (B+anj+k)
F(A-‘,—ak—i—anj)[‘(v—;L+A+Uk+anj)[‘(v-‘rﬁ-l—;l—n-l—)\—i-ak-‘ranj)
F(—p+r+ok+on))T (v+0—n+r+ok+onj)T (v+i—n+i+ok+onj)
fxVH=nirok=l 2 P (1 4 n) T (y + 8n)
L(y) “ T (f+ak+anj)
y FO+ok+onj))T (v—p+r+ok+onj))T (v+0+4—n+r+ok+onj)
I(—p+ri+ok+on )T (v+v—n+ri+ok+onj)I (v+4—n+ri+ok+onj)
(wjxdj)n

ni

xmzj

This, in accordance with (14.1.26), completes the proof. O

Corollary 14.3.1. Let v, u,p, A, a,8,y,8,w,0 € C such that R(A + ok) >
—minf{0,Rv+pu+p)}, RN(a) >0, R(B) >0, and j > 1, k > 0. Then, the following
left fractional derivative formula holds true:

wkxu+k+ak—1

T(y)
1,0, w,8),A+ok,0)), v+u+p+r+ok,oj)
(B +ak, aj), (n+ A+ 0k, o)), (o + A+ 0k, oj)

(Dot [+ EL )] ) () =
X4\If3[ ‘(a)x“)j]
(14.3.2)

Corollary 14.3.2. Let p,v, A, @, B,y, 68, w, 0 € Csuch that R(A+0ok) > —R(p+v),
N() >0, N(B) >0, and j > 1, k > 0. Then, the following left fractional derivative
formula holds true:

k  At+ok—1
+ [—1 ik o _wx

(Dp,u I:t )/,SEa,ﬂ(wt ):|) (x)= F()/—)

(LD, y,8),(p+v+Ar+ok,oj)

x 3% [ (B +ak,aj). (p + 1+ k. 0j)

‘ (a)x“)j:| . (14.3.3)
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Corollary 14.3.3. Let v, A, o, B,y,8,w,0 € C such that R(v) > 0, R(A) > 0,
N(a) >0, R(B) >0, N(o) >0, and j > 1, k > 0. Then, the following left fractional
derivative formula holds true:

k. —v+itok—1
i w"X

Dy [P s EL @) ]) () =

( 0+ V0 =a, B F()/)

(171)7(V73),(A+Uk,aj) oNJ

v I, 14.3.4
X3 2[<ﬁ+ak¢ux<—v+xn+ahoj>(wx) (1439
For 6 =1in (14.3.1), Theorem 14.3.1 yields the following corollary.

Corollary 14.3.4. Let v, v, i, 1,0, A, a, B,y,0,w € C with R(A + ok) > max{O,
R—v—v—p+n),Ru-— v)}, R(n) >0, Ra) >0, RB)>0,and j>1, k>0.
Then, the following left fractional derivative formula holds true:

wkxu+\3—n+k+ok—l

(DSJMM[ yaEa (o1 )])(x)z T(y)

Y 1,0, D, A+ok,0j),v—pu+r+ok,oj),
; (B+oak,aj), (—u+r+ok,0j), v+ —n+i+ok, o),

v+ b+ —n+r+oko)) ‘(a)x”)j:|. (14.3.5)

V+ia—n+rtok,oj)

For § =0in (14.3.1), Theorem 14.3.1 yields the following corollary.

Corollary 14.3.5. Let v,V, i, i, n, A, ¢, 8,0, w € C with R(A + ok) > max{O,
R—=v—V—p+n),Ru— v)}, Rn) >0, R(a) >0, R(B) >0,and j > 1, k>0.
Then, the following left fractional derivative formula holds true:

k - _
(Dg:uun[x lEC/t,B( )]>(x)=wkxu+u 1+ r+ok—1

U L), A+o0k,0j),v—pu+r+ok,oj),
Bt ak.aj), (—p+ A+ ok, 0f), v+ —n+A+ok. o)),

(14.3.6)

w+v+p—n+r+ok,ojf) (x°)]
w+p—n+r+ok,oj)

Further, if j = 1 and k = 01in (14.3.1), then we have the well-known result involv-
ing the left-sided Marichev—Saigo—Maeda fractional derivative operator (see [11]).

Theorem 14.3.2. Let v, v, u, i1, n, A, a, B,y,8,w,0 € C with R(A — ok) < 1 +
min{iﬁ(ﬂ),iﬁ(—v — 04, R(=D —,u-i-??)}, R > 0, Na) > 0, R(B) > 0O,

and j > 1, k> 0. Let DE’&’M”L" be the right-sided operator of the Marichev—
Saigo—Maeda fractional derivative. Then,

(2t [ty B (o) ] ) 0 =

wkxv+ﬁ—n+k—ak—l

C'(y)
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s, LD, @8, (—Ar+ock+1,0j),(—v—v+n—A+ock+1,0)),

(_UTM+n—)\+ak+l,01). (—ax®) |. (14.3.7)
(—v—V—pu+n—A+ok+1,0))

Proof. In view of (14.1.24), (14.1.8), and the left-hand side of (14.3.7), we obtain:
(Di,ﬁ”usll,ﬂ [t)\71 y,SEi:]; (Ll)tia):l> ()C)

~ .
_ o Z (Y)sn w.”’ (Di,ﬁ,u,/l,ntk—o(njﬂc)—l) (x).
= DB +amj+k)

Applying (14.1.22), we find:

DRI r—1 ik _
(D_ ’““7[; v s Ef (@ “)]) (x)

wkxv+ﬁ—n+)»—ok—l 0 T(y +6n) W x—oni

L) T (B+anj+k)
F(i—r+ok+onj+ )T (—v—b+n—r+ok+onj+ 1) (—b—p+n—r+ock+onj+1)
F(-A+ok+onj+ DT (=v+g—A+ok+onj+1)T (—v—V—pu+n—Ar+ok+onj+1)
Wk xVti=nti—ok=1 2 4 n)T(y + 8n)

L(y) = T (B +ak+anj)
M(i—r+ok+onj+ )T (—v—Db+n—r+ok+onj+ 1) (—b—p+n—ri+ok+onj+1)
F(-A+ok+onj+ DT (=V+g—A+ok+onj+1)T (—v—V—p+n—r+ok+onj+1)
(@ x=o0)"

n!

This, in accordance with (14.1.26), completes the proof. O

Corollary 14.3.6. Let v, u,p, A, o, B,y,8,w,0 € C such that R(A — ok) <1 +
min {R(—pw) —m, R +p)}, m=[NRW)]+1, Ra)>0,RP)>0,and j > 1, k>
0. Then, the following right fractional derivative formula holds true:

+A—ck—1

<Di’#’p [tk_l)/,zSEi’,l/; (a)t_g):l) (x) = WT

(LUi%&i—u—k+0k+LGD&V+0—A+0k+LGD‘mmﬂgq.

X 4W
! 3[<ﬂ+ahanx—x+ak+Laﬁ«—u+p—x+ak+Lan

(14.3.8)

Corollary 14.3.7. Let p,v, A, a, 8,Y,8,w,0 € C such that R(v) > 0, R(A — ok) <
R +v) —[RW)], Ra) >0, R(B) >0, and j > 1, k > 0. Then, the following right

________________________
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fractional derivative formula holds true:

wkx)nfcrkfl

C(y)

1,1, (y,8),(p+v—~r+0ok+1,0))
B+ak,aj),(p—r+ok+1,0))

(D7 [P Bl ™)) (1) =

x 3W, [ ‘ (wx—”)f} : (14.3.9)
Corollary 14.3.8. Let v, A, a,8,y,8,w,0 € C such that R(a) > 0, N(B) > O,
NW) >0, R —ok) <RW) — [RW)], and j = 1, k = 0. Then, the following right
fractional derivative formula holds true:

wkx—v+k—ok—l

L'(y)

(11 1)7 (7/, 8)9 (V _)\‘+O‘k+ lyaj)
(B+oak,aj), (=1 +ock+1,0j)

(D2 [P s Bl er™)]) o =

x 3Ws [ }(a)x_")ji| . (14.3.10)

For § = 1in (14.3.7), Theorem 14.3.2 yields the following corollary.

Corollary 14.3.9. Let v, v, u, 4,0, A, a, B,y,w,0 € C with R(A — ok) < 1 +
min {R(L), R(—v — 0 +n), R(=D — pw+n)}, Ry >0, R(a) >0, R(B) > 0, and
Jj =1, k > 0. Then, the following right fractional derivative formula holds true:

o . k v+i—p+r—ok—1
(DK’U’M’M’" [IA—IV’]E({[JB (wt—a)]) ) = o*x
’ C'(y)

X5‘I’4 (151)7(‘}/’ 1),([;’(/—)\.+O'k+1,0]),(—\)—lj~|—r}—)\.+0k+1,0—]),
(B+ak,aj),(—r+0ck+1,0)/), (=0 +p—r+0ck+1,0j),

(—v—v—u+n—»xr+ok+1,0j)

For 6 =0in (14.3.7), Theorem 14.3.2 yields the following corollary.

Corollary 14.3.10. Let v, v, u, i, n, A, a, B,w,0 € C with R(A — ok) < 1 +
min {?R(;l), R(—=v—=V+n),R(=v—pn+ n)}, R >0, R(w) >0, R(B) >0, and
Jj =1, k > 0. Then, the following right fractional derivative formula holds true:

(Di,ﬁ,u,;l,n [tA*IEi:]; (wfa)]) (x) = kv Hi—nth—ok—1
4y 1Q,D),(n—r+ock+1,0j),(—v—v+n—A+ock+1,0)),
B+oak,af), (=2 +ck+1,0j),(—v+pa—A+ok+1,0j)),

(—v—=yV—pu+n—r+ok+1,0j)

Further, if j = 1 and k = 01in (14.3.7), then we have the well-known result involv-
ing the right-sided Marichev—Saigo—Maeda fractional derivative operator (see [11]).
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15.1 Introduction

Many scholars have investigated the well-known Mittag-Leffler function (MLf) and
its extensions (see [1-9]). These functions became more interesting because of their
applications in the study of various fields like mathematical physics, as well as
fractional order differential and integral equations (see [10—13]). The Swedish math-
ematician Gosta Mittag-Leffler studied the elementary Mittag-Leffler function E (x)
and defined [3] it as:

n

> X
Ey(x) =Zm, (15.1)

n=0

where x € C, [ > 0.
Wiman [9] gave its generalization as shown below:

o0 xn
El,m(x)=r§)m7 (15.2)

where x,l,m € C; R() > 0, R(m) > 0.

Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00023-0 2 2 7
Copyright © 2026 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://doi.org/10.1016/B978-0-44-336484-6.00023-0

228 CHAPTER 15 Generalized fractional order kinetic equations

In 1971, the extended form of these above definitions of the MLf was introduced
by Prabhakar in the following form [6]:

n

EP (x)zzﬂx (15.3)

Lm T(nl +m) n!’
n=0

where x,[,m, p € C; R(l) > 0, R(m) > 0, and (1), represents the Pochhammer sym-
bol defined in [17] as:

_F(A+n)={ 1, ifn=0 (154)

M = () AA+1D.h+n—=1), ifn=1,23..

Shukla and Prajapati gave a generalization of Prabhakar’s MLf in 2007 [8] as

follows:
o0
(p)na x"
EF(x)=) —2%2 | 15.5
Lon ) ;JFWM)”! (15.5)

where x,l,m, p € C; RN() >0, R(m) >0, R(p) >0,and o € (0, 1) UN.
Further, Saxena and Nishimoto [14] also generalized the Mittag-Leffler functions
as shown below:

]

(p) x
Epglyi,an), o (v, 0)ix] =) — o —
n=0 Hmzlr(am + Ymn)

n

(15.6)

where, Vi, om, p,q € C; R(ym) > 0, R(ay) > 0;N(g) > 0;{m =1,2,..,j}, and
J
R yi} > max{0, R(g) — 1}.

i=1
An extended form of the multivariable Mittag-Leffler function was studied by

Gautam [15] and Saxena et al. [16] and defined in the following manner:

o0 n n
Hr_ (p) . X 1 e X"
(p1+pr) _ (=1 \’t/n; 1 r
E i yyia (X1 X2, s Xp) = E . PR (15.7)
npng,.one=0 D' + Y ying)
i=1
o0 n n
RN U (pi)gim, XM -ox™
(p1++pr)i(q1--qr) _ =1\Pi)gin; *| r
E(Vl“'}’r);ﬂt (X1,X2, o0y Xp) = E i ol (15.8)

-

n

ning,..,ny=0 I' (o0 + yini) !
i=1

where, Vi, &, Pm>qm € C; N(ym) > 0, R(gy) > 0, ¢ Z, ={0,—1,-2,...}, and
{m=1,2,..,r}.
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Recently, Jaimini and Sharma et al. [12] have defined a unified definition of the
Mittag-Leffler function of multivariables as:

o0
£ (i@ 3 0 (P gin;

) 0] (X1, X2, 0y Xp) = -
(2N RN (g HoT RN i -
! ! ! ny.na,...n,=0 H,Jn:1r(am +> )/,Ef)n,-)
i=1

ni ny
‘xl ...xr

X —————, (15.9)
ny!---n.!

where, 1.\, @, pir i € C; Ry) > 0, R(gm) > 0; am ¢ Zg = {0, —1, =2, ..};
(y,SL’)) =Y Vs wees ,if); (m=1,2,..,j}and {i =1,2,...,r}.

15.2 Fractional differential and kinetic equations

Fractional differential equations became more important due to their wide applica-
tions in various fields such as physics, chemical engineering, environmental science,
signal processing, biology, chemistry, and medicine.

Fractional kinetic equations are specifically used in chemical engineering to sim-
ulate the behavior of ions in electrochemical systems, like fuel cells, batteries, and
supercapacitors, where complicated electrode structures and electrolyte interactions
frequently cause anomalous diffusion in charge and mass transport. By incorporat-
ing memory effects, nonlocal behaviors, and anomalous diffusion, fractional kinetic
equations provide powerful tools for understanding and modeling complex systems
in chemistry and chemical engineering.

Initially, Haubold and Mathai [18] represented the rate of change of a reaction
relation with the rate of destruction, and the rate of production in the following frac-
tional differential equation:

dN
o= —d(N;) + p(Ny), (15.10)
where the time dependent N = N(¢) is the rate of reaction, d = d(NN) signifies the
rate of destruction, p = p(N) is the production rate, and N,(t*) = N(t — t*), for
positive parameter ¢*.
The fractional generalization of the standard kinetic equation is provided by
Haubold and Mathai [18] as:

N(t) — No = —c*oD;'N(1). (15.11)
Here, oD, ! represents a special case of the Riemann-Liouville integral operator,
defined as:
1 u
oD ¥ f(u) = —/ (u—)* L f(s)ds, u>0,R(w) > 0. (15.12)
() Jo
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In the next section, we will derive the solution of fractional differential equations by

Laplace transforms.

15.3 Solution of generalized fractional order kinetic and
other differential equations

Lemma 15.3.1. Let min{R(v), R(w;), R(s)} > 0 with w; > 0and i ={1,2,...,r},

then for multi-index Mittag-Leffler function [E(p(’,);(q’) - (xla)’l“t’“,
(V] ) (Vj );al,--.,(xj

xza)’;zt’”, ey Xy MY 5] the following Laplace transform in [12] holds true:

.....

L gPr)iar) X1 xR xR s
{ R N CVALE) R oz_,-( 11 2%2 r@p 1) s}
p
oy T+ 3 ping)
_ .- Hf:l(pi)fiini (Xla)llu)nl'“(xrwf ) i—1 o
N ; oo 1ol v
ni,ny,..., ny=0 H:n:lr(am + Z yrsll)n[) ni. ny: s(u+i§ wing)
i=1
i 1
=", (—)F(v)
"=\ T ()
Wepts e tbr) 2 (P1,g1)5 o5 (Progr);
x F;;(};."'.';(; Xl s TR L xpafrs T

(O = Vs oo y,,([))l,j T

(15.13)

Remark 1. Forv =1, u; = yl(i), the lemma becomes as shown below.

Lemma 15.3.2. Let min{f(a1), R(y"), R(s)} > 0;0; > 0, and i = {1,2, ..., 7},
then the following Laplace transform is given in [12, p. 3, Eq. 10] as:

(r)

—1 p(pr)itar) iy oyl Oy,
L™= ETST (1"t X0, 17, L xpwp' 1) s)
Wy Doy ()’j PH PN 7
00 " yin
1 1
_ Z n?:](pi)q,-ni (Xlwl Y (xrr' ) 1
- . r . 1o TG
. Jj @) ni. ny. @,
ny,ny,...,n=0 Hm:ZF(am + -leym n;) S(dl+[§)’1 n;)
1=
; 1
R o o)
=s YT _
"’_2<F(am)
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— (P19 - (Proqr); ) ®

i1 " o—y! n -
xro)'sTN, L xrwpt 5T

0:1;...;
X Fj—l:O;...;O -
’

(@ = Vi weos Vi )25 55 ey =

(15.14)

Theorem 15.3.3. Forv, a, p, i, w; € R*: v o, pi, qi € C; Ry >0, R(gm)>
00 ¢ Zy =10, =1, =2, ..1; (ra)) = s vihs s v s im = 1,2, .., j} and {i =
1,2, ...,r}, the solution to the generalized fractional kinetic equation:

—1 (pr)i(gr) iz %
N(t) — Not" E(y'(,))q’ i a_(xla)] T b2 L xp o)
1 s j [1%2 PETRS) J

= —aoD;"N(t) (15.15)

can be determined as follows:

Not" T (v) i (—aPtP)k

Nw = j r k

M, Tem = T+ 0k)

L W s s ) 2 (P15, q1)5 -5 (Prs Gr);

X Pl xof

T @ Ve e Vi 1 0 PR e ) et

(15.16)
oo
T (Pi)gin;

N(t) = Not"™! =P

. r .
ni,n2,....np=0 Hrjnzlr(am + Z J/n(;)ni)

i=
(1) M (ol T )
X

ny!---n,!

.
x F(v+Zuini)Epr;:lm(—aptﬂ), (15.17)
i=1

where, (s Vyys s y,i,r))l’j = (015 V{5 oos yl(r)), (@ )/jf, o yj(r)) and F[xla)i”t”l,
ey Xy i represents the Lauricella function [21, p. 37, Egs. (21)—(23)].

Proof. Erdely et al. [20] derived the Riemann-Liouville fractional integral operator’s
Laplace transform as:

L{oD;"N(t); s} =s"PN(s), (15.18)

where, L{N(t); s} = N(s).
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Applying Laplace transform [19] in Eq. (15.15), we have:

L'+ i: win;)

I (pi)aim, 2
N -No Y RL UV =
mnzen=0 T Dot + 3 i mi) s(v+i§1 i)
i=1
Hiyng Hryn,
X1 e (X!
X ( 107 ) ( rWr ) =_ClpS_pN(s), (1519)
nl‘.nr!
N(s) = N5 7_ (Pi)gim;
(1+(%)p) o T
: P25 r =0 Hm:lr(am + Z Ym n;)
i=1
r
'+ i
(xlwllll)nl"'(xrwﬁ’)”" ( iglul i)
% oo ; (15.20)
e (W43 ping)
S i=1
Using the geometric series:
a\p,y\ 1 > an pk
(1+(5)) =x(-5)"- (15.21)
=0 =
S o0
I N
N =NoY (=a”* > | ,:1<Pz>zln, -
k=0 ny,ny,...,n,=0 H£121F(01m + Zl Vrg)ni)
i=
-
F+ > wini)
Hiyng Hr\n, ~
(e = (15.22)

l...n! r
AL +pk+3- win)
i=1

N

Now, by taking the inverse Laplace transform in Eq. (15.22) with the following iden-

tity:
L{t": s} = % (15.23)
@g—l{wﬂl } _ r(,j: - (15.24)
N(t) = Not*~! i(_aptp)k i | Hle(l?i)z,-ni |
k=0 ningen=0 T T + Y Vi)

i=1
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1"( Z )(ZMI”)
v+ Win;)ti
M1yng Kryn,
X1w e (X,
% (x1 I:ll,_“fl: ) i=1 _ . (15.25)
o L+ pk+ 3 pini)
i=1

Using Eq. (15.4) and the definition of the generalized Lauricella function, we can

arrive at our desired result (15.16).
Again, use of Eq. (15.2) in Eq. (15.25), gives the result (15.17). O

Theorem 15.3.4. Forv,a, p, u;,w; e RT;neN; ym ,ozm,pl, qi € C, ‘H(y,f,.)) > 0,
W) > 0t ¢ Zg = (0.~ 1o —2, s i) = p o s = 1,2, ),
and {i = 1,2, ..., r}, the solution of the generalized fractional differential equation:

MO = Mt B o 100 0 o)
" n
=_{Z< ' >apk0Dtpk}N(t) (15.26)
k=1

ie.,

(L+alD;")'N (1)
_ N t\) lE(Pr) (qr

i " (1)t xowh M2 L ettty (15.27)
(O20 B C 7 TRy

can be given as follows:

Ny = Mo T ) ‘F(v)i(n)k( a’1’)t
’ _\Ta, =5 k' TW+pk)

11 Wty e ) 1 (P1.q1)5 3 (Pr gr): “
XFi 1150 w0 ESTLY LN S¥5%ls L)
(O 2 Yy ooes Vn(zr))l.j,(UJr,Ok:#l.,...,/A,):7;...;7;
(15.28)
o0 r .
N(t) = Not*~! Z I 1(Pt)qm;
ni,na,....n=0 l'I] T + Z y(l)
i=1
(1) M (e f T )
ny!---n,!

.
xTw+) win)E) s (—aPiP). (15.29)
i=l1
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Proof. Using Eq. (15.18), we have:

L{(1+a”oD; )'N(@); s} = Z( Z )apkﬁ{onpkN(t);s}
k=0

:Z( i )apks_pkN(S) =1 +a"s"")"'N(s).
k=0

Applying the Laplace transform in Eq. (15.27), we have:

00 o .
(1 +a’0s7'0)"N(s) =Ny Z ' z:l(pl)tilnz '
o0 Pt + 5 )

i=1

I'(v+ i Win;)

% (xlw‘lll)nl s () i=1
nle-ony! (v+i Hini)
s =l
N > I_ (Pi)agin;
N(s) = 0 Z 1_1(pz)q,n,

I+ (S‘) ) ni,na,...,n,=0 l‘lfnzll“(am + Z y,,(f)n,')

i=1

,
'v+ in;
Y (Y (v 2 guini)

8 (rw i=1

leoopn, ! u
ey v+ wing)
s il

Using the geometric series:

(1 N (a)p)—n B i (n)k ( a)pk
. T L U)o
k=0
o0 0 i
- . k@ Hizl(pi)tb'"i
N(s)—NOZ( a®) o Z ; U
k=0 ny,ny,....n,=0 l_[mzll—‘(am + Z VYm l’li)
i=1
,
T+ Y ping)
@l (Y =
nil--n, (U-}-pk—‘ri: Hing)

Ky i=1

(15.30)

(15.31)

(15.32)

(15.33)

(15.34)
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Now, by taking the inverse Laplace transform in Eq. (15.34) with the identities
(15.23) and (15.24):

o0 o0
_ (n)k H}"_l(pi)q,‘n,-
N(t) = Not* IE (—aPtPyk 25 E i=
- k! o/ )
k=0 ningne=0 TI5 T (0t + Y Vi 1i)
i=1
I Xr: ) (Zr: Hini)
v+ ) wing)t =
H1yng Hryn,
X e (w =
( 107 ) (xrar”) i=l (15.35)
ny!---n,!

r
P+ pk+ 3 in)
i=1

Using Eq. (15.4), and the definition of the generalized Lauricella function, we can
arrive at our desired result (15.28).
Again, use of Eq. (15.3) in Eq. (15.35), gives the result (15.29). [l

Theorem 15.3.5. Let a, p, w; € RT with y,,(f),am, pi.qi € C;n e N; f}i(y,g)) > 0,

R(gm) > 0am ¢ Zg = {0, =1, =2, . W) = vl vl v im = 1,2, .., j},
and {i = 1,2, ..., r}, then the solution of the generalized fractional differential equa-
tion:

Y I " (RO
N(t) — Not“‘_lE(p')’(q') (xla))fltyl , xza);l M xell )
aj

Ao v setr
n
- _{Z< Z >aPkOD;pk}N(z) (15.36)
k=1

Le.,
(I4+ahD;")'N()

_ . o, "o, O
= Not*! L g(pr)itar) 1o, x0T xelt ) (15.37)
(G NN C TRy ! 2
..... e,

can be given as follows:

Ny = Do imk (—artP)k
T H) i )~ K T(a + ok)
Hmzzr(am) k=0 k! T(en + pk)
- —:(P1,q1)s 3 (Progr)s r, (I
x FOL-il o P
s (@ < Vs eoes Vs V2, @1+ PR Y] e ) =t =

00 r )
N([) — Nota171 Hi:l(pl)qini

. r .
ni,na,...,n,=0 l_[£1=21_‘(otm + Z }/,,(;)nj)

i=1

________________________
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()

Y yin Yy e
(xro) )M ()
X ! n .o (=aft?). (15.39)
1.t . ;
nyl---n,! pe1+) iy vy ni
Proof. In a similar manner, we can derive this theorem’s solution. O

15.4 Special cases

When we set the values of the parameters to specific values, we obtain the following
special cases.

If we set r =1, g1 = 1, the outcomes described in Theorems 15.3.3, 15.3.4, and
15.3.5 simplify into the following form.

Corollary 15.4.1. For v,a,p, 1,01 € Rty am, p1 € C;R(y,,) >0, q1 =
Lan ¢ Z(; ={0,—1,-2,...}, and {m = 1,2, .., j}, the solution to the generalized
fractional kinetic equation:

_ v—1 - P1 Kl iy — 0. )P
N(t) — Not E(y.’,...,yj);oq ’’’’’ a_,-(xlwl t"y=—a’oD, "N(t) (15.40)
is determined as follows:
Notv—l 0o k (pla 1)7(])7 Ml)
N(t) = o > (=aPt")wy s xjo)
k=0 (m, Yo1,j> (v + pk, py)
(15.41)
00 Iz
=N()t”_l (R])nlr(U—FMlnl) (xlw1 ltm)nl Ep v+mn1(_aptp), (15.42)
m=o My D@ +ypnp) ™!

where oW 1[.] represents the Fox—Wright function defined in [21, p. 21].

Corollary 15.4.2. Forv,a, p, 1,1 € RY;n € N;y,, am, p1, q1 € C; R(y,,) > 0,
q=Laoa,¢Z, ={0,—-1,-2,...}, and {m = 1,2, .., j}, the solution to the general-
ized fractional kinetic equation:

n
— NofU—LlEP H1pny o\ ok —pk}
NO =Nt B o 1) = {;(k)a oD IN ()

(15.43)

(1+aoD; ”)'N(t) = Nor”—lE(”y‘/

.
ls-uvyj)wal -----

_(xla)i“t’”) (15.44)
aj
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is determined as follows:

_ D, (v, )

Not'— 1 S (n (p1

Nt = =2 Z%(—a”rﬂ)%w x4
Ptz © @, Vi1j» (0 + pk, 1)

(15.45)

oo n
Nyt~ Z (PO T+ ping) (o' thym

pip
/ potun (—alt?). - (15.46)
n1=0 anzlr(am+]/,;1n]) ny! 171

Corollary 15.4.3. Let a, p,w; € RT with y,,,om, p1,q1 € C;n € N; R(y,,) > 0,
qgr=Loay,¢Z, ={0,—1,-2,...}, and {m = 1,2, .., j}, then the generalized frac-
tional kinetic equation:

n
_ Nae1—lpPh "Lyly — n ok _p—rk
N@O =Nt D o] 1) = {; 1( i )a oD; }N(z)

(15.47)
has a solution as follows:
_ )
Not%l 1 (p]’ r,
N(t) = (; Z%(—aptp)kle s xy) 1
Ptz © (O, V)2, j> (o1 + pk, y))
(15.48)
Y1 yl\mi
t"
Ry VHCS) Ype—LLL Gt L (—att?). (1549)
n1=0 nh:ZF(am + yl’;‘lnl) n: ’ !

If we choose ¢1, ..., g, = 1 the results outlined in Theorems 15.3.3, 15.3.4, and
15.3.5 take on the following form.

Corollary 15.4.4. For v,a, p, ji;, w; € IR+_; y,fli),cxm, pi € C; Si(y,,(f)) > 0;a, ¢

Zg =10, =1, =2, . W) =V vl e v im = 1,2, ., jY and (i = 1,2, ..., 1),
the solution to the generalized fractional kinetic equation:

-1 (pr) % w2 ol
N(t) — Not" E(yf”) ’’’’’ (y;,));al ..... . (1] 't x5 %112, L Xl
=—a’oD;"N(t) (15.50)

is determined as follows:

Not'"IT(v) & (—aPtP)k

N =15 r k
v
' _ Ta, =T+ k)
111 Wty ey o) 2 (P15 D5 s (pry D)3 "
< Fiiliit o R
(@ 2 Vs oeos Vi 10 (0 PR s oo ) £ = ey =

(15.51)
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o0

H;:] (pl )n,

. r .
ny,ng,...n=0 H’Jn:ll"(otm + J/n(;)ni)
i=1
y (1) M (el )

ny!---n,!

N(t) = Not* ™!

,
T+ Y in)E, jpxr o, (—alt?). (15.52)

i=1

Corollary 15.4.5. For v, a,p, ki, Wi € Rt;n e N; y,ﬁ,i),am, pi € C; ER()/,,(f)) >
00 ¢ Zy =10, =1, =2, ..5; ra)) = v vilhs s v s fm = 1,2, .., j} and {i =
1,2, ...,r}, the solution to the generalized fractional kinetic equation:

N(:)—Noz“—lE((;’I;‘))) Py ai(xlwﬁ“t“',xzw‘;zﬂ”,...,x,w,ﬂrtﬂr)
,,,,, i
" n
Z_EZ( ' >a'°koD,_pk}N(t) (15.53)
k=1

Le.,

(I4+alD;")'N (1)
= Not"~LE®") i i Mo [r 15.54
0 ()/l(r)),.u,(y;'));al """" o (xla)l , X2, s ey XrQy ) ( )

is determined as follows:

o0

Not'~'T'(v) 3 () (=aPtP)k

N@O =773 KT k
I, Tam = v+ pk)
P Wy e o) 2 (15 D)5 s (pry D)3
X Fjl_‘:ijb‘jl 0 xla)’f't’” s ooy Xy tHr
e @ = Vs oo VIV 0 PR o 1) =5 s =
(15.55)
o0
I (pi)n;
N@)=Not"™ ' i=12Pin;
nin2eent;=0 T T (et + Y. Vi 1i)
i=1
(rrof t)M - () )
niy!---n,!

.
xTw+) win)E) s (—aPiP). (15.56)

i=1
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Corollary 15.4.6. Leta, p, w; € RT with y,,(f), o, pi €CineN; S)i(y,,g)) > 0; 0 &

Zg =10, =1, =2, . W) = Vs vt o v im = 1,2, ., jY and (i = 1,2, ..., 1),
then the generalized fractional kinetic equation:

ry, "oy (r) (r)
N(t) — Nt~ EP) (o], 0y 7, L et )

Aoy sctr et
" n
:_{Z( ' >aPkOD,f”‘}N(t) (15.57)
k=1

has a solution as follows:

e¢]

Not1~1 Z(”)k (—altP)k

Nt)=—— e T o~
|
H:nzzr(o‘m) part k! T'(oy + pk)
gL —:(p1, D5 s (prs 1) o, (OB
x o X L xewll
’ (O = Vs +oes )/n(,r))z.,‘, (a1 + pk 2y, .., Vl(r)) e T
(15.58)
and
00 r .
N (1) = Nor1~! i1 (P

. r .
n1,n2,ee, =0 l_[fn:2l_‘(otm +> y,g,l)ni)
i=1
’ () .
Y1,.y/\n "1 ")y
(xlwl tV]) 1 "'(xra)r t ) r
X ' " r O (—a®t?). (15.59)
ny!---n,! Pty vy ni

15.5 Conclusion

In this chapter, we used the Laplace transform to solve the generalized fractional
differential equations involving the multi-index Mittag-Leffler function in several
variables. Choosing appropriate values of parameters, we can extract various known
results from our main findings, some of them are shown below:

@ Ifweassumen=1,j=1r=1L,q=lLxi==l,pi=y,y=p=v,a1 =/,
w1 =a = c in Theorem 15.3.5, then we obtain the known result [22, Theorem 1, p.
658] and the correct form of the result [23, Theorem 1, p. 35].

@) If we consider j =1, r=1,q1 =1, x1=—-1,w; =a=c, y{:p:v,al =34,
p1 = A in Theorem 15.3.5, then we can obtain the result [24, p. 230, Theorem 5] that
turned into [24, p. 229, Theorem 4] at p; = 1.

(i) Forn=r=x1=1,v=A4, (yl./ =oj,o;=Bii=1,2,...,)), u1=p, p =,
a=c, a)’l“ =0, p1 =¥, q1 =k, Theorem 15.3.4 converts into the former result of
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Kumar et al. [25, Theorem 2.3, p. 461] and gives the correct form of the theorem [25,
Theorem 3.4, p. 465].
(iv) In Theorem 15.3.3,if we assignr = j =v=x1=w;j=p1 =1L, a1 =A, ¥ =p,
P1=Y,q1 =k, p="v,a=d, then it converts into the result of Nisar et al. [27,
Corollary 2.1].
(v)Ifweconsider j =v=1,01 =A, p=v, (w; =d, yl(i) =Pi, Wi =V, Pi = Vi, qi =
li;i=1,2,...,r) in Theorem 15.3.3, then we arrive at the earlier proved result [26,
Theorem 1, p. 284].

Similarly, considering appropriate values of parameters in Theorems 15.3.3 and
15.3.4, we can achieve the remaining results of Chand et al. [26] and other corollaries
of Nisar et al. [27].
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16.1 Introduction and definitions

Many special functions in fractional calculus are defined via infinite summation or
infinite products. During the last two decades, several authors extensively studied
interesting and useful extensions of many of the special functions (see, for exam-
ple, [1,3-5,9-12,6,14-16,21,22,26]). Our present work is largely motivated from the
above mentioned work.

Recently, Diaz and Pariguan [8] introduced the k-Pochhammer symbol and k-
gamma function defined as:

Ik (y + nk) _ n

" C\kZ ; keR™; N

k=] Ter) et cRnelh
y(y +k)..(y + (n— Dk) (yeC; keR; neN).

(16.1.1)

The relation with the classical Euler’s gamma function (see [7,19]) is given by:
Fk(y)zk%_lr‘(%) (y eC\kZ™; keR"),  (16.1.2)

when k =1, Eq. (16.1.1) reduces to the classical Pochhammer symbol and Euler’s
gamma function, respectively, (see [20]) given as:

) 1 (yeC, n=0)
T 4 Dy - 1) (yeC:neN)
I'(y +n) -
el — (y e C\kZy). (16.1.3)
'(y) 0
Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00024-2 243
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Lorenzo and Hartley [13] presented two special functions, known as the R-
function and the G-function as:

o an(x _ C)(n—H)a—v—l

Ryv [a,c,x]zng(:) T[(n+ Da —v] (16.1.4)

(a,veC;, RN(a—v)>0; x>c>0;, a>0)

and
. (w)pa (x — ¢)rtwa—v-l
Gﬂtv , C, =
o la, ¢, x] n; @O [(n + o — v] 16.15)

(t,v,u €eC; R(ua —v)>0; x >c>0; a>0).
In particular, for ¢ = 0, we have:
o n,n+a—v—1
ax
Ryyvla,x]=Ry[a,0,x]= —_
o o gl“[(nﬂ)a—v] (16.1.6)

(,veC; Ra—v)>0; x>0; a>0)

and
o0
(M)nanx(n+u)a—v—1
Govpla, x]1=Ggvpula,0,x]=
oLV, RN ng(:) O [(n + wa — v] (16.1.7)

(,v,u €eC; R(ua —v) >0; x>0, a>0).

Here, we use extensions of the R- and G-functions given in Eqs. (16.1.4), (16.1.5),
(16.1.6), and (16.1.7) given as follows:

0 nq (x — )(nq+l)a—v—l
a X C
Rzya’v[a,c,x]: —
nZ:o Til(ng + Da —v] (16.1.8)

(,v,g€C; Ra—v)>0; Rg)>0;, keR; x>c>0; a>0)
and

(Wnga"d (x — )1

(DT [(ng + wa —v] (16.1.9)

[o)0]
q
Gk,a,v,u l[a,c,x]= Z

n=0
(,v, 0, g €C; Rua —v)>0; N(g)>0; keR; x>c>0; a>0).

In particular, for ¢ = 0, we have:

anqx(nq+l)a—v—1
R! la,x]=R! [a,0,x]= ’
ko, v ko, v nX=(:) Ty [(ng + Da —v] (16.1.10)

(,v,g€C; Ma—v)>0; R(g)>0;, keR; x>0; a>0)
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and
Sl ng - (ng+p)a—v—1
Gy, lax1=Gl, | [a,0x]1=3" (Wnga™x
b T b TR A i)y [(ng + e — vl (16.1.11)

(o,v, 0, g €C; R(ua—v)>0; R(g)>0; keR; x>0; a>0).

For the present study, we also require the Fox—Wright function ,W¥,, which is
defined as (see [23]):

(a1, a1), ..., (ap, ap); (@i, ai)1,p;
“I’ = \Ij P P = \I/ P
pPall=y q[ (b1, B1), ..., (bg, By); Z} b q[ (bj, Bj)i.qs Z]

_ Z [T, (@ +ain) "

7 -, (16.1.12)
ard | 1 L'+ Bjn) n!
where the coefficients «y, ..., ap, B1, ..., By € RT are such that:
q p
1+) Bj—) ai=0. (16.1.13)
j=1 i=1
Prabhakar and Suman [17] defined the polynomials L,(Q"’T)(x) as:
Fan+t+1D) o ()
L) — , 16.1.14
)= TR ;r!r‘(nr-i-T-i-l) (16.1.14)
where n € C*, 7€ C* andneN
If n =1, then Eq. (16.1.14) reduces to:
Fn+1+1) « (—n);x"
LD () = =L (x), 16.1.1
S A gr!f‘(r—i—t—f—l) n () (16.1.15)
where L (x) is a generalized Laguerre polynomial ([18]).
The Konhauser polynomials of the second kind ([24]) is defined as:
Frn+1+1) & (n ¥
Z‘E ; = _1 j . 7’
T(x:7) - JZ_E)( ) toreeT (16.1.16)
where 7 € Cfl, n € Nand r € Z, such that
LU (") =Z8 (x;7) (16.1.17)

L} (x)=2Z}(x;1). (16.1.18)
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The polynomial Z\"™ (x; r) is defined [25] as:
" o
r D(=1)/x"
Zr(lnyt)(x;r)zz . (rn+r+ )( ) x. )
Jjirrj+r+DI'(gn—nj + 1)

j=0

where n € C*, 7€ C*,neN,and r € Z.
From Egs. (16.1.16) and (16.1.19), we obtain:

ZUD (ki r) = ZE (x: ).

If n € N then Eq. (16.1.19) can be written in the following form:

n

Cn+t+1) Z (_nn)nmxrm

ZW0 (x:p) =
e

m=0

The set of polynomials L,(ﬂ’r)(y; x) is defined [25] as:

L0 iny =3 LomErE DY
" r'Cpr+t4+ D0 (yn—yr+1)

r=0

where ,y e CT, 7 ¢ (Cfl, neN.
From Egs. (16.1.14) and (16.1.16), we have:

LD (1:x) = L (),
such that:
Lff’t) (,7; x’) — Z’(;),r)(x; r)
Z0D (x; )= LT (; x)
ZU0D (k1) = Z7 (x; 1) = LY (x)
Ll(11,r) (1:x) = Ll(11,r) (x) =L (x).
We also require some facts listed below:

(=) ==D"x —n+1),

n

@+ ) =Z( : )(x),-(y)nj,

j=0

nam = X)u(x + 1)y

x (=n"
< n ): y (=X)n.

and

m!T(rm + 17 + 1)(=1)(=Dm”

(16.1.19)

(16.1.20)

(16.1.21)

(16.1.22)

(16.1.23)

(16.1.24)
(16.1.25)
(16.1.26)
(16.1.27)

(16.1.28)

(16.1.29)

(16.1.30)

(16.1.31)
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Theorem 1. If 1,8, a,v,g €C;z2>0;a > 0; N(a—v) > 0;RE) >0;N(g) >0,k e
R, then

1 ! A—1 5—1
— 11 —w)'RY [a, zuld
F(a)/o AT R, Lo, zuldu

! " A+a—v—1,aq9), 1,1 az®\?
T ki1’ 2[ @2y Gt —vt—1,aq) (W) ]

(16.2.1)
Proof. For our convenience, denote the left-hand side of Eq. (16.2.1) by ., then
using the result given in Eq. (16.1.10), also by interchanging the order of summation
and integration, we have:

1 ol anqz(anrl)ozfvf]
RO 2;: Tk [(ng + Da = v] Jo

n=

1
P uh e De—v=21 _yd=lgy, - (162.2)

After simplification, Eq. (16.2.2) reduces to:

o Z a"izratDe—v=l P4 (g + Do —v —1]
_n:OFk[(nq—i—l)a—v]F[A+(nq+l)a—v+8—1]

(16.2.3)

and on applying the result given in Eq. (16.1.2), Eq. (16.2.3) reduces to the following
form:

g 22l i Fh+a—v—1+ang]Tn+1) 1 <az“ )"q
_k%_‘k’}_lHZOF[%+%—%]F[A+a—v+8—1+anq]n! ko/k
(16.2.4)

Interpreting the above result in view of Eq. (16.1.12), we have the required result.
O

Theorem 2. If 1,5, a,v,u,q € C;z> 0;a > 0; N(ua —v) > 0; RN(S) > 0; R(g) >
0;k € R, then

1 ! A—1 6—1
R 1— G y d
@ /0 u ( u) kv, [a,zuldu

_ et Ot i — v — 1,00), (1, ) az* !
KE T ry) L B =), Gt e — v+ 85— 1ag) | \ke/k
(16.2.5)

Proof. The proof is similar to that of Theorem 1. O
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Theorem 3. A,5,0,v,g €C;z2>0;a > 0; R(a —v) >0; RG) >0;N(g) >0k e
R, then

()C _ t)8+)»+a7v72za7v7]

H&/~@ PN =0 RY, L la.2(s — D]ds =

kil
A+a—v—1,aq9),1,1) (akcx—tn“>q}

g

(16.2.6)

Proof. First, we denote the left-hand side of Eq. (16.2.6) by .#, then changing the
variable s to u = >—=;, further using the definition given in Eq. (16.1.10), after inter-
changing the order of summation and integration, we have:

(x _t)8+)ﬁl o a™[z(x _t)](anrl)o: v—1
o) Te [(g + Dot — v]

/ (1 M)B 1 )»+(nq+1)o: vV— 2du
n=0
(16.2.7)

After simplification, Eq. (16.2.7) reduces to the following form:

_ (X — Z‘)B-‘r)u—l 00 a™ [Z(x _ t)](’lfﬁ-l)a—v—l
- re) ,; T [(ng + Da —v] B, A+ (ng + Da—v—1).

(16.2.8)

Further, on applying the result given in Eq. (16.1.2), the above result reduces to
the following form:

(x — t)8+)n+oz7v72zoz7v71
I =

ki—r!
53 FM+a—v—1+amﬂFﬂ+n) <de—UP)M
— a"q]F[A+a—v+8—l+anq]n‘ ke/k

g
n—O k
(16.2.9)

Interpreting Eq. (16.2.9) in view of (16.1.12), we easily arrive at the required
result (16.2.6). O

Theorem 4. A,8,a,v,u,q € C;z > 0;a > 0; R(ua — v) > 0; N(S) > 0; N(g) >
0;k € R, then

Fw)/iqu-n51@ )AleaVMw,ds—tﬂds

( _t)6+)»+;wz v— 2Zp_a v—1

KETETIT ()




16.2 Integral formulae involving k-type R- and G-functions 249

A+ pa—v—1,aq), (1, q) <a[z(x—t)]“>qi|

X W
g 2|: (l‘;(_a_%»%)v()"—i_ua_v—i_a_lvaq) kO{/k

(16.2.10)
Proof. The proof is similar to that of Theorem 3, therefore we omit the details. [

Theorem 5. If A,8,a,v,qg € C;z > 0;a > 0; R(a — v) > 0;RE) > 0; R(A) >
0;N(g) > 0;k eR, then

Z(x—v—lx)»+6+p(a—v—l)

L Y a1 _ A=l pa Y _
F(a)/ot (x—1) Rkya’v[a,z(x HP]dt = pra
A+pl@—v—1),paq),1,1) (a(zx”)“)q]
& =5, h+8+pla—v—1), pag) ke/k )
(16.2.11)

Xz‘l’z[

Proof. Denote the left-hand side of Eq. (16.2.11) by .# and using the result (16.1.10),
then interchanging the order of summation and integration, we have:

1 S anqz(anrl)afvflx)»+8+,0((nq+1)a7v71)71

TTO) & Ty [(ng + Da — v]

1
X/ W1 (1 = gy ot ha—v=D=14, (16.2.12)
0

After simplification, Eq. (16.2.12) reduces to:

e i anqZ(nq+1)o¢—v—lxk+5+p((nq+l)a—v—l)—l L+ p((nq +Da—v—1)]
= 'y [(ng + Da —v] FA+8+p((ng+Da—v—1D]"
(16.2.13)

Further, on applying the result given in Eq. (16.1.2), Eq. (16.2.13) reduces to the
following form:

o 2oV tplamv-l) 2 T[A+pla—v—1)+ pang]T(1+n)
kEE ST [+ § =TI +8+p@—v —1) + pang]
1 [a(zxP)*\™

Interpreting the above equation with the help of (16.1.12), we have the required
result (16.2.11). O
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Theorem 6. If1,5,a,v,u,q € C;z>0;a > 0; N(ua —v) > 0; R(S) > 0; R(A) >
0; N(g) > 0; k e R, then

Z;wt—v—lx)»+6+p(y.a—v—1)

1 * §—1 r—1,~9
—_— t X —t G a,z(x — )P |dt = Fa—
I (5)/0 ( ) k’a’v'“[ « ) ] kﬂT—z_lF(M)

a (zx”)*\?
(“e7) |

(16.2.15)

pe v oag —v—
(T -5 %) *+d+p(ua —v—1), pag)

><2‘I/2[

Proof. The proof of Theorem 6 is similar to that of Theorem 5, therefore we omit the
details. O

In our investigation, the following lemma is also required [2].

Lemmal. If9,n,{,§ €CT, w,1€CY ,m,neN, then

L@ (& x) LI (g5 x)

_’%’i F@m+w+ D0 +17+1)
h=0 0 F(h

—Jj+DIEm—j)+ DN —h+j)+ 1)

5 ()"
F@j+o+DIh—H+r+D0G+1)

(16.2.16)

m,n,&,&

Note 1. To investigate Theorems 7—-12, 1A0”(l)7n’ . is defined as:

lAm,n,E-C _ i ( h ) rm+w+DI(gn+1t+1)
et Jj ) TEm—=jH+Drh+1)

j=0
(D"

8 Fr@j+o+DIth—jH)+t+DICH—h+j)+1)
(16.2.17)

Theorem 7. If A,8,a,v,q € C; 2 > 0;a > 0; R — v) > 0; RNG) > 0; R(g) >
0;keR; 9, n&¢,0eChw T eCfl; m,n €N, then

1
Lf A= w)’ T L g o (1 —wILT O o (1 - wIR] |, [a, zu”] du
@) Jo “

Zozfvfl
TR
m+n
h m,n,§,
< Y @) Ay
h=0

y A+ pla—v—1),pag), (1, 1) az* \ ! . (16.2.18)
G =0 G+8+h+pl@—v—1),pag) |\k/k
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Proof. For convenience, denote the left-hand side of Eq. (16.2.18) by .#, then us-
ing Egs. (16.1.10) and (16.2.16), further interchanging the order of summation and
integration, we have:

Fr@m+w+ DHCn+1+ (o)
I=32

4 = T(h—j+DMEm - )+ DIG+1D)
anqz(nq+l)oz—u—l

(=1 S
“TWj+o+ DLMt— N+t+DECH—h+j)+1D) r; Til(ng + De — v]

1
X 1_,(18) / M)L—&-p((nq—&-l)a—v—l)—l(l _ u)8+h_1du.
0
(16.2.19)

Using the integral formula in Eq. (16.2.19), after simplification, we have:

m+n h
h\XTOm+o+DI'in+74+1)
7=y y (")

=\ ) TEm—H+Dra+D)
(_])h Zafvfl
X —— : : —— ($)n(0)"
rdj+eo+DIrnth—jH)+t+DICm—h+j)+1) ki =
i C[A+pl@—v—1)+ pang]T (1 +n) 1 (azo‘)"q
X _
ST [+ ¢ =T +pl@—v—1D+8+h+ pang] n! \k*/*
(16.2.20)
Further, Eq. (16.2.20) can be written as:
Za_v_l m+n
I = Y A (o)
kk ™k AR
h=0
i LA+ pl@—v—1)+ pang]T'(1 +n) 1 (az“ >"q
X - b
[+ ¢~ 7T +pl@—v—1D+8+h+ pang] n! \k*/*
(16.2.21)
where 1A$£§§ ) (o)h is defined in Eq. (16.2.17).
Now, interpreting Eq. (16.2.21) with the help of (16.1.12), we have the required
result. U

Theorem 8. If1,8,a,v,u,q €C; 2> 0;a > 0; R(ua —v) > 0; R(EG) > 0; N(g) >
0; keR; 9,n,6,¢,0eCH; w,teCt;mneN, then

1 1
—/ WA= L OE o (1 —wILVIE o (= w6y, [a, e ] du
F(S) 0 0LV, L

________________________
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Zp.oz—v—l

KT

m+n
< Y O AY W,
h=0
A+ p(pa —v —1), pag), (i1, q) az* \1
X na v oaq k :

(16.2.22)
Theorem 9. If A,8,a,v,q € C; z > 0;a > 0; R — v) > 0; RNG) > 0; R(g) >
0; keR; ®,n&¢,0eCH; w,re@fl; m,n €N, then
1 X
W/t (x = 91 (s = ) LOO g 0 (x — 5)]

i L,(ln’f)[i; o(x—9IR] ., [a,2(s —1)"]du

Z —1 m+n
= 12(8>h(o>h1Ammz%
kx h=0
A+ pla—v—1), pag). (1, 1) az* \*
X[ sy pag ’(W) . (162.23)
G5B 0+s+h+pla@—v—1),paq9) |\k

Theorem 10. If 1,8, a,v, u,qg € C; 72> 0;a > 0; R(ua—v) > 0; R(S) > 0; N(g) >
0; keR; 9,n,6,0,0eCH; w,1€Ch s mneN, then

ﬁ /x(x =) s =)L o (x — 5)]

x LIP[¢ 0 (= 9)1GY [ 26 = 1)) du

m—+n
ZHe—v— 1

Z(5>h(o)h TN

(pra—v— 1), pag), (4. q) az® \*
(B = £ 50, A8+ h+ ppa —v — 1), paq) | \kF
(16.2.24)

kT"—lrw)

XQ\IJ2|:

Theorem 11. If A,8,0,v,q € C; 2 > 0;a > 0; R(ax — v) > 0; R(S) > 0; R() >
0;R()>0;keR; 9,n,E¢,0eCh 0,1 G(Cfl; m,n €N, then

r(a)/ 7 = LY g oI Vg 0 1R] | [a 2(x — )P ] dt

24— 1 A+6+h+p(o{ v—1)

ket
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m+n
X Y On(0) " AW,
h=0
x [ Gt pla—v — 1), pag). (1, 1) <a<zxp>“)q}
GE-5 D). 0+8+h+pl@—v—1),pag) ke/k '

(16.2.25)
Theorem 12. If A, 8, a,v, u,q € C; 2> 0;a > 0; R(ua —v) > 0; R(S) > 0; R() >
0; R(g) >0; keR; ¥,n,£,¢,0 eCT; w,re(Cfl; m,n €N, then

1“(5)/ P = L OE oL V1L 011G, [a e — )P ] di

ZHa—v— 1 A+5+h+p(ua v—1)

KEEIT ()

m+n
X Y @n) Ay
h=0
A+ p(ua —v—1), pag), (1, q) a(zxP)*\?
X pe v oag “rak :
(T~ %)@ +td+h+plua—v—1), paq) ke«

(16.2.26)
Proof. Proofs of Theorems 8—12 would run parallel to that of Theorem 7, therefore
we omit the details. O

ZAmnS§

Note 2. To investigate Theorems 13—18, is defined as:

AMES rm+o+HIn+v4+1)

DT = F(¢m+ DI (En+1)
xXh: (”H)h.ahjm(_;"’)“”.‘”(_é”)“ . (16227)
S\ J ) T@j+e+Dlot—j)+r+1)

Theorem 13. If 1,5, a,v,q € C; z > 0;a > 0; R(a — v) > 0; RN(S) > 0; N(g) >
0; keR; 0,n,0 €CT;m,n&,¢eN; o, 1 €Ch, then

r(a)f A= L g o (L=l P18 o (1 - w)]IRY, , [a, zu”] du

Zozv]

a_ v

Tl

m+n
X Y @) Ay
h=0

. A+p@—v—1),pag),(,1) ﬁ ! . (16.2.28)
G =0 G+8+h+pl@—v—1),pag) |\k/k
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Proof. For &,¢ € N, employing the results given in Eqgs. (16.1.28) and (16.1.3),
Eq. (16.2.20) reduces to:

a—v—1 m+n
7= Z£7271 rm+o+1HCOn+74+1) 2(5)/1(0)h
ki F C(cm+ DT (En+1) ~
5 i < h ) (=" B=D=E (—gm) ) (—En)g;

= J ) T@j+o+Dr(nh—j+1t4+1)

Xi LA+ p(@—v—1)+ pang]T'(1+n) l(az"‘)"q
[+ ¢ =TI+ pl@—v = 1) +8+h+ pang] n! \k*/k

(16.2.29)

Interpreting Eq. (16.2.29) in view of (16.1.12), we have the required result
(16.2.28). O

Theorem 14. If 1,8, a,v, u,qg € C; 2> 0;a > 0; R(ua—v) > 0; R(S) > 0; N(g) >
0; keR; 0,n,0 €Cr;m,n&¢eN; o, eCh, then

1
Lf =)L e (1= wILI P 0 (1 - w)]GY , , , [a.zu”] du
') Jo

k,o,v, 0
Z;wt—v—l
KE T ()
m+n
DO RINGRIL 2
h=0
A+ p(pa —v—1), pag), (u, q) az* \*
X no v o ogq a/k
(T 520+ +h+pua—v—1), pag) | \k

(16.2.30)

Theorem 15. If 1,8, a,v,q € C; z > 0;a > 0; (e — v) > 0; RNES) > 0; N(g) >
0; keR; 0,n,0 €Cr;m,n&¢eN; o,1eCh, then

% / = s = L o — LI 0 (x - 9)]

Zotfufl
x R{, ,[a.2(s = )] du =~ ;
@, o
m-+n
SDIONCIETNIEEL 2!
h=0
A+ pla—v—1),paq),d,1) az* \*
<| 0 ) eq 1 =) | ae23n
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Theorem 16. If1,8,a,v,u,q € C; 2> 0;a > 0; R(na—v) > 0; R(S) > 0; N(g) >
0;keR; ®,n,0eCt;m,n & ¢eN; w,reCfl, then

T R L L)

x L{"P[; 0 (x — $)1GY

k.o, v, [(1, 2(s — t)p] du

Zuafvfl

KT E T ()

m-+n

X Y On(0) AW,
h=0
y [ (4 p(pa —v — 1), pag), (1, ) (aZ“ >q}
-2 A+8+h+p(ua—v—1), pag) |\k/*) |

(16.2.32)
Theorem 17. If A,8,0,v,q € C;z > 0;a > 0; R — v) > 0; R(S) > 0; R(N) >
0; N(g)>0; keR; 9,n,0€C;m,n, & ¢eN; w,ve€Chy, then

F(8)f P = LY OE oL Ve o R, [a, 2(x — )P dt

a—v—1 A+8+h+p(a v—1)

. Z
- e
m+n
X Y @) AL W
h=0
x O+ pla—v—1), pag), (1, 1) a (zx”)* \
& =39, 0+8+h+pla—v—1),paq) |\ ke/* '

(16.2.33)
Theorem 18. If)1,5,a,v,u,q €C; 2> 0;a > 0; R(ua —v) > 0; R(G) > 0; R) >
0; R(g)>0; keR; ¥,n,0 € Cr;m,n,&,¢eN; w,ve€Chy, then

F((S)/ B x — 1)* IL(z?w)[g gt]L(ﬂ ¢ Gt]GkauM[avZ(x—l‘)p]dt

Zha—v— 1y Atd+h+p(pa—v—1)

KEEr ()
m—+n
X Y (On(0) AW,
h=0
x A+ p(ua —v—1), pag), (i, q) a(zxP)*\?
(F -5, A +8+h+p(pa —v—1), pag) ko/k '

(16.2.34)

255
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Proof. Proofs of Theorems 14—18 are similar to that of Theorem 13. O

16.3 Special cases
On setting £ = ¢ = 1, the results in Theorems 13, 14, 15, 16, 17, and 18 reduce to the
following form:

Corollary 1. If 1,6, a,v,g € C; z > 0;a > 0; N — v) > 0; R() > 0; N(g) >
0; keR; 9,n,0 eCT;mneN; w,veChy, then

1
ﬁ/ (1= u)? LYo (1 - w)]L Vo (1 = w)R] , , [a. zu” ] du

a—v—1

Z

a_v_q

k% %
i (o )hF(ﬁm+a)+l)F(nn+r+1)
Fm+1)T(n+1)

Xi{( ) (=m) iy (—n) ]
i rdj+o+DrHnth—j)+t+1

(4 pla—v —1), pag), (1, 1) (&)q]
G- D). 0+8+h+pl@—v—1),pag) | \k/*

X Wy [
(16.3.1)

Corollary 2. IfA,8,a,v,u,q €C; z>0;a > 0; R(ua —v) > 0; R(G) > 0; N(g) >
0; keR; ¥, n,0ecCT;mneN; a),re(Cfl, then

1
%/ WA= w) LYo (1= wIL P lo (1 = w]GY, , , [a. 2] du

Zua—v—l

KEEIT ()

asy Fr@m+w+ DT n+1+1)
h
XZ:((S)h( o) Tm+ DL+ 1)
Xi[(h) _ Emuj ) }
= J ) T@Wj+eo+DI(nth—-j)+1+1)
[ A+ p(ua —v —1), pag), (n. q) (aZ“ )q]
A T k) |
(B — 2, %0), 48+ h+ ppa—v—1), pag) | \k*/

(16.3.2)
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Corollary 3. If A,6,0,v,g € C; z > 0;a > 0; N — v) > 0; R() > 0; N(g) >
0;keR; 9,n,0eCT;mneN; a),teCfl, then

ﬁ f 9 = P Ll (x5

a—v—1

z
X RZ’Q,U [a,z(s — t)p]du = P
m—+n
FT@m4+w+ )T n+t+1)
S ONGK
i Tm+ DL+ 1)

h

)(E:[<l?> . (—nﬂm—p(—ny }
oL\ Fr@j+ow+DInth—jH)+t+1)
[ A+ pl@—v—=1),paq),(,1) (aza )"]
x2W2 @ _ v o a/k
G -5 +8+h+pla—v—1), pag) |\ k¥

(16.3.3)

Corollary 4. If A, 8, a,v,u,q €C; z>0;a > 0; R(ua —v) > 0; R(S) > 0; N(g) >
0; keR; ®,n,0eCT;mneN; a),teCfl, then

ﬁ / 9P 6= 0 Lo (LG e )]

Zuafvfl
X GZ’OW’M [a, (s — t)p]du = m
asy FrWm+w+ )T n+7t+1)
h
x }g(s)h(") Tm+ DO+ 1)
5 Xh:[( h ) _ Emuj ) }
S\ JJTOj+o+ DI —j)+7+1)
[ (r+p(pa —v —1), pag), (i, q) (GZ“ )q]
oWl e ) oag Talk
(-2 0+8+h+p(ua—v—1), pag) | \ k%
(16.3.4)

Corollary 5. If A,8,a,v,qg € C;z > 0;a > 0; R(a — v) > 0; RN(S) > 0; R(A) >
0;NR(@)>0; keR; ¥, n,0cCT;m,neN; a),te(ClLl, then

1 X

/ P =L oL Vo nR] a2 — 1) ] de
r®) Jo

Z2—v— 1 dtd+thtpa—v—1)

kE—E!
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m+n

ZJLm+o+DIn+1t+1)
x ;(8)”(0) T(m+ )T (n+1)

h

8 Z [( h ) . (_m)(h—j)(_n).j }
S\ /TR +o+DEGG = +T+1)
[ A+ pla—v—1),paqg),d,1) <a(zx")°‘>q}
x 2\ [ v o agq ok .
G- 57)At+tdt+h+pla—v—1),paq) ko/

(16.3.5)

Corollary 6. If 1,58, a,v,u,q € C;z>0;a > 0; R(ua —v) > 0; RG) > 0; RA) >
0;N(q)>0; keR; ¥,n,0 eCT;mneN; w,teCh, then

[a,z(x —1)"]dt

1 * 5—1 r—17 (Vo) (n,7) q
%/ot @ = LY oLV [0GY,

Zuafvflxk+8+h+p(ua7v71)

KT ()

asl Fr@m+o+DCGn+t+1)
h
x }IX:(:)(S)”(G) T(m+ DT (n+1)
8 Xh: [( h ) . (_m)(h—j)(_”l).j ]
S\ T@j+o+DEGG = +T+1)

[ A+ p(pa —v —1), pag), (i, q) <a(zx")°‘>q}
X2Wal e v oag Tk )|
(T -5 7)A+d+h+p(ua—v—1),paq) ke/

(16.3.6)

On setting ¢ =n =& =¢ =1 and using Eq. (16.1.18), we have L,ll’w(l;x) =
Z,(,l’w) (x; 1); the results in Theorems 13, 14, 15, 16, 17, and 18 reduce to the following
form.

Corollary 7. If A,8,a,v,qg € C; z > 0;a > 0; R(a — v) > 0; R() > 0; N(g) >
0;keR;0eCrymneN; w,teCt, then

1
L/ N =) LG o (1= wIL VLo (1 —wIRY | [a, zu”] du
') Jo

k,a,v

a—v—1

Z
TR

m—+n

pTm+o+DHnr+7+1)
x g(‘g)h(") Tm+ DT (n+1)

" Zh: [( h ) (=m)(h—j)(=n); }
~\j ) TG+o+DIG—j+7+1)




16.3 Special cases 259

X2‘~IJ2|: ()"+p(a_v_1)7paq)7(171) ’(aza )(1]

(&= 3.5, G+ 8+h+pl@—v—1), pag) | \k/F
(16.3.7)

Corollary 8. IfA, 8, o, v, u,q €C; z>0;a > 0; R(ua —v) > 0; R(G) > 0; N(g) >
0;keR;0eCt;m,neN; a),teCfl, then

1 o B
F((S)/(; w11 = u)® lL,(nl’“’)[U(l_“)]Lf,l’f)["(l_“)]Gz,a,w [a, zuP] du

Zua—v—l

CKFTET

m+n

pTim+o+DHn+7+1)
XD O T T

h=0

Xi[(h) _ Cmuj ) }

= J)T(GH+o+DIh—j+1t+1)

. [ A+ p(ua—v —1), pag), (4, q) ’(ﬁ)”]

P % Gk S b p(pa — v — 1), pag) | \k/E
(16.3.8)

Corollary 9. If A,6,a,v,g € C; z > 0;a > 0; N — v) > 0; R() > 0; N(g) >
0;keR;0eCt;m,neN; a),te(Cfl, then

ﬁ /, = s P L o (= )LDl (x =)

Za—v—l

q —_ +\P =

X Rk,ot,v [a,z(s t) ]du = pra—
m-+n

pTm+o+DHn+7+1)
x ;(8)”(0) Fm+ DG+ D)

8 i |:( h ) . (_m)(h—j)(_’”.l)j i|
s J)T(+o+DI'h—j+1t+1)
A+pl@—v—1),paq),(,1) (az"‘ )q]

F =0 A+8+h+pla—v—1),pag) | \k/k
(16.3.9)

Xz‘lfz[

Corollary 10. If1,5,a,v,u,q €C; 2> 0;a > 0; R(ua—v) > 0; R(E) > 0; R(g) >
0:keR;0eCT:;m,neN; a),te(Cfl, then

% /t.x(x — )0 s — t))‘_lLfnl"”)[o(x — 9]
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x Lo (x = 9)1GY ., [a. 2(s — 1) ] du
Z/wtfvfl

KT

m+tn

pTim+o+DHn+7+1)
x 2(8)’“(0) T(m+ DT (n+1)

Z[( ) (=m) (- j(=n); }
TG+o+DLh—j+Tt+1)

O p(ua — v — 1), pag), (i, q) az® \1
(B = £ 50, 8+ h+ p(pa—v — 1), paq) | \k/%
(16.3.10)

XQ\IJZI:

Corollary 11. If A,8,0,v,q € C;z > 0;a > 0; R(x — v) > 0; N(S) > 0; R(A) >
0; N(g)>0;keR; 0 €CT;mneN; w,veCh,, then

r(5)/ 7 =L Pl L0 IR] | [a.2(x — )] dt

7%V 1 A+8+h+p(oz v—1)

ke—r-l
sl Fm+w+DT(+t+1)
h
x Z(‘”h(") T+ DT+ 1)

XZ[( ) (—=m)(h—j)(=n); i|
FrG+o+DHI'h—j+t+1)

A+ pl@—v—1),paq),(,1) <a(zxp)°‘>q}
GE—5 D). h+8+h+pl@—v—1),pag) ke/k ’
(16.3.11)

x2\112|:

Corollary 12. If)1,5,a,v, u,q € C; 2> 0;a > 0; R(ua —v) > 0; R(G) > 0; R) >
0; N(g)>0;keR; 0 €C;mneN; w,re€Chy, then

F(é)/ 7 =) LG VLo L VoG, @, 2 = 0] d

ZHa—v— 1 A+5+h+,0(liot v—1)

S KT

m+n

adTm+o+1D)In+7+1)
DBONCH T(m+ DT (n+1)
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5 i |:< h ) (=m)(n—j)(=n); ]
, i )TG+o+DIth—j+t+1)
A+ p(uo —v —1), pag), (i, q) <a(zx”)“>"}

(F -5 +8+h+p(pa —v—1), pag) ke/k
(16.3.12)

On setting ¥ =n =0, £ = ¢ = 1, the results in Theorems 13, 14, 15, 16, 17, and
18 reduce to the following form.

Corollary 13. If A,8,0,v,g € C; 72 > 0;a > 0; R(a — v) > 0; RN(S) > 0; RN(g) >
0;keR;0eCt;neN; a),te(Cfl,then

1 ! A—1 5—1 n pd P _ 22!
W/o A= M=o (= w]"R] , | [a, zu ]du—k%_%_l
X Y O (=n)n
h=0
[ A+ pl@—v—1),paq),,1) (GZ"‘ )q]
X 2o @ _ v o Tk
G -5 A+8+h+pla—v—1),pag) | \ k¥
(16.3.13)

Proof. Onsetting =n=0,& =¢ =1, Eq. (16.2.28) reduces to the following form:

1 1
5 / uk—l(l _M)B_IL,(;,)’w)[l;U(l —u)]Lf,O”)[l;a(l —M)]Rq [a,zup]du
0

kot v
Zot—v—l m+n A 1 h h
ZW;(S)}:(G) F(m—i—l)F(n—i—l)jZO[( i )(_m)(hj)(—n)j]
U [ A +pl@a—v—1),pag), 1,1) (aZ“ )4}
L G-, 05t h+p@—v— 1), pag) |\ koK

(16.3.14)

Using the result (16.1.29), Eq. (16.3.14) reduces to:

1 1
X6 / MA—l(l — u)‘g_lLf,?"”)[l; o(l— M)]Lﬁ,o’”[l; o(l— ”)]RZa ) [a’ Zu’o]du
0 ,a,

a—v—1 mtn

_z! p_(om =
_k%—%_l hX:(:)((S)h(U) F(m+1)r(n+1)

A+pl@—v—1),pag), (1,1) <az“ )‘1}
G—5 D). A+8+h+pla—v—1),pag) |\ k*/* '

X oWy |:
(16.3.15)
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Also, applying the case (16.1.14) and using the results (16.1.28)—(16.1.31), we
have:

h
1 h 1
O,7) — Y = (1 —x)"
L, (x)= Tt 1) ,Ezo( - )( x) = Fon 1)(l x)". (16.3.16)

Using the above result (16.3.16), Eq. (16.3.15) reduces to:

1 _ _ m+n
L/‘ uk_l(l _ u)a—l [1—0o(l—u)] R!
') Jo T(m+ DI +1) kv

[a,zu”]du
a—v—1 mtn

_z h (=m —n)y

T hZ=0<5>h<°> Tm+ DL+ 1)

G+ pla—v—1), pag), (1, 1) (gﬂ
G5B O0+8+h+pla—v—1),pag) |\ k*/k
(16.3.17)

XZ\IJ2|:

Replacing m + n by n we have the required result (16.3.13). O

Corollary 14. If 1,5, a,v,u,q €C; 2> 0;a > 0; R(ua—v) > 0; R() > 0; N(g) >
0;keR;0eCr;neN; w,t€CY, then

Z;wz—v—l

1 ! A—1 -1
— T —w -1 —w)]"G! a,zufldu=—n—
5 | a0 —ea —wr 6l o du .

x Y (@)n(@) (—n)

h=0
xz\IJ2|: A+ p(ua —v —1), pag), (1, q) (aza )qi|
(B — 2, %) Gt 8+h+plua—v—1), pag) | \ke/k
(16.3.18)

Corollary 15. If A,8,0,v,q € C; 7 > 0;a > 0; R(a — v) > 0; RN(S) > 0; N(g) >
0;keR;0eCr;neN; w,teCt, then

R B S VN PR ISP A
r(a)f,(x ) s =) M —o(x = )I"RY, , [a, 2(s t)]du—k%_%_l
X Y O @) (=n)y
h=0
o [ O+ pla—v = 1), pag), (1,1) (&)q]
P - %) S+ pla—v — 1), pag) | \ko/E

(16.3.19)
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Corollary 16. If1,5,a,v,u,q €C; z>0;a > 0; R(ua—v) > 0; R(E) > 0; R(g) >
0;keR;0eCT;neN; w,te(Cfl, then

1 x 3 B .
W/; x =) s =1 —o(x —s)] GZ’D{’V’H [a, 72(s — t)p] du
Z/ux—v—l

KR ()

X Y (@)n(0) (=)

h=0
v (A + p(pa —v — 1), pag). (1. q) az® \*
xoW2 | e b oag o 75 ) |
(T 7)) *+d+th+ppa—v—1),pag) | \k
(16.3.20)

Corollary 17. If A,8,a,v,qg € C;z2 > 0;a > 0; R — v) > 0; N(S) > 0; R(A) >
0;R(@)>0;keR; 0 eCt;neN; a),te(Cf],then

%/OX tﬁ—l(x —t))»—l[l _Gt]nRZ,a,v [a,z(x _I)P] dt

Za—v—lx)»+5+h+p(oz—v—l)

kE—E!

x Y (@)n(@) (—n)

h=0

[ O+ pla— v — 1), pag), (1, 1) <a<zxp>°‘>"}
XZ"IIZ o v aq alk ’
G =5, A+8+h+pla—v—1), pag) ke

(16.3.21)
Corollary 18. If)1,8,a,v,u,q €C; 2> 0;a > 0; R(ua—v) > 0; R(S) > 0; R(A) >
0;R(q)>0;keR; 0 eCH;neN; w,veChy, then

_1 g r—1 q
F((S)/Ot (x—1) [1_Uf]”Gk,a,,j,,L[a,Z(x—t)”]dt

Zuafvflx)»+8+h+p(;wz7v71)

KT ()

X Y @) (=n)
h=0
[ O+ p(pa —v —1), pag), (1, q) <a (zxp)“>"}
X Wy pe v oagq a/k ’
(B2 —2 %) (+8+h+pua—v—1), pag) ke
(16.3.22)
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Remark 1. If we take k = g = 1, the results in Theorems 1-18 reduce to the results
involving the R- and G-functions, which are listed in Appendix 16.A.

Remark 2. If we choose k = ¢ = 1, the results in Corollaries 1-18 reduce to the
results involving the R- and G-functions, which are listed in Appendix 16.B.

Appendix 16.A Results obtained from Section 16.2

Corollary 16.A.1. If1,58,a,v € C;z>0;a > 0; N(a —v) > 0; N(S) > 0, then
1 Lo 5—1

m/(; u (1 —u)""Ryyla,zuldu

_ a—v—1 ()\,+(X—U—1,a),(1,1) o
=t 2'1’2[ @—v,a), A+a—v+s—La) |“ |

(16.A.1)

Corollary 16.A.2. If 1,6, a,v,u €C;z>0;a > 0; R(ua —v) > 0; R(S) > 0, then
1 ! A—1 s—1
— “T(A-w'G ,zuld
re) /0 u" (1 —u) av,ula, zuldu
ghe [ O+ pe —v—1a), (1)
= 2

= —HWY 'oc .
rw * Wa—waxu+ua—u+s—La)“z]
Corollary 16.A3. 1,8, x,veC;z>0;a > 0; RN(a —v) > 0; R(S) > 0, then

(16.A.2)

1 X
WE)/, (x — )5 Us = )* 'Ry [a, 2(s — 1)]ds = (x — p)dHAFa—v=2a-v=1

Ata—-v—1a),(,1)

XZ%[ @—v,a),(A+a—v+5—1,a)

alz(x — t)]“} -
(16.A.3)
Corollary 16.A4. 1,6, a,v,u € C;z> 0;a > 0; R(ua —v) > 0; RN(S) > 0, then
(x — )b Hrtue—v=2 pa—v—1
T(w
alz(x — t)]“] .

ﬁ/tw«x _S)a_l(s _t)k_lGa,v,M [a,Z(S —t)]ds:

A+ pa—v—1,a),u, 1)

Xz\pzl: (Ma_v»a)7()h+l/«0l—v+3—l,a)

(16.A.4)

Corollary 16.A.5. If A, 8,a,veC; 2> 0;a > 0; R —v) > 0; R(S) > 0; R(A) >0,
then

1 X
/ 7 x =) 'Ry [a. 2(x — )P dt = 27V A Hoteemv=D
r'©) Jo

(16.A.5)
()\'+p(a_v_1)vloa)a(1’1) a(pr)a]'

XZ%[ @—v,0), A +8+ pla@—v—1), pa)
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Corollary 16.A.6. If 1,6,a,v,u € C;z > 0;a > 0; R(ua — v) > 0; NRN(S) >
0; R(A) > 0, then

_1 /x §—1 r—1 ZHoa—v=1  A+8+p(pa—v—1)
7 (x =" G la, zx =P |dt =
'@ Jo | ] oo

a (zx”)a] .

(16.A.6)

A+ p(pa —v—1), pa), (1, 1)

X oW
? 2[ (1o — v, ), (h + 8 + p(pe — v — 1), pa)

Corollary 16.A.7. IfA,5,a,veC; 2> 0;a > 0; R(a—v) > 0; RE) > 0; 9, n,§&,¢,
ceCt:mneN;, w, 7€ (Cfl, then

1
ﬁfo WA= w)’ T LY g 0 (1= w]ILT P12 0(1 — )Ry, [a, zu” | du

m—+n
=Y @ne) 1A
h=0
()\'+p(a_v_1)1pa)9(111) o
v . A
2 2[ (@=v,@), (+8+h+pla—v—1), pa) | (16-AD)

Corollary 16.A8. If 1,8,a,v,u € C; z > 0;a > 0; R(ua — v) > 0; R() >
0; ,n,6,¢,0€eCrsmneN; w,reC*, then

1
% /0 11— ) LD E o (1 wILI DL 0/(1— u)] G [, 2u?] du

ua—v—1 m+n

Z b Amn§g
= 1) A
X l;oh(o)l Dot
O+ p(ue = v — 1), pa), (1, 1) a
“‘1’2[ (et = v,a). G+ 8+ h+ plua—v — 1), pay |4 ] (OAY

Corollary 16.A.9. IfA,8,a,veC; z>0;a > 0; Rlw—v) > 0; RG) >0; 9, n,&,¢,
ceCtimneN, o, 1€e (Cfl, then

%/t (x — S)(Ll(s - l))‘*lLS,?"")[g:; o(x — s)]Ll(ln,r)[g_; o(x — )]

X Ry [a, (s — t)p]du

m+n

—v—1 h m,n,s,

e D WO ARV
h=0

A+ pla—v—1),pa), (1,1)

XM[ (@—v.a). o+ +h +pla—v—1), pa)

aza:| . (16.A.9)
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Corollary 16.A.10. If 1,8,a,v,u € C; z > 0;a > 0; R(ua — v) > 0; R(E) >
0; ,n,6,¢,0eCH;mneN; w,reCt, then

%/; (x — 5)5—1(s - t))\—ngaw)[g; o(x — s)]L;n,r)[é_; o(x —9)]

X Gg,v,u [a, z(s — t)'o] du

m+n
Z;wz v—1

h m,n,§&,
X7 E(S)hw)’lAMni
(A p(poc —v = 1), pa), (. 1) «
“q’z[ (e —v,0), G+ 8+ h+ plua—v — 1), pay | ©° ] (16410

Corollary 16.A.11. If)1,58,a,v € C;z>0;a > 0; R(ax —v) > 0; RN(S) > 0; R(A) >
0; 9, 1.6, ¢,0€eCmneN; w,t€eCF, then

1 X
— / P e =)L g ot 1LY (85 011 Ray [a, 2(x — 1)P] dt
r'©) Jo

afvflx)»+6+h+p(a7v71)

=z
m-+tn
X Y (On(0) 1A
h=0
A+ pl@a—v—1),pa), (1,1 o
XM[ @ = v,0), (4 8+ 5+ pla—v— 1), pa) |4 &) }
(16.A.11)

Corollary 16.A.12. If 1, 5,a,v,u € C;z > 0;a > 0; N(ua — v) > 0; R(G) >
0; RN >0; %, n,&,¢,0eCrymneN; w, 1€ (CJ_FI, then
5 / 71— T LOO 8 oL D[E: 011G [0 26 — 1) ] di

ZHo—v— 1 k+8+h+p(,uot v—1)

I'(w)
m—+n
X Y On(@) " Ay
h=0
><2\I'2[ " (A +p(pa —v —1), pa), (1, 1) a(zxp)a]
(16.A.12)

Corollary 16.A.13. If1,8,a,veC; 2> 0;a > 0; R(a—v) > 0; RE) >0; ¥,n,0 €
Ctym,n &, ceN; w1 e(Ci'l, then

1
ﬁ/{; ux—l(l — u)‘s—‘L,(;?"‘”[E; o(l— u)]L;ﬂ,r)[g; o(1 — )Ry, [a, Zuﬂ]du
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m+n
:Za—\)—l Z(a)h(o_)thgL,,Z:i:i
h=0
A+ pl@—v—1),p0), (1,1 .
\IJ . . .
X2 2|: (—v,a), A+8+h+pla—v—1), px) az (16.A.13)

Corollary 16.A.14. If 1,8,a,v,u € C; z > 0;a > 0; R(ua — v) > 0; R() >
0; 9,n,0 €CT;m,n&,¢eN; , 1 €Cl, then

1
%‘/(; ukfl(l — u)BflL;f»w)E; o(l— M)]L’(l”sf)[é-; o(l — M)]Ga,v,u [a, zu’)]du

poa—y—1 m+tn

< h_Am.nE¢
= @n(o)2A
L) ,;0 v e
A+ p(pa —v—1), pa), (1, 1) o
Xz‘yz[ (e — v, @), O+ 8+ h+ pluc —v — 1), pary |22 |7 (164D

Corollary 16.A.15. If1,8,a,veC; z>0;a > 0; R(a—v) >0; R(E) >0; %, n,0€
Ctym,n &, ceN;w, 1 e(CJ_rl, then

%/t (x - S)‘Sfl(s - t))‘*lLﬁrll?,a))[%-; o(x — S)]len,r)[;; o(x —9)]

X Rg.v [a, (s — t)p] du

m+n
=z2v"! Z(&h(@%ﬂ{ﬁjﬁ
h=0
()\-+,0(a_v_1)710a)5(1’1) o
U [ N A NIV ) MU CY S D)

Corollary 16.A.16. If 1,8,a,v,u € C; z > 0;a > 0; R(ua — v) > 0; R() >
0; %, n,0eC;mnéEcteN; wte (Cfl, then

% /t =9 s = LY 0 (6 - )Ll 0 — )

X G p [a, (s — t)p] du
Z”aiu?l " h_ am,né&l
=T hz_;)@)h(a) 2Dy

A+ p(pa —v—1), pa), (1, 1)

%
2 2[ (ot = v, @), O+ 8+ h+ plpa —v — 1), pa)

az“] . (16.A.16)
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Corollary 16.A.17. If1,5,a,v € C;z > 0;a > 0; R(ax — v) > 0; N(S) > 0; R(A) >
0; %, n0eC;mmnéteN; wte (Cfl, then

L/ P o =) L E; ot ILT V[ 0t Ray [, 2(x — )] di
() Jo

a—v—lx)»+6+h+p(o¢—v—l)

=2
m+tn
X D @On(0) 2850
h=0
(ot pla—v=1), par), (1, 1) e
><2\IJ2[ (@—v,a), A +8+h+pla—v—1),pa) a(zx”) }
(16.A.17)

Corollary 16.A.18. If 1, 5,a,v,u € C;z > 0;a > 0; N(ua — v) > 0; R(G) >
0; RN >0;0,n0eCr;mnéEteN; wte (Cfl, then

1 X
_F(S)/ P = T LPOE 0 1LV 05 011Gy [0, 2(x — )] dt
0

Zua—v—lxk+6+h+p(ua—v—l)

()
m—+n
x DOm0 2850
h=0
A+ p(uo —v —1), pa), (0, 1) e
XZ\I}Z[ (e —v,@), A+38+h+p(pa —v—1), pa) a(zx”)" .
(16.A.18)

Appendix 16.B Further special cases of Section 16.3

Corollary 16.B.1. IfA,§,a,v€C; z>0;a > 0; R(@—v) >0; RES) >0; ¥,n,0 €
Ctim,neN;w,Te (Cf], then

1
L/ WA= w)? Lo (1 — )L lo (1 — w)]Ra,y [a, zu” ] du
r'@) Jo

:Zot—u—l

m-+n

ZJLm+o+1D)Imn+14+1)
x hz::«)(‘s)”(a) T+ DT (n+1)

5 i{( h ) (=m)a—jy(=n); }
= J)T@ji+o+ DIt —j)+7+1)
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(}L‘i‘p(a_‘)_ 1)91()“)7(17 1)

X oW
2 2[ (@—v,a), A+8+h+pla—v—1), pa)

az“]. (16.B.1)

Corollary 16.B.2. If 1,8,a,v,u € C; z > 0;a > 0; R(ua — v) > 0; R() >
0;%,n0eC;mneN; 0,1 e(Ci'l, then

1 1
— / A= w)’ Lo (1 =LV o (1 — )]Gy [a, zu”] du
I'@é) Jo
Z;wz—u—l

()

m+n

Wl Om+o+D)Imn+1+1)
x () T(m+ DT (n+1)

h=0
y Zh: [( h ) (=m)(h—jy(—n); ]
s Jj rdj+o+HIrnth—j)+t+1)

A+ ppe—v—1), pa), (u, 1)
(moe —v,a), A +3+h+p(pa —v—1), pa)

X2\112|:

az”‘j| . (16B.2)

Corollary 16.B.3. If1,8,a,veC; z>0;a > 0; R(a—v) > 0; RG) >0; ¥,n,0 €
Ctim,neN;w,Te Cf], then

%/; (x —S)S—I(S — l))\—ngr?aw)[O.(x _s)]LEIn,r)[G(x — 9]
X Ra’v [a, Z(s —_ t)p]du — Za_”_l

m-+n

RJLm+o+D)Imn+1+1)
% ;(8)’1(0) T(m+ DT (n+1)

h

y Z |:< h ) (—=m)(h—jy(—n); :|
‘ Jj roj+o+DIrnth—j)+t+1)

Jj=0

(}L‘i‘p(a_‘)_ 1)91()“)7(17 1)

X oy W
2 2[ (@—v,a), A+8+h+pla—v—1), pa)

aza] . (16B.3)

Corollary 16.B4. If 1, 58,a,v,u € C; z > 0;a > 0; R(ua — v) > 0; RN() >
0;%,n0eC;mneN; 0,1 e(Ci'l, then
1 X
—/ (x —s) (s — t))‘_lL,(,f””) [o(x — s)]Lﬁl”’T)[a(x -]
re) J;

Z;wz—u—l
G ,z2(s =P |ldu =
X Ga,vp [a (s —1) ] u M

Wl Om+o+1DIn+14+1)
% };(3)”(”) Fm+DT(n+1)

m+n
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" Xh: [( h ) (=m)(n—j)(=n); }
¢ Jj rdj+o+0Hrrinth—j)+ct+1)

[ A+ p(pa —v—1), pa), (i, 1)

“}. (16.B.4)

Corollary 16.B.5. If 1,6, a,v € C;z > 0;a > 0; R(a — v) > 0; N(S) > 0; R(A) >
0; 9,n,0 €CT;mneN; w,veCr, then

F(S),/ P (x t))‘_lLf,f"")[Ut]L,({]’T)[ot]RD,‘v [a,z(x—t)'o]dt
a v—1 A+5+h+p(ot v—1)

m+n

ZJLmt+o+D)mn+1+1)
x 2 @) Tm+ ) (n+1)

h

5 Z[( h ) (=m)(h—j(=n); :|
J Frdj4+o+HI'mth—j)+t+1)

Jj=0

A+pl@—v—=1),pa),d,1)

Xz‘llz[

a (pr)a:| . (16B.5)

Corollary 16.B.6. If 1,6, a,v,u € C;z > 0;a > 0; R(ua — v) > 0; RE) >
0; RN >0; 0, n0eC;mneN; w,Te Ci‘l, then

1 X
—/ 7 o = LYot 1L (011G, [a, 2(x — )P ] dt
') Jo o
Z,ua—v—lx)\+5+h+p(ua—v—l)
I'(w)
m—+n

ZJLOmt+o+1D)n+141)
XZ(‘W") Fm+ DT+ 1)

XZ[( ) (=m)(n—j)(=n); ]
FrW}j+o+Hrnth—j)+t+1)

><2\I'2[ (A + p(ua —v —1), pa), (1, 1)

a (zx")ai| .

(16.B.6)

Corollary 16.B.7. If 1,5,a,v € C; z > 0;a > 0; R(ae —v) > 0; RG) >0; 0 €
CHmneN; w,veChy, then

1
L/ WA= w)’ LG o (1= W)LV lo (1 — u)]Ra,y [a, zu”] du
') Jo
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a—v—1

as FTm+w+ DT m+1+1)
h

x ]g(a)h((;) T(m+ DT (n+1)

8 i[( h ) . (_m)(h—j)(_”.l)j }
i J rG+o+DHI'th—j+t+1)
A+ pla@—v—1),pa),(1,1)
(¢ —v,a), A+5+h+pla—v—1), pa)

><2‘1J2|:

az“] . (16.B.7)

Corollary 16.B.8. IfA,5,a,v,u€C; z>0;a > 0; R(ua —v) >0; RNG) >0; 0 €
Ct:m,neN, w, 7€ (CJ_FI, then

_1 g s—17q 1
F(a)fo A= w) Lo (1= )L Do (1 — )Gy [a, zu”] du
Z/wz—v—l

(w)

m+n

pTm+o+DHn+7+1)
XD @) T(m+ DT (n+1)

h=0
§ i{( h ) _ Cmampm; }
oL\ Frj+o+DI'th—j+t+1)

A+ p(ua —v—1), pa), (1, 1)
(o —v, ), A+3+h+p(ua —v —1), pa)

X2\I—’2|:

aza:|. (16.B.8)

Corollary 16.B9. If 1,8,a,v € C; z > 0;a > 0; N —v) > 0; RG) >0; 0 €
CHmneN; w,veCry, then

ﬁ/ =" =0 Lo = )L Vo (= 5)]
X Ra’]) [a, Z(s _ t)p]du — Zd*l)*l

m-+n

ZdTm+o+1D)IIm+7+1)
x hz:;(‘s)h(“) T(m+ DT (n+1)

Xi[(k) . (_m)(h—j)(_’.l)j i|

s J)T(+o+DI'h—j+14+1)
A+ pla@—v—1),pa),(1,1)

(¢ —v,a), A+5+h+pla—v—1), pa)

Xz‘l’z[

aza] . (16.B.9)
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Corollary 16.B.10. If A, 5, a,v,u € C; z > 0;a > 0; R(ua — v) > 0; R(©G) >
0;0eCt;mneN, w,te (C'_"l, then

% / =9 = 0 Lo (e~ Ll — o)

Z,uotfvfl

()
m+n

JTm+o+ DI (n+7+1)
DIOCY T(m+ DT (n+1)

X Ga,v,u [Cl, z(s — l‘)p]du =

N (=m)h—jy (=),
XZ[( > . (i) (=) }
o J)T(+o+DI'h—j4+74+1)
A+ p(pa—v—=1), pa), (1, 1) o
*2 2|: (o —v,a), A+8+h+ p(ua —v —1), pa) az ] (16.B.10)

Corollary 16.B.11. If 1,8, a,ve C;z>0;a > 0; R(a — v) > 0; R(S) > 0; R(A) >
0;0eCtymneN; w,teCl, then

5 1 A 17 (l,w) (1,7) _\P
I‘((S)/ Ly [ot)L) P lot]Rey [a, z(x — )] dt
0{ v—1 A+8+h+p(o¢ v—1)
sl Fm+o+ DT n+7+1)
h
x ) ®)n(o) Tm+ DL+ 1)

N (=m) iy (—n);
XZ[() . (h—Jj) -./ }
Pl AN Fj+o+DI'h—j+7+1)
A+ ple—v—1),pa), (1, 1)
(a—v,a), A+8+h+pla—v—1), pa)

Xz‘yz[

a (pr)ot:| .
(16.B.11)

Corollary 16.B.12. If A,8,a,v,u € C;z > 0;a > 0; R(ua — v) > 0; R(G) >
0: (V) >0;0eCt;mneN, w,te (Cfl, then

1 x
—/ 7 o = ML ot ILY V[0 ]1Gayvp [a. 2(x — 1)?] dt
') Jo "
Zua—v—lxk-l—ﬁ—&-h—i-p(ua—v—l)
()
m—+n

pdTm+o+1D)In+7+1)
DBONCH T(m+ DT (n+1)
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Xi[(h) . (_m)(h—j)(_f.l)j ]
s J FrG+o+DI'h—j+7+1)

><2\I'2[ (A + p(pa —v —1), pa), (u, 1)
(moe —v, @), A+8+h+ p(pa —v —1), pa)

a (zxp)aj| .
(16.B.12)

Corollary 16.B.13. If 1,5,0,v e C; z>0;a > 0; R(ae —v) > 0; RN) >0, 0 €
Ct:neN o, 1€ (Cf], then

1
ﬁ/o 1= =0 (1 =) Ry [a, zu” ] du = 277!

- h A+ pl@—v—1),pax),(,1)
) };(8)}!(0) (=muzt2 |: (a—v,a), A+8+h+plad—v—1), pa)

az“i| .

(16.B.13)

Corollary 16.B.14. If 1,6, a,v,u € C; z > 0;a > 0; N(ua — v) > 0; R(G) >
0;0eCt;neN; w,teCt, then

1 b 5—1 eVl
— | A - - -G Lzuf]du= "
1“(5)/0 WA —w)’ ' =0 (1 —w)]" G, p[a, zu” ] du

I'(w)
n h ()‘+IO(/’La_V_1),,OOC),(ILL,1) .
x ;(é)h(a) (=m)n2¥2 [ (uo —v, o), A+8+h+ p(ua —v —1), pa) |*° ] :

(16.B.14)

Corollary 16.B.15. If 1,8,a,v e C; z>0;a > 0; R(ae —v) > 0; RNE) >0, 0 €
Ct:neN, w, 1€ (Cfl, then

ﬁ f,x(x — )N = ' 1 =0 (x = )" Ray [a, 205 — 1) ] du = 227!

az"‘:| .

(16.B.15)

Corollary 16.B.16. If 1,6, a,v,u € C; z > 0;a > 0; R(ua — v) > 0; R(©) >
0;0eCt;neN; o, 1 e(Cf], then

S ! (A4 pla@—v—1), pa), (1, 1)
x ;(5);,(@ (—n)n2¥2 [ @ vra) (b 54 Bt oo — 1), pa)

) a—v—1
ﬁ/, =)0 s = 01 = 0 (¢ = )" Gap [, 205 — )] due = ZMr(u)

az‘{| )

(16.B.16)

- ! (A4 p(pa —v — 1), pa), (1, 1)
) ,;(3)"(0) (=t [ (e — v, @), O+ 8+ h + pluet — v — 1), par)
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Corollary 16.B.17. IfA,8,a,v e C;z > 0;a > 0; R(a — v) > 0; N(S) > 0; R(A) >
0:0eCtneN w,t e(CJ_rl, then

1 X
e / P =01 —01]"Ry., [a,z2(x —)?]dt = VT Attt ela—v=1)
0

s 0 A+ pl@—v—1), pa), (1, 1)
) ;(S)h(a) (=mazl2 |: (@—v,a), A+8+h+plad—v—1), pa)

a (pr)ot] .
(16.B.17)
Corollary 16.B.18. If A,6,a,v,u € C;z > 0;a > 0; R(ua — v) > 0; RG) >

0; M) >0;0eCr;neN; w,veCry, then

ﬁ /0 PN =) = 011" G [a. 2(x — )P ] dt

Zua—v—lx)\+6+h+p(ua—v—l)

(w)
x Y @@ (=)
h=0
(A“i‘p(ﬂa—\)—l), 100[)5(,“51) o
><2\IJ2|: (ma —v,a), A+38+h+p(pa—v—1), pa) a(zx”) i|
(16.B.18)
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17.1 Introduction and preliminaries

Recently, Diaz and Pariguan [16] introduced the k-Pochhammer symbol and k-
gamma function defined as follows:

Ci(y + nk)

T T (v) k eR; C\ {0
k=1 Tk) (keR;y e C\ {0}

Y&y +k)...(y + (n— Dk) (neN:yeC).

(17.1.1)
They gave the relation with the classical Euler’s gamma function (see [13,17]) as:

Ti(y) =kE~'T (%) (17.1.2)

where y e C,k e Randn e N,

When k =1, (17.1.1) reduces to the classical Pochhammer symbol and Euler’s
gamma function, respectively, (see [18]).

Also, let y € C, k, s € R, then the following identity holds:

Y
s\ 51 ky
rn=(z)" (= (17.13)
k s
Extended Hypergeometric Functions and Orthogonal Polynomials. https://doi.org/10.1016/B978-0-44-336484-6.00025-4 2 7 7
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and in particular
Fuy)zk%”F<%>. (17.1.4)

Further, let y € C, k, s € R and y € C, then the following identity holds:

s\ (ky
(Yng,s = (E) (T)nq (17.1.5)
and in particular
4
— () (Z
Whngs =0 (), - (17.1.6)

For more details of the k-Pochhammer symbol, the k-special function, and the
fractional Fourier transform one can refer to the papers by Romero et al. [17,18].

Lorenzo and Hartley [15] presented certain special functions, known as the R-
function and G-function, by means of the following series representations:

[ I (n+)a—v—1
a'(x —oc)
R b 9 = ’
o,V [a c -x] nZ:(:) F [(f’l + 1)(X — U] (17]7)

a,veC;Na—v)>0x>c>0a>0

and

0]

Ga,v,u [a,c,x]= Z
n=0

(M)nan (x — C)("+M)Dl—v—1
ol pe =l (17.18)

a, v, ueC;Napn —v)>0;x>c>0;a>0.
In particular, for ¢ = 0, we have:

o0 anx(nJrl)afvfl
Ryyvla,x]=Ryyla,0,x]= -,
o o gbﬁm+na—ﬂ (17.1.9)
a,veC;Na—v)>0;x>0,a>0

and

e¢]

GO(,V‘/L [a,x]= Ga,v,u [a,0,x]= Z
n=0

(M)nanx(n+u)oz—u—l

)T [(n + wao —v]’ (17.1.10)

a,v,u €C;R(apuw —v)>0;x>0,a>0.
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Here, we extend the R- and G-functions given in Egs. (17.1.7), (17.1.8), (17.1.9),
and (17.1.10) as follows:

o anq(x _ C)(anrl)afvf]

R{,,la,c,x]= ’
k,a,v nZ:() Iy [(ng + Da —v] (17.1.11)

a,V,g€C;Ra—v)>0,N(g)>0;keR;x>c>0;a>0

and
G? [a,c,x]= i (Wnga™ (x — ¢)natme—v
koo, L & A= ~ Ty [(ng + wya — v] ’ (17.1.12)

a,v, it,g €C;RNapu—v)>0,Nqg)>0keR;x>c>0;a>0.
In particular, for ¢ = 0, we have:

anqx(nq+l)a—v—l
Tk [(ng + Da —v]’ (17.1.13)
a,V, g €C;MNa—v)>0,N(q)>0;keR;x>0;a>0

o0
Rl la.x]=R{, [a.0.x]= Z
n=0

and
0 nq 5 (ng+p)e—v—1
G!  la.x]=G! [an]:Z(“)”qa al
korv.p T G BT L )T [(ng + e — vl (17.1.14)

a,v,it,g €C;RNapw—v)>0,R(g)>0keR; x >0;a>0.

The Fox—Wright function , ¥, is defined as (see, for details, Srivastava and Karis-
son [19]):

_ (alaal)’-'w(apaap); ]
”q"’[Z]‘pq’q[ (b1 B1). o (b, By):

— (@i, @)1, p; _i [17_, T(ai + ain) z
P by g T1°_, T, +pmy
JFjrlqs n=011lj=1 Jj Jj .

(17.1.15)

where the coefficients oy, ..., ap, B1, ..., B4 € RT are such that:

q p
1+) B =Y ai=0. (17.1.16)
j=1 i=1
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17.2 Fractional integration

In this section, we will establish some fractional integral formulas for the general-
ized R- and G-functions. To do this, we need to recall the following pair of Saigo
hypergeometric fractional integral operators.

Forx > 0,1,0,% € Cand R()) > 0, we have:

r(x) / (x—0*"HF <A+a —0; A 1——)f(t)dt
(17.2.1)

(1507 r) 0 =

and

Ar,0,0 _ A 1 —A—0 o
(%" F ) () = rm/ (t =) 21 (ko =001 = ) fyr,
(17.2.2)
where the 2 F1(.), a special case of the generalized hypergeometric function, is the

Gauss hypergeometric function.

The operator Ié ; v (.) contains the Riemann-Liouville R())‘ .. () fractional integral

operators by means of the following relationships:
(RyF ) @)= (1377 1 0) () = g 5 [ oarar2

(W oo f (D) ) = (I f () (x) = W / (t =)V f(yde.  (17.2.4)

It is noted that the operator (17.2.2) unifies the Erdélyi—Kober fractional integral
operators as follows:

—Az?

r(x)

(E62r0) 0= (10 r0) 0 =" [Cw =0 lma a725)

(K:Lro) = (1271 0) 0= 55 / (=) fyar.
(17.2.6)

The following lemmas, proved in Kilbas and Sebastian [20], are useful to prove
our main results.

Lemma 1 (Kilbas and Sebastian 2008, [20]). Let A, o, ¥ € C be such that () > 0,
N(p) > max[0, N(o — B)], then

(ot ") oy = LI ZO)poon (1727)

0.x S T(p—o)T(p+Ar+0)
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Lemma 2 (Kilbas and Sebastian 2008, [20]). Let A, o, % € C be such that R()) > 0,
N(p) < 14+ min[NR(o), R(D)], then

Mo —p+I@ —p+1
(¢§ﬁ¢4>@%_ @—ptDP@ —p+1D) o1 (17.2.8)

T TU—-pTA+o4+0—p+1)
The main results are given in the following theorem.

Theorem 1. Let A, 0,0, a,v,g €C; keR, N(g) >0, Ra—v) >0, RA)>0,a>0
be such that R((ng + Do+ p —v — 1) > max[0,R(c — )] and t > 0, then

20,0, p—1 pd xetomvo 2
p— -
(10007 R g @,0) (0 = gy
x 3W (@tp—v-—lag,(@+tp+?—v—0—1lag), (1) ax® \
3EI (@2 Uy (gt p—v—0—Tlaq), @F+p+rt?—v—Tlag) |\ k/k) |
(17.2.9)

Proof. For convenience, we denote the left-hand side of the result (17.2.9) by .#.
Using (17.1.13), and then changing the order of integration and summation, which is
valid under the conditions of Theorem 1, we have:

3 2,09 (ng+Da+p—v—2
XZ: k[(nq+1)a—v] (I £ - >(x)~ (17.2.10)

Applying the result (17.2.7), Eq. (17.2.10) reduces to:

a™

a+p v—o—2
= Zl"k [(ng + Da —v]

'ng+Da+p—v—-1I'[hg+Da+p—v—-1+4+9 —0o]

Flng+Da+p—v—1-0ll'[(ng+Da+p—v—1+r+7] "
(17.2.11)
which can be written as
PR Fl(ng + Da+p—v—1]
RS [% - %] Pling +Datp=v=0=11 (17, 1)

y Fng+Da+p+0—v—0c—1T'r+1)1 (ax*\™
Clng+Da+p+r+0—v—1] ko/k

Interpreting the above equation with the help of (17.1.15), we have the required
result. O
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Theorem 2. LetA,0,0,a,v,g €C;keR R(g) >0, Ra—v)>0,RA)>0,a>0
be such that R((nqg + Do+ p —v) <2+ min[R(o), N(F)] and t > 0, then

xp—oH-V—o'
<JA 0.0 o~ lRZa ,(a, 1/t)> (x) = T

a \4
v : (errea)
3 3|: G- @—p—v.ag),A+o0+0—p+a—vaq) ‘ ko/k e
(17.2.13)

Proof. For convenience, we denote the left-hand side of the result (17.2.13) by _#.
Using (17.1.13), and then changing the order of integration and summation, which is
valid under the conditions of Theorem 2, we have:

a™

S = Z Fk [(1g + Dot —v] (]?» 0.9 p—(ng+Da+v+1- 1) (x). (17.2.14)

Applying the result (17.2.8), Eq. (17.2.14) reduces to:

a"Tlo — p+nqa +o —v]
S = Zrk [(ng + Do —v]T'[nga +a — p — V]
(17.2.15)
% 'l —p+nqo+o—v] P~ (g+Datv—o
IF'A4+0+9—p+nga+a—yv] ’
which can be written as:
/_xp"””*" > o —p+o—v+ngal
R o _ v nqo — -
kx—x n:OF[k k+ k ]F[O{ p —v+nqa] (17.2.16)

'y —p+ao—v+ngall'(14+n) 1 ( a )nq
X RN—
FA+0+0—p+a—v+nga] n! \k*/kx

In view of the definition of the Fox—Wright function (17.1.15) we obtain the de-
sired result. 0

Theorem 3. Let A, 0,0, a,v,u,qg €C;keR, N(g) >0, R(apw —v) >0, R(A) >0,
a > 0 be such that R((ng + wyao +p —v —1) > max[0, R(oc — ¥)] and t > 0, then

o 1 g no+p—v—o—2
(150717716 g @0)) () =

KT ET ()
% AW (e +p—v—1aq),(pe+p+29—v—o—10aq),(H,q) ax® \1
3%3 F -3 (wa+p—v—0o—1l,a9),(ua+p+r+9—v—1aq) |\ ko/k
(17.2.17)

Proof. The proof of this theorem is the same as that of Theorem 1. O
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Theorem 4. Let A, 0,0, a,v,u,q €C;keR, R(g) > 0, R(apw —v) >0, RN(A) >0,
a > 0 be such that R((ng + wya + p —v) <2+ min[NR(o), R(P)] and t > 0, then

20,0, p—1 xp—patvme
JETZUPT G a,lt)x:T
(x’oo g (41D () KEEIT (W)
% AW (0 —p+pa—vaq),@—p+ue—v,aq), (1, q) ( a )q
3EIN (e v 99y (g —p—v,aq), (b0 +0 —p+pa—v,aq) |\ ga/kxa
(17.2.18)
Proof. The proof of this theorem is the same as that of Theorem 2. O

Remark 1. We can easily obtain the Riemann-Liouville and Erdélyi—-Kober frac-
tional integrals for the R- and G-functions by setting the values of the parameters and
using the relations given in Eqgs. (17.2.3), (17.2.4), (17.2.5), and (17.2.6).

17.3 Image formulas associated with integral transforms

In this section, we establish certain theorems involving the results obtained in the pre-
vious section associated with the integral transforms like the Beta transform, Laplace
transform, and Whittaker transform.

17.3.1 Beta transform
The Beta transform of f(z) is defined as [14]:

1
B{f(2) :a,b}:/ #2711 = f(2)dz. (17.3.1)
0

Theorem 5. Let A, 0,0, a,v,g €C; keR N(g) >0, Ra—v)>0,RA)>0,a>0
be such that R((ng + Do+ p —v — 1) > max[0,N(c — )] and t > 0, then

B I)»,O'J? p—qu . B x(x+p—v—a—2
ot k‘a’v(a,tz) x):l,m _F(m)ikg_%_l

k

at+p—v—1,aq9),la+p+0—v—0—1,aq),
><3x1/3[( o v Laglatp 1 (17.3.2)
?_EvT)v(a+p_v_U_lvaq)v
(l+a—v,qa), (1) ax®\?
(@+p+r+09—v—-1lLoag),l(+m+o—vqga) |\ k/*

Proof. For convenience, we denote the left-hand side of the result (17.3.2) by .
Using the definition of the beta transform, the left-hand side of (17.3.2) becomes:

1
Y :/ N1 —m! (I&f’”t””Rq
A ,

k,o,v

(a, tz)) (x)dz. (17.3.3)

________________________
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Further, using (17.1.13) and then changing the order of integration and summa-
tion, which is valid under the conditions of Theorem 1, we have:

<Ikol9 ((ng+Datp—v— 2) (x)

7= 2:(:) TG + a1

1
X/ FHmatDetp—v=2 _ ;ym=1g4, (17.3.4)
0

Applying the result (17.2.7), after simplification Eq. (17.3.4) reduces to:
xo+pv—o—2 2 Cl(ng + Da+p—v—1]
ki—emt [—("‘fj;‘)“ - %] Tl(ng+Da+p—v—o—1]

JTlg+Datptd—v—o—1l+D 1 (ax* " (17.3.5)
Fl(ng+Da+p+ri+0—v—1] ke/k

%:

1
% / Zl+(nq+l)ot7v71(1 —Z)mile.
0
Applying the definition of the beta transform, Eq. (17.3.5) reduces to:

at+p—v—0o—2 X r 1 —p_1
B =T )y R
kx—F n:()l"[w—%]F[(nq—i—l)a—i—p—u—o—l]
Mg+ Da+p+—v—0o—-1I'+1)
I'(ng+Da+p+r+0—v—1]

Fd+mg+Da—v) 1 (ax*\™
L' +m+ (ng + Do —v) n! \ k*/k

(17.3.6)

Interpreting the above equation with the help of (17.1.15), we have the required
result. O

Theorem 6. Let A, 0,0, a,v,g €C;keR N(g) >0, Ra—v)>0,RA)>0,a>0
be such that R((ng + Do+ p —v) <2 +min[R(o), R()] and t > 0, then

B Jkoﬂtp qu (a -l =T ﬂ
Caw @2/D) @)L | =T )=

- - 1-9 -V, )
><3\IJ3[ (o p:ra v,aq), (0 —p+a—v,aq) (173.7)
G- ) @—p—vaq),
(l+05—‘)aq05)a(171) < a )l]
At+o+0—p+a—v,aq),(+m+a—v,qga) | \k¥/kx ’

Proof. The proof of this theorem is the same as that of Theorem 3. O
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Theorem 7. Let A, 0,0, a,v,u,q €C;keR, RN(g) > 0, R(apw —v) >0, RN(A) >0,
a > 0 be such that R((nqg + w)a + p —v — 1) > max[0, R(oc — ¥)] and t > 0, then

P - | ;wt+p v—o—2
BH(I G azt)x lm} Fmi
0 Lo (@20) () ")
X3%[(W+€w—vzlaq) (e +p+v—v—0-—1,a9), (173.8)
F -3 wat+p—v—0—1,a9),
(N«,‘])v(l‘i‘aﬂ_‘),qa) axa 4
(ma+p+r+9—-—v—1,aq),(l+m+aou ke/k ’
Proof. The proof of this theorem is the same as that of Theorem 1. O

Theorem 8. Let A, 0,0, a,v, u,q €C; keR, N(g) >0, R(apw —v) >0, RA) >0,
a > 0 be such that R((ng + wao + p —v) <2+ min[N(o), N(P)] and t > 0, then

20,0 ,p—1 ~4 xpTharvo
JoZUtP TG (a,z/t)) (x):l,m} =T (m)—g————
{( k,a,v,u ) /____11_,(M)
><3\1/3[ (a—ptaua—v aq), (0 —p+ pa —v,aq), (17.3.9)
B =13 (na—p—v,aq),
(1, q), (l +op—v,qa) )q
Ato+0—p+pua—v,aq),(+m+aoapn—v,qga) | \ke/kxa ’
Proof. The proof of this theorem is the same as that of Theorem 2. O
17.3.2 Laplace transform
The Laplace transform of f(z) is defined as [14]:
o0
L@ = [ e f e (173.10)
0

Theorem 9. Let A, 0,0, a,v,g €C; keR, N(g) >0, Ra—v)>0,RA)>0,a>0
be such that R((ng + Do+ p —v — 1) > max[0, N (c — )] and t > 0, then

xa+p—v—o—2

-1 ( 7A,0,9 p—1 pg ) }z—
L{z (I 1" Ry o (@, 12) ) (x) sl+a*”*1k%‘%‘l

—v—1 9 —v—o0—1,aq),
X4\y3[(a+p v—1,aq),(@+p+ v soq) (173.11)

o Vv

- @+p—v—o-1, aq)

(I+a—v—1,aq),1,1), ax® \1
(@+p+r+0—v—1agq) |\ s2ke/k '
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Proof. For convenience, we denote the left-hand side of the result (17.3.11) by .Z.
Then, applying the Laplace transform, we have:

k,a,v

o0
&= / el (I(;\f’l?tp’qu (a,tz))(x)dz. (17.3.12)
A ,

Further, using (17.1.13) and then changing the order of integration and summa-
tion, which is valid under the conditions of Theorem 1, we have:

_ xetpvo2 & Cl(ng + Da+p—v—1]
L et [—“"1;“"‘ - z] Ml(ng +Da+p—v—o—1]
y F[(ng+Da+p+0—v—o -1+ 1 (fax*\" (17.3.13)
Flng+Da+p+ri+0—v—1] n! \ ko/k
% fwe—szzl+(nq+l)a—v—2dz
0
_ xetpmv—o-2 2 Il(ng+Da+p—v—1]
KT S [ e 2 rmg + Da+p—v—o 1]
F(ng+Da+p+9—v—0—1Tm+1)1 [ax*\"™ (17.3.14)
Clng+ Da+p+r+9—v—1] n! \ ko/k
'+ g+ Ha—v—1]
sl+(nq+1)a—v—l
xotpmv—o-2 2 Tl(ng + Do +p—v—1]

sita—v=1pE—t-1 ,; r [_sz‘)“ - %] Fl(ng+Da+p—v—0—1]

'ng+HYa+p+—v—oc—1I'm+ DT [+ (ng+ Do —v—1]
Ing+Da+p+r+0 —v—1] n!

ax® \"
x<—ska/k) |

Interpreting the above equation with the help of (17.1.15), we have the required
result. |

(17.3.15)

Theorem 10. Let A,0,9%,a,v,q € C;k € R, N(g) >0, R —v) >0, R(A) >0,
a > 0 be such that R((ng + Da + p —v) <2+ min[R(o), R(P)] and t > O, then

L{ -1 (JA,J,ﬂtp—qu 2/t ) }: i
< x,00 k.oe,v (@,z/1) ) (x) sl+°‘*"*1k%_z_1

(c—p+ta—v,aq), (@ —p+a—vaq),

(17.3.16)
(% - %1 %)7 ((X —p— V,aq)’

X4‘Il3|:
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(l‘l'Ol—V—l,OU])»(l,l) ( a )l]
A+o+0—pt+a—vaq) |\seke/kxe/) |

Proof. The proof of this theorem runs parallel to that of Theorem 5. O

Theorem 11. Let A, 0,9, 0, v, u,q € C; k€ R, RN(g) > 0, R —v) >0, R(A) >0,
a > 0 be such that R((nq + w)a + p —v — 1) > max[0, R(oc — ¥)] and t > 0, then

x;wt+p—v—a—2

L {zl—l (Ié;grﬁtp—lc;q (a, tz)) (x)} =

k.a.v,p sl+l¢a7v71k%—%—1r(“)
% 4\113 |: (//LOl-f-p -V 1’0“])’ (/,L(X +,O+29 —V—=0 = laaq)a (17317)
(%_%9 %)7(Ma+p_v_g_l’aq)

(W, q), { +po—v—1,aq), ax® \?
(me+p+r+9—-—v—1,aq9) s ka/k :

Theorem 12. Let A, 0,9, o, v, u,q € C; k € R, N(g) > 0, R —v) >0, N(A) >0,
a > 0 be such that R((ng + w)a + p —v) <2+ min[N(o), N(P)] and t > 0, then

xpf;wz+v7n

I-1 ( yr0.9,0—1 44 ) ]=

(0 —p+upa—v,aq), (@ —p+pa—v,aq),

X4\I—’3|:
(% - %’ %)’ (/.LO[ —p — V,aQ),

(M,Q),(1+Ma_‘)_1aa9), < a )(1
A+o+%—p+pua—v,aqg) | \s@ke/kyx

(17.3.18)

17.3.3 Whittaker transform

Theorem 13. Let A,0,9%,a,v,q € C;k € R, N(g) >0, R —v) >0, RA) >0,
a>0NEé+w) > _71 be such that R((ng + 1)a + p —v — 1) > max[0, N(o — V)]
and t > 0, then

o
[t o (11 R, @) 0z
0

xa+p7v7<7 -2

- petE—v=lpi—g-1 st |:

(a+p—v—1l,aq),(ad+p+0—v—0—1,aq)

F-5%) . @+rp—v—0-1a9),

ax® q
(n"‘k“/") ]

(17.3.19)

(12+0+a+t—v—1ag),(1/2—w+a+E—v—1ag), (1)
a+p+r+0—-—v—-—1lLag),(l2—1t+a+&E—v—1,aq)

Proof. For convenience, we denote the left-hand side of the result (17.3.19) by 7.
Then, using the result from (17.2.12), after changing the order of integration and
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summation, we obtain:
_ xetpvme2 & Cl(ng +Da+p—v—1]
feex! nzoF[W —%]F[(nq+1)a+,0—v—a—1]

Flng+ Da+p+d—v—o—1Tn+1) 1 (ax* nq (17.3.20)
Flng+Da+p+r+9—v—1] n! \ ke/k

o
x / et Dati—v=2,=nz/2y  (n2ydz.
0

On substituting nz = ¢, (17.3.20) becomes:

_ xetevme2 & Cl(ng +Da+p—v—1]
k=it nzor[w—%]F[(nq+1)a+p—v—o—1]
JTlg+Datptd—v—o—1ITm+ 1D 1 (ax*\"™ (17.3.21)
Fl(ng+Da+p+r+0—v—1] n! \ ko/k

1
X 77(nq—i—l)oz—&-é}—v—1

9]
/ g(nq+1)a+’g‘—v—2e—g/2 Wf,w(g)dg.
0

Now, we use the following integral formula involving the Whittaker function:

rd2+oe+v)T1/2—w+v)

’

o0
/ VLT PW, , (dt =

0 rdz=t+v) » (17.3.22)
Ny £ —
(%(v w) > 7 ),

xotp-v=o-2 2 Il(ng +Da+p—v—1]

- =1 %21 Z 1
net§—v=lpr—x nzor[(nq;{r e

—¢|rleg + Da+p—v—o—1]
g+ Da+p+0—v—0o—1'+1)
g+ Da+p+r+0—v—1]
5 FraR2+vo+mg+a+éE—v-—DIrd2—w+mng+hHa+é&—v—1)
ra2-t+mg+a+é—-v-1)

1 ax® \"
o ()

Interpreting the above equation with the help of (17.1.15), we have the required
result. O

(17.3.23)

Theorem 14. Let A,0,0,a,v,q € C;k € R, N(g) > 0, R —v) >0, R(A) >0,
-1

a>0 NEtw) > EX be such that R((nqg + a4+ p —v) <2+ min[R(o), R(D)]

and t > 0, then
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o0
/O S Wy ) | (1250 RE, (@ 2/0) (0] dz
B x¥tp—v—0-2 v (c—p+a—v,aq), @ —p+a—v,aq)
QENTITEIETE S S (f-5%) . @—p—voag),

U240+a+é—v—1a9),(1/2—w+a+E—v—1,aq),1, 1 a 1
At+o+0—pta—v,aq),12—t+ng+Da+E—v—1) n“ko‘/kx“
(17.3.23)

Theorem 15. Let A, 0,9, o, v, u,q € C; k € R, N(g) > 0, R(apu—v) > 0, R(A) >0,
—1

a>0NE¢+tw) > B3 be such that R((nqg + w)a+p —v —1) > max[0, R(oc — V)]

andt > 0, then

o
f T ) | (10707 G 0 @012)) ()] a2
0

xhetpmv—0=2 (moe+p—v—1,aq9),(ua+p+9—v—0—1,aq)
(-7 %) wetp—v—0—1lag)),

= o v 5
precté vl I ()

(124 0+pa+é—v—1lag),(1/2—0+ua+&—v—1aq),wq |{_ax* \
(e +p+r+9%—v—1,aq),1)2—t+pua+&—v—1,aq) naka/k
(17.3.25)

Theorem 16. Let A, 0,9, 0, v, u,q € C; ke R, RN(g) > 0, R(apu—v) >0, R(A) >0,
-1

a>0NRNE¢tw) > B be such that R((ng + wWa + p —v) <2+ min[NR(o), R(H)]

andt > 0, then

o
/O TR ) | (1RG0 GE L @ 2/n) (@) dz

B xhetp—v—0-2 " |: (0 —p+pua—v,aq),( @ —p+pux—v,aq)

 pretE—v—1E R () (& -5 %) (ma—p—v,aq),

A24o+pe+é—v-—1aq),(1/2-o+pa+&—v—10aq),,q) a !
Ato+0—p+pae—v,aq),(1/2—1t+pa+&—v—1aq) nakﬂt/kxa
(17.3.26)

17.4 Applications

The importance of fractional differential equations in the field of applied science has
gained more attention not only in mathematics but also in physics, dynamical sys-
tems, control systems, and engineering, to create the mathematical model of many
physical phenomena. In particular, the kinetic equations describe the continuity of
motion of substances. The extension and generalization of fractional kinetic equa-
tions involving many fractional operators can be found in [1-13,21,26].
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In view of the effectiveness and great importance of the kinetic equation in cer-
tain astrophysical problems the authors develop a further generalized form of the
fractional kinetic equation involving extended R- and G-functions.

The fractional differential equation between the rate of change of the reaction, the
destruction rate, and the production rate was established by Haubold and Mathai [2],
and is given as follows:

dN
o= —d(Ny) + p(Ny), (17.4.1)
where N = N (¢) is the rate of reaction, d = d(N) is the rate of destruction, p = p(N)
is the rate of production, and N; denotes the function defined by N;(t*) = N (¢t — t*),
t* > 0.
In the special case of (17.4.1) for spatial fluctuations and inhomogeneities in N (¢)
the quantities are neglected, that is, the equation:

dN

— N1, 17.4.2
7 ciNi(1) ( )

with the initial condition that N;(f = 0) = Ny is the number density of the species i
at time = 0 and ¢; > 0. If we remove the index i and integrate the standard kinetic
Eq. (17.4.2), we have:

N(t) — No=—coD;'N(1), (17.4.3)
where oD, Uis the special case of the Riemann—Liouville integral operator oD, ”
defined as:

- 1 !
oD, T f(t) = m/ (t — )" f(s)ds, (t>0,R(y)>0). (17.4.4)
v)Jo

The fractional generalization of the standard kinetic Eq. (17.4.3) is given by
Haubold and Mathai [2] as follows:

N(t) = No=—c"oD; ' N(1) (17.4.5)

and they obtained the solution of (17.4.5) as follows:

— (=D k
N6 =NoY ————— (). (17.4.6)
ZT(yk+1)

Further, [6] considered the following fractional kinetic equation:
N(t) — Nof(t) =—c”oD; " N(1), M(y) >0), (17.4.7)

where N (t) denotes the number density of a given species at time ¢, No = N (0) is
the number density of that species at time t = 0, ¢ is a constant, and f € £(0, c0).
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By applying the Laplace transform to (17.4.7) (see [12]):

F
L {N([); p} = ]_F(% (Z( CV)” Vn) F(p)
n=0 (17.4.8)
(n eNo. || < 1),
p
where the Laplace transform [22] is given by:
Fp)=LN@ipl= [ e wan R =0, (17.4.9)

17.5 Solution of generalized fractional kinetic equations

In this section, we will investigate the solution of the generalized fractional kinetic
equations by considering extended R- and G-functions. The results are as follows.

Remark 2. The solutions of the fractional kinetic equations in this section are ob-
tained in terms of the generalized Mittag-Leffler function E, g(x) (Mittag-Leffler
[23]), which is defined as:

n

> Z g
Eup(2) = Zz(:) Fan ¥ A’ R(a) > 0, R(B) > 0. (17.5.1)

Theorem 17. If ¢ > 0,d > 0,y > 0;,v,q € C; k € R,N(g) > 0, R(x —v) >0,
RA) >0,a>0,andt > 0, then the solution of the equation:

N(t)=NoR!  (a,d"t’)—c"oD; " N(t) (17.5.2)

k,a,v

is given by the following formula:

e @Ml (g + D —v =D+ 1] oy
N(t) = Ny Z T, (g & Do —7] @) 1753

x E)/aV(("11+l)a—v—l)+l(_cyly).

Proof. The Laplace transform of the Riemann—Liouville fractional integral operator
is given by [24], [25]:

L {onyf(t);p} =p " F(p), (17.5.4)

where F(p) is defined in (17.4.9). Now, applying the Laplace transform to both sides
of (17.5.2) gives:

L{N(t);p}:NoL{ RY, (a,d"17); p}—cVL{OD YN(0): p} (17.5.5)
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- 3 a™ (ng+1) 1
N = N —pt 47 1V yma+ha—v=1 4,
Py =" /o ‘ r;rk[(nq-i-l)a—v]( )

—c'pT'N(p) (17.5.6)

N(p)+¢” p" N(p)=No Z a’t (@ + D=1

«[(ng + Da —v]
o0
x/ e D1y ((g+Da—v=1) 4, (17.5.7)
0

o
a™

NOHX:;) Ti[(ng + Der — v]

(dy)(nq-l,-l)c(—y_] F[V((”q + 1)“ — V- 1) + 1]
py ((rg+Da—v=1)+1

(17.5.8)
a"l'ly((ng + Do —v —1) + 1] e
N N dv (ng+)a—v—1
(= Z Fk[(nq+1)a—v] @
~ , (17.5.9)
~(r((ng+D)a—v=1)+1) _(2\7"
p -}
r=0
Taking the Laplace inverse of (17.5.9), and by using:
1 7!
L~ p7t}= Ty L (R(y) > 0), (17.5.10)
we have:
a"lT'ly((nq + Do —v—1)+1] e
-1 (ng+1)a—v—1
N = No dvH)ma
W) Z Fk[(nq+1>a—v] @
% L—l {Z(_l)rcyrp—(y((nq+l)a+r—v—1)+1)}
r=0
(17.5.11)
a"l'ly((ng + Do —v —1) + 1] e
N() = N, dv (ng+Da—v—1
® OZ Fk[<nq+1)a—v] @
17 ((ng+Da+r—v—1) (17.3.12)
Z( 1)rcyr
= Cly((ng+Da+r—v—-1)+1]
_ Zanqr‘[y((nq—i—l)a—v— l)—"_l](dyty)(mﬁrl)afvfl
— Txlng + Da —v]
o (17.5.13)

{i( Dier” t }
Iy((ng+Da+r—v—1)+1]

r=0
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"qF[)/((”CI +Da—v—-1D+1] Y ¥\(ng+DHa—v—1
N =No Z e [(ng + 1)a ] @) (17.5.14)

X E%V((ﬂqul)afvfl)Jrl(—CytV),
O

Theorem 18. If ¢ >0,d >0,y >0;a,v,u,qg € C; ke R,N(g) >0, Napn —v) >
0, (X)) >0, a>0andt > 0, then the solution of the equation:

N(t) = NoG{,,, ,(a,d’t") —c"oD; " N(1) (17.5.15)

is given by the following formula

N(t) = NOZ (Wnga" Ty ((ng + wa —v —1)+1] (@7 17—

= n!lx[(ng + wa — v]

x E% y((ng+uw)a—v—1)+1 (—Cyty).
(17.5.16)

17.6 Special cases
Setting ¢ = d, the results in Egs. (17.5.2) and (17.5.15) reduce to the following form.

Corollary 1. Ifd >0,y >0;,v,g €C; ke R,N(g) >0, R —v) >0, R(A) >0,
a >0, andt > 0, then the solution of the equation:

N(t)—NoRkav(a,thy)—dVonyN(t) (17.6.1)
is given by the following formula
a™T| 1 -D+1
N@)=No Z [y((ng + Do — )+ ](dyty)(mﬁ'l)a_v_l
Lk [(ng + 1)06 —v] (17.6.2)

X E%V(("Q+1)a—v—l)+1(—dyty),

Corollary 2. If d >0,y > 0;,v,u,qg € C;k e R,9(q) > 0, R(apw —v) > 0,
N(A) >0,a>0,andt > 0, then the solution of the equation:

N(t) = NoGY{ ., ,(a.d”t") —d”oD; " N (1) (17.6.3)

is given by the following formula

N = No i (W@ Ty (g + 02 =v =D+ 1] gtiansed

! —
= n!lg [(ng + pa —v]

X Ey y(ng+ma—v—1)+1(=d"t").
(17.6.4)
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Setting d = 1 and replace ¢ by d, then the results in Eqs. (17.5.2) and (17.5.15)
reduce to the following form.

Corollary 3. Ifd >0,y >0;0,v,g € C; k e R,N(g) >0, R —v) >0, R(X) >0,
a >0, andt > 0, then the solution of the equation:

N(®) = NoR{, ,(@.t) —d”oD; " N(1) (17.6.5)

is given by the following formula

a™T| (nq + Do —v] (ng+1)a—v—1
N(t) = N 1
0= OZ e loig + Da —v] (17.6.6)

X Ey, (anrl)ozfv(_dyty)-

Corollary 4. If d > 0,y > 0;,v, u,q € C;k € R,9(g) > 0, R(apw —v) >0,
RA) >0,a>0,andt > 0, then the solution of the equation:

N(t) = NoGY{ ., ,(a.t) —d" oD N(1) (17.6.7)

is given by the following formula

= (M)nqanqr[(nq + wa —v] (ng+m)a—v—1
=N = g + 00 —v1 (17.6.8)

X Ey, (nq+,u)oz—v(_dyty)~

If we choose g = 1, k = 1, then the results in Egs. (17.5.2) and (17.5.15) reduce
to the following form.

Corollary 5. If ¢ >0,d >0,y > 0;a,v,g € C;k e R,N(g) > 0, N —v) >0,
RA) >0,a>0,andt > 0, then the solution of the equation:

N(t) = NoRy.»(a,d”t") —c¥ oD, Y N(1) (17.6.9)

is given by the following formula

a'l'ly((n+Da—v—1)+1] Y v+ Da—v—1
N ="No Z r[(n+1)a—v] @) (17.6.10)

X E)/v)/((n+l)a—v—1)+l(_Cyty).

Corollary 6. ¢ >0,d >0,y >0;,v,u,q €C; k e R, N(g) > 0, R(apn —v) >0,
RA) >0,a>0,andt > 0, then the solution of the equation:

N(t) = NoGag.p u(a,d’t¥) —c’oD; ' N(1) (17.6.11)



17.7 Numerical solutions of fractional kinetic equations

is given by the following formula

N(t) = Ny Z

X E%y((n+u)a—u—1)+1(—c”t7’).

(Wna"Tly((n+ o —v —1)+1]
n'F[(n—l—M)ot—v]

(thV)(*HM)Ot*v*l
(17.6.12)

17.7 Numerical solutions of fractional kinetic equations

In this section, we establish a database for numerical solutions of the Kkinetic
Egs. (17.5.2) and (17.5.15) by employing Eqs. (17.5.3) and (17.5.16) for particu-
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lar values of the parameters, which are given in Tables 17.1 and 17.2; their graphs are
plotted in Figs. 17.1, 17.3, and 17.5 and Mesh-plots are also established in Figs. 17.2
and 17.4. For this purpose, we denote the solution of Egs. (17.5.2):

and those of Eq. (17.5

Table 17.1 Numerical solutions of KE involving the R-function.

t
0
0.005
0.01
0.015
0.02
0.025
0.03
0.035
0.04
0.045
0.05
0.055
0.06
0.065
0.07
0.075
0.08
0.085
0.09
0.095
0.1

15):

N(@)=NWNo,a,v,q,k,a,c,d,y,t)

N(@)= NNy, o, u,v,q,k,a,c,d,y,t)

y=1.0
Inf
18.09491863
11.13456464
8.38005791
6.849007185
5.856368385
5.152753265
4.623964418
4.20976707
3.875157014
3.598297945
3.364808545
3.164801965
2.991240251
2.838966747
2.704110247
2.583703591
2.475431368
2.377458234
2.288309169
2.206784134

y=12
Inf
34.44031441
19.23820776
183.68379509
10.74518093
8.90764177
7.64191162
6.712998918
6.000007047
5.43413919
4.973251237
4.590028588
4.265960604
3.98804064
3.746851386
3.535400021
3.348380864
3.181692621
3.032113005
2.897073826
2.774502032

y=14
Inf
65.57553427
33.24483687
22.3431623
16.85361534
13.54279902
11.32653072
9.738099017
8.543313337
7.611676314
6.864685846
6.252271455
5.740984298
5.307624444
4.935592366
4.612696034
4.329778168
4.079826679
3.857380817
3.658124333
3.47860035

y=1.6
NaN
124.8945623
57.46298209
36.48913194
26.43803572
20.59143085
16.78802642
14.12586149
12.16352022
10.6601523
9.473481793
8.514204721
7.72351243
7.061141754
6.498624201
6.015277407
5.595723588
5.228297949
4.903996284
4.615760418
4.357981598

y=18
NaN
237.9224466
99.34299405
59.60211744
41.47994146
31.31342743
24.88634772
20.49306821
17.31951632
14.93076512
18.07452641
11.59496351
10.39091678
9.39402143
8.556509723
7.844055542
7.231393829
6.699539802
6.233967759
5.823385543
5.458889935
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Table 17.2 Numerical solutions of KE involving the G-

function.
t y=1.0 y=1.1 y=12 y=13 y=14
0 Inf Inf Inf Inf Inf

0.01 | 8.423051 | 12.69125 | 19.33196 | 29.74669 | 46.20517
0.02 | 7.330293 | 10.89463 | 16.36814 | 24.84035 | 38.05367
0.03 | 6.757111 | 9.963317 | 14.84926 | 22.35419 | 33.96909
0.04 | 6.377219 | 9.350749 | 13.85749 | 20.74235 | 31.33958
0.05 | 6.096877 | 8.901299 | 13.13378 | 19.57236 | 29.44079
0.06 | 5.876643 | 8.549864 | 12.57037 | 18.66538 | 27.97494
0.07 | 5.696369 | 8.263336 | 12.11271 | 17.93125 | 26.79254
0.08 | 5.544444 | 8.022701 | 11.72959 | 17.31855 | 25.80865
0.09 | 5.413596 | 7.816089 | 11.40156 | 16.79538 | 24.97073
0.1 | 5.298985 | 7.635623 | 11.11578 | 16.34068 | 24.24416
0.11 | 5.197237 | 7.475822 | 10.86332 | 15.93987 | 23.60505
0.12 | 5.105912 | 7.332728 | 10.63773 | 15.58245 | 23.03622
0.13 | 5.023188 | 7.203398 | 10.43425 | 15.26065 | 22.52498
0.14 | 4.947674 | 7.085584 | 10.24923 | 14.96855 | 22.06171
0.15 | 4.878284 | 6.977536 | 10.07985 | 14.70157 | 21.63891
0.16 | 4.814154 | 6.877863 | 9.923849 | 14.45606 | 21.25068
0.17 | 4.754589 | 6.785447 | 9.779434 | 14.22911 | 20.89228
0.18 | 4.699017 | 6.699372 | 9.64513 | 14.01833 | 20.55985
0.19 | 4.646968 | 6.618882 | 9.519718 | 13.82176 | 20.25022
0.2 | 4.598046 | 6.543345 | 9.402183 | 13.63777 | 19.96073

and then we develop the program in Matlab®. Employing the program, we establish
a database, graphs, and mesh-plots of the solutions of the kinetic equations involving
the R- and G-functions.

In our investigations, particular values of the parameters involved in the solution
of the fractional kinetic equation are selected as No = 0.005, « =1, v=0.2, u =2,
gq=2k=1,a=2,c=0.3,d=2. Solutions of the kinetic equations involve the
Mittag-Leffler function E g, which contains an infinite number of terms, further
solution of the fractional kinetic equation also contains the summation of infinite
terms, which produces complexity for numerical solutions. For critical analysis of
the numerical solutions, we investigated by taking the first 1000 terms of the Mittag-
Leffler function and 50 terms of the summation of the Eqs. (17.5.2) and (17.5.15).

17.7.1 Interpretation of numerical solutions of the fractional
kinetic equation involving the R-function

The Database is obtained by setting y = 1.0, 1.2,1.4,1.6, 1.8 for 0 <t <0.1 in Ta-
ble 17.1 and in Fig. 17.1. From this we can easily observe the behavior of the solution
of the fractional kinetic equations. When t = 0 and y = 1.0, 1.2, 1.4; the value of
N(t) = oo and when y = 1.6, 1.8; N(¢) is not defined. As t — oo, N (¢) approaches
0. However, N (t) > 0 for ¢ € [0, co) for these parameters.
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FIGURE 17.1

Graphical solutions of KE involving the R-function.

FIGURE 17.2

Mesh-plot of KE involving the R-function.



298 CHAPTER 17 Fractional integrals and solutions

02

_—

Pl

I T Mqi*m
oL L oL% MH,TWM
L
+ £ |°

P

ST

RN

/ +m

0.08

——

.06

-

*
[ e SR

e A

0

0.04

I
S
oty

sy
e

Ty

0.02

N

60

50

40

20

10

FIGURE 17.3

Graphical solutions of KE involving the G-function.

FIGURE 17.4

Mesh-plot of KE involving the G-function.
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FIGURE 17.5

Graphical solutions of KE involving the R- and G-functions.

17.7.2 Interpretation of numerical solutions of the fractional
kinetic equation involving the G-function

The Database is obtained by setting y = 1.0, 1.1, 1.2, 1.3, 1.4 for 0 <t <0.2 in Ta-
ble 17.2 and in Fig. 17.3. From this we can easily observe the behavior of the solution
of fractional kinetic equations. When t =0 and y = 1.0, 1.1, 1.2, 1.3, 1.4 the value
of N(t) =o00. N(t) > 0 for ¢ € [0, oo) for these parameters.

17.7.3 Interpretation of numerical solutions of the fractional
kinetic equations involving the R- and G-functions

In this case, we plot the combined graphs of solutions of the fractional kinetic equa-
tions involving R- and G-functions. For solutions of fractional kinetic equations
involving the R-function, y =0, 1 and those for solutions of fractional kinetic equa-
tions involving the G-function y = 0, 0.5 is chosen to plot the graph as shown in
Fig. 17.5. The graph depicts that at y = 0, the solution of the fractional kinetic equa-
tions involving the R- and G-functions remains constant for any interval of ¢, when
y # 0; N(¢) is decreasing.

The Mesh-plots in Figs. 17.2 and 17.4 depict the solutions of the fractional kinetic
equations for the same parameters as we have chosen above. During our investigation,
we find that the solutions of the fractional kinetic equations are not always positive,
they may also be negative for some different values of the parameters. When we fix
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y = 0, the solutions of the fractional kinetic equations remain the same for fixed
values of the parameters for 7 € [0, 00).

17.8 Concluding remarks

We may also emphasize that the results derived in this chapter are of general character
and can specialize to give further interesting and potentially useful formulas involving
the integral transform and fractional calculus. Also, we give a new fractional gener-
alization of the standard kinetic equation and derived solution for the same. From
the close relationship of the R- and G-functions with many special functions, we can
easily construct various known and new fractional kinetic equations. Also, from the
numerical solutions established in Tables 17.1 and 17.2 and their graphical interpre-
tation in Figs. 17.1, 17.2, 17.3, 17.4, and 17.5 for the R- and G-functions, we came to
the conclusion that the solutions of the fractional kinetic equations are positive, nega-
tive or both and sometimes they are constant when y = 0 for the R- and G-functions.
In our investigation, we choose No =0.005, ¢ =1, v=02, u=2,9g=2, k=1,
a=2,c=0.3,d = 2. The reader can choose any value of the parameters for further
analysis of the solutions of fractional kinetic equations.
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