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Abstract—In this paper, we introduce degenerate versions of the hypergeometric Bernoulli and
Euler polynomials. We demonstrate that they form Ay—Appell sets and provide some of their
algebraic properties, including inversion formulas, as well as the associated matrix formulation. Ad-
ditionally, we focus our attention on the monomiality principle associated with them and determine
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1. INTRODUCTION

As Choi has recently pointed out in his editorial note for the Special Issue Recent Advances in Spe-
cial Functions and Their Applications [4]: “Due to their remarkable properties, a plethora of special
functions have been crafted and harnessed across a diverse spectrum of fields spanning centuries. These
functions have found their place in a variety of disciplines, including mathematics, physics (quantum
mechanics, electrodynamics, thermodynamics, fluid dynamics, and solid-state physics), engineering,
statistics, astronomy and astrophysics, computer science, economics and finance, chemistry, biology,
geophysics, medicine, materials science, and environmental science. These are just a few examples, and
special functions can find applications in various other scientific and engineering disciplines whenever
complex mathematical relationships need to be described or solved”.

Among this broad class special functions are the degenerate Bernoulli—Euler and the generalized
degenerate Bernoulli—Euler polynomials of order a € C, respectively. These polynomials were intro-
duced by Leonard Carlitz in the seminal papers [2, 3] by means of the generating functions and series
expansions

te3(t) tn
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(eA(t) + 1> exlt) = 7;)&(1,2(90)2!, ()

where for A\, z,t € R, the degenerate exponentials are defined as follows (cf. [20])

e3(t) = (L+A)%, i AeR\{0} _ [0 (@)anty, M <1, if AeR\{0}
A et i A=0, % &ty i A=0,

As usual, for z = 1 we use the notation ey (t) = e}(t), and the generalized falling factorials (z),,, are
given by (cf. [18—20])

1, if n=0
@y =S [Ty — G —1)N), i n>1
0, if m<DO,

where z,\ € Rand n € Z.

It is clear that ef(¢) = ™, (2),0 = 2™, and the series expansions (1)—(4) are valid in a suitable
neighborhood of ¢ = 0, providing degenerate versions of the classical Bernoulli and Euler polynomials,
respectively.

Since their introduction, these families of special polynomials have been intensively studied. Mo-
tivated by a number of interesting and recent contributions [12, 18—20, 23—26] in which the au-
thors provide inversion type formulas for the degenerate Bernoulli/Euler polynomials, identities of
symmetry for degenerate Euler polynomials, several properties of degenerate Bernstein polynomials,
degenerate differential/difference operators, matrix-inversion formulas for mixed-type hypergeomet-
ric Bernoulli—Gegenbauer polynomials, and different properties and applications for hypergeometric
Bernoulli/Euler polynomials, in the present paper we consider separately degenerate versions of hy-
pergeometric Bernoulli/Euler polynomials, and study some of their properties. More precisely, we
demonstrate that they form Ay-Appell sets and provide their corresponding inversion formulas, as
well as the associated matrix formulation. Additionally, we focus our attention on the monomiality
principle associated with these two families of special polynomials and determine their derivative and
multiplicative operators.

The paper is organized as follows. Section 2 serves as a preliminary section containing the necessary
definitions, notation, and terminology, including a brief summary of Ay-Appell polynomials and some
relevant properties of hypergeometric Bernoulli/Euler polynomials. In Section 3, we demonstrate
that the sequences of hypergeometric Bernoulli/Euler polynomials are Ay-Appell sequences (Theorem
1) and provide the corresponding inversion formulas (Theorem 2), as well as the associated matrix
formulation (Corollary 1). Section 4 is devoted to the study of the monomiality principle associated
with such special polynomials (Theorem3).

2. NOTATION AND BACKGROUND

Throughout this paper, let NNy, Z, R, and C denote, respectively, the set of all natural numbers,
the set of all non-negative integers, the set of all integers, the set of all real numbers, and the set of all
complex numbers. Furthermore, the convention 0° = 1 will be adopted. Also, we denote by P,, the linear
space of polynomials with real coefficients and degree less than or equal to n.
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DEGENERATE VERSIONS OF HYPERGEOMETRIC BERNOULLI-EULER 3511

For w € C and k € Z, we use the notations w®) and (w), for the rising and falling factorials,
respectively, i.e.,

1, if k=0 1, if k=0
w® =T wti—1), i k>1 and (W =S (w—i+1), il k>1
0, il n<0 0, if n<O0.
Remark. It is not difficult to see that forn € Ny the set {1, 2z, z(x — ), ..., (2), 2} is a Newton basis

for PP,,.
Following the ideas from [6, 14], we consider the notion of Ay-Appell sequences, as follows: let I C R
be any interval, f : I — R be a function and A € R™. We denote A the finite difference operator given

by Ax[fl(z) = flx+A) = f().

Let us define the finite difference operator of order &, with k € N, as

A1) = 8 [ 847171 () = (-1 (5)rte 0.

j=0
where the conventions A = I and A} = A, are adopted, being I the identity operator.

A sequence of polynomials {p} () }n>0 = {pn(2)}n>0 is called Ay-Appell sequence if it satisfies the
following conditions

(1) deg(pn(z)) =n,forn >0,
(2) Ax[pn] () = nApp—1(x),foralln > 1.

For instance, for each X € R the generalized {(z),,x}n>0 falling factorials are Ay-Appell sequences
and they satisfy the following relation [6]
M@al = ™
ATRAT (0 — k)
Furthermore, if we consider the degenerate exponential e5(¢) as a function of the variable x, that is
fia(z) = e5(t), then we have

(@)n—kn, 0<Ek<n.

Ax[ex](t) = AteX(?). (5)

Ay-Appell polynomials was considered and studied from an algebraic point of view by Costabile and
Longo in [6]. More precisely, given the power series
2 n

t t
at) =g+ a1+ st d ande, ag #0 (6)

n!

with a; € R, i € N, and {pn()},,cy, the sequence of Ay-Appell polynomials determined by the series

expansion of the product functions a(t)(1 4+ At)%, i.e.,
2 n

a(t)(L+ M3 = pol@) + | pr(a) + o pa(a) 4o+ pu(a) 4o

Costabile and Longo [6] obtained that if {3; }jeNo (Bo # 0) is the sequence of Taylor coefficients for the

. . 1
series expansion of alt)” then

po(z) = 4,
1 (2)1 i (T)n-1 (T)n
Bo p1 Pn-1 Bn
e |0 Bo (" Ba=2 (1) Bn-1 (7)

\ 0 0 . Bo (1) B
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Consequently, the polynomial characterization (7) allows to prove some known general properties, by
using elementary linear algebra tools as in the setting of Appell polynomials (see, [5] for more details).

2.1. Hypergeometric Bernoulli/Euler Polynomials

For a fixed m € N, the hypergeometric Bernoulli polynomials are defined by means of the following
generating function [11, 13, 22—24]

tm et © n

_ [m—1]

oyt n = LB, <2 (8)

and the hypergeometric Bernoulli numbers are defined by BT[lmfl} = BT[lmfl} (0) for all n > 0. The
hypergeometric Bernoulli polynomials also are called generalized Bernoulli polynomials of level m
[24, 25]. It is clear that if m =1 in (8), then we recover the definition of the classical Bernoulli
polynomials By, (z) and classical Bernoulli numbers, respectively, i.e., By, (x) = B,[lo} (z) and B, = BLO],
respectively, for all n > 0.

The first four hypergeometric Bernoulli polynomials are as follows

B([)m_l](x) =m!, Bgm_l](x) =m)! ({L‘ _ 1 ) ,

m+1
m—1\ _ 2, 2
By () = m! (m2 mt 1 +(m—|—1)2(’m+2)>’
il \ B 6 6(m — 1)
B =t (o 97 s 1m s B+ )

Similarly, for a fixed m € N, the hypergeometric Euler polynomials are defined as follows (see for
instance, [26])

2meact n

o9 - ¢
mt i = 2 BTN (@)

t 1’
e+3050 m=o s
[m—1]

and the hypergeometric Euler numbers are defined by ET[lmfl} = En (0), for all n>0. The
hypergeometric Euler polynomials also are called generalized Euler polynomials of level m [25]. Again,
if m =1 in (9), then we recover the definition of the classical Euler polynomials E,, (x), and classical

] <, (9)

Euler numbers, respectively, i.e., E,(z) = EV(z), and &, = 2B (3) =2"E, (3), respectively, for
alln > 0.
For instance, if m = 3, then the first six hypergeometric Euler polynomials are

EP@) =4, EP2)=4(x-1), EP@) =4(=-1?2 E@) =42 1222+ 120 -2,

EP(z) = 42* — 162° + 2422 — 82 — 10, EP(2) = 42° — 202* + 402 — 2022 — 50 + 58.

The following results collect some properties satisfied by these two families of polynomials (cf.
(22, 26]).

Proposition 1. For a fixed m € N, let {Bkmfl}(:c)}

polynomials. Then, the following statements hold

be the hypergeometric Bernoulli
n>0

a) Summation formula. For everyn > 0, B () =300 (D) B,Em_” ank,

b) Differential relations (Appell polynomial sequences). Forn,j > 0 with 0 < j < n, we have
n!

gy P @)

n—j

|:B'r[zm_1] (:1:)] (9) _
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DEGENERATE VERSIONS OF HYPERGEOMETRIC BERNOULLI-EULER 3513
¢) Inversion formula [22, Equation (2.6)]. For every n > 0,
" /n k! [m—1]
"= B .
> (1) s gy )

Consequently, the set {B[m Uy, B Yay,..., BI" Y (:c)} is a basis for P, (cf. [24]).

d) Recurrence relation [22, Lemma 3.2]. For everyn > 1,

n—2
m— 1 m— m—
e Cary L= L GRS I ¢ = G}
0

k=

e) Integral formulas

x1

— 1 m—1 m—1
/B,[1 U(2)de = n+1 [Br[zﬂ W) - B }(xO)}

zo

— Z . k 1 < )B[m 1]((‘,E1)nfk+1 _ (xo)nkarl)'

BIm=l(g) = n/ B}ZIH (t)dt + B,
0

[ [22, Theorem 3.1] Differential equation. For everyn > 1, the polynomial BT[lmfl} (x) satisfies
the following differential equation

B[m—l] B[mfl} B[m—l}
n (n) n—1 (n—=1) , ... 2 "
nt Y + (n— 1)'y Tt or Y
1
—1)! — ! —ly =
+ (m—1)! <m+1 x)y +n(m—1)ly=0.

Proposition 2. For a fixed m € N, let {Ekm_l] (x)} . be the hypergeometric Euler polynomi-

als. Then, the following statements hold -

a) Summation formulas. For everyn > 0,

By =) (n) v B (@) = (n) B (e,
k

k=0 \k

In particular,

E'r[zm_l] (x) _ Z (n) E][gm—l}xn—k'

b) Differential relations (Appell polynomial sequences). Formn,j > 0 with 0 < j < n, we have

@] v o f!j) BN @)
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c) [Inversion formula. For everyn > 0,

= _ <
2" " = Z (n) (14 agm) E}I & ](:c), where  ajm = {1’ O<k<m,

k=0 \k 0, k>m.

Consequently, the set {E([]mfl] (v), Egmfll (z),...,EMm1 (x)} is a basis for P, (c[., [26]).

d) Integral formulas
L rpm- [m—1]
/E n+1 [En—l—l ( ) En+1 ( )}
_ 1 Y m—1) n—k+1 n—k+1
DN (k) B (- o).
Eﬁluw):n/aEﬁH”@Mt+Eﬁlm
0

e) Recurrence relation. For any m > 2 andn > 0, the following recurrence relation holds

B = (el - ) K@ (e~ i)

() st

f) Differential equation. For any m > 2, the hypergeometric Euler polynomials E[m 1]( )
satisfy the differential equation

[m—2] [m—1]
2 2cF - F
_ [m—2] _ n—1 n—1 (n)
0 (B —1) + (n—1)! v
[m—2] [m—1]
2 [m—2] 20k, " — By, (n—1)
E -2 "
+[(n—1)!( n-t >+ n—2)!

(n—2)
+--+ [2m 'M—z)—n+1+ E[m 2]} y' + [27 Nz —2) — 2n] y —n2™ 1y

3. DEGENERATE VERSIONS OF HYPERGEOMETRIC BERNOULLI
AND EULER POLYNOMIALS

In this section, we introduce degenerate versions of the hypergeometric Bernoulli and Euler polyno-
mials. We demonstrate that they form Ay-Appell sets and present some of their algebraic properties,
including inversion formulas, as well as the associated matrix formulation.

Definition 1. For A € R\ {0} and a fixed m € N, the degenerate hypergeometric of Bernoulli
and Euler polynomials are defined by means of the following generating function and series

™ e%(t) N 1], t" , 1
o = B,y “(z) ,, [|t| <minq2m, (10)
ex(t) = S (i Zo S A

and

2M e (t) = [m—1], \t" . 1
o =>» E (x) ,, |t/ <minqm, . (11)
ex(t) + 2% (i) Zo co Al
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DEGENERATE VERSIONS OF HYPERGEOMETRIC BERNOULLI-EULER 3515

The substitution z =0 into (10) and (11) yields, respectively, the degenerate hypergeometric
Bernoulli and Euler numbers, i.e., BT[:T” = BKT”(O) and ET[:T” = EK\A](O). Also, the following
implicit summation formulas hold

B @y =Y <Z> Wn-inBy M) =Y <Z> B ) (@)non,

k=0 k=0
m— " /n — " /n —
B k0 =3 (1) 0B @ = X () B0
In particular,

m— - n m— m— " n m—
BL,A . (z) = Z <k) (x)”_kvABl[c,/\ Y, EL,A ! (z) = Z <k> (x)”_kv’\El[c,A 1

k=0 k=0

Furthermore, due to the generating functions (10) and (11), the identity

0 ., In(1+ At)
8956)‘(t) = \ ex(t),
and the well-known Maclaurin series
> -1 n+1)\n
In(1+ M) =" (=1) ", M| <1,
n=1

it is not difficult to appropriately use the Cauchy product of series to deduce that the derivatives of
degenerate hypergeometric Bernoulli and Euler polynomials satisfy the following identities:

d -1,y _ N\~ (" fm—1]
d fm-1) ~ (n fm—1]
o P (@) = kZO <k) bk A (@), (13)

where

0, if n=0,
bn,)\ = .
(=D)L + )AL i n#0.

Thus, from (12) and (13), these polynomials do not satisfy an Appell condition.
[m—1] [m—1] _
Theorem 1. for a fixed m € N the sequences {Bn)\ (x)}nZO and {En’)\ (x)}nZO are Ay

Appell sequences.
Proof. Since deg (BT[T;H (x)> = deg (ET[T;H (x)) = n, it is suffices to prove that
A B (@) = B @), (14)
Ay B (@) = anE Y ), (15)

whenever n > 1.
In order to prove the identity (14), we proceed as follows. We consider the generating function
tmeff(f) ., as a function depending on the variable x, i.e.,
ex(t) =270 (M,

t"es(t)

) = ,
o ex(t) = i (D

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 45 No.8 2024
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1]

and then, applying the finite difference operator Ay to G[ and using (5), we get

_ t"el(t)
A G[m U ) = xa™ gy = 2t A
e @) =t (e) ) — ST (1

Or, equivalently, Ay {G%\_H] = )\tGET';\_l]. Therefore,

> [B (@) ZAnB};"llQ (16)
n=0 '
Consequently, comparing the coefficients on both 51des of (16), equality (14) follows.
A similar reasoning applied to the generating function e (f) .1 » as a function depending on
ex(t)+>200 (WA g
the variable x, yields (15). O
[m—1] [m—1] .
Theorem 2. For a fixed m € N the sequences {Bn)\ (x)}nzo and {En)\ (x)}nzo satisfy,
respectively, the following inversion formulas
_ — (7 EN D) kg [m—1]
1 < (n m—1
P = QWI;)(k)amEL ), (18)

where

o s — 2(W)py, if 0<n<m,
" (Dnr, if n>m.

Consequently, the sets
{Bc[ﬁ_”(f’f)aBg_”(w),u-7B7[Z§_”(x)} and {Egj;‘”(x) B (), Em_ﬂ(“")}

are bases for P,.
Proof. Using (10), we can deduce that

=0 n=0
S ICIIVD S BUERTD B0 DI
l=m l’)\l' n=0 e n=0k= 0 k—l_m )

Hence,

>ty =23 () gl (19)

n=0 n=0 k=0

and comparing the coefficients on both sides of (19), we obtain (17).
Analogously, (11)implies that

2%”_( +Z u,) (iELA > ZGM;Z

n=0
where

21y, il 0<n<m,
ap X\ = ’ .
(Dpr, if n>m.
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Therefore,
> t" 1 o~ /1 [m—1] t"
Z(x)n,,\n, = om >N i B (@) s (20)
n=0 ’ n=0 k=0 ’

and comparing the coefficients on both sides of (20), equality (18) follows.
To conclude, by combining the fact that the set {1,z,z(x — A),..., (), 1} forms a specific Newton
basis for P, with the inversion formulas (17) and (18), we complete the proof. O
Theorem 2 offers an alternative approach to compute degenerate hypergeometric Bernoulli and Euler
polynomials using inversion formulas instead of the determinant method (6). For instance, by referring
to (17), one can readily obtain and explicit representation of the first four degenerate hypergeometric
Bernoulli polynomials as follows:

— m! — m! 1—m\
B([)v/\ 1](gzc) = BL/\ 1](azc) = [:1:— ( )} ,

(Dmx (L)m,x (m+1)
[m—1] . m! 2(1)m+1,)\
B, (z)= (Dr [(x)u = (m+ 1)(1)r
2 mar1a (1 =mA) 2(1)m42,2 ]
(m 4+ 1)2(1)m0 (m+2)(m+1)(1)m ’
[m—1] _ m! B 3(1)m+1
B = ) [0 ) B @
6(1)2+m,>\ i 6(1)371+1
+ ((m+2)(m+ D(Lmr  (m+ 1)2(1),@) g
6(1)7,4 1.0 6(1)mt2,n
<<m PP, m+2)(m 4 D21 ) Y
+ 6(1)m+3,)\ . 6(1)m+1,>\(1)m+2,>\ .
(m+3)(m +2)(m+ 1)(1)m (m+1)2(fm+2)(1)3,M

Similarly, by referring to (18), one can readily obtain and explicit representation of the first four
degenerate hypergeometric Euler polynomial as follows:

m—1 m— m—1 m— m—1 m—
E([),)\ }(CC):2 1’ EL)\ ](56)22 1(56—]_), E£7)\ }($):2 1 [(CC—].)Q—)\(.’E—l)] ’

ES (@) =27 (o = 1)° = 20%(z — 1) — 62 + 3\ (2 + 1) — BA(L + A) + (62 + 31 — 3)] .
From a matrix perspective, Theorem 2 yields the following corollaries.

T
Corollary 1. For a fixed m € N and any n € Ny, the matrix Ty(x) = (1 (@)1x -+ () /\>
admits two representations

m— m— 1 m— m—
Ta(@) = M{" B (@), Ta@) =, NITIED (@),

where M&mfl] and Ng\mfl} are (n+ 1) x (n + 1) lower triangular matrices defined as

(L 0 0 0
(D) 14m, (L)m,
()t m’ 0 o 0
[m—1] _ Dosm Ditm D
M= 2 2tk et e 0 |
n!((q)z++m)’!A n!((r)z—l—tn—ll),!/\ i ((T)l+-';7l—225!)\ (2;1!’A

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 45 No.8 2024



3518 CESARANO et al.

ao\ 0 0 e 0
al,)\ a07>\ 0 0
[m—1]
N)\ = ,
as x 2a1 ) ap,x o 0
n n
any (1) an—1 (" 9)an—2 -+ a0

m—1 m— m— m— r
Bg\ ](:):) - (B([),)\ 1}(513) BLA 1}(33) BL,A 1}(513)) ’
and

m—1 m— m— m— r
By (@) = (B @) B ) o B (@)

)

Under the hypotheses of Theorem 2, it is evident that the matrix Ng\m_l} is invertible. Consequently,

Corollary 2. For a fixed m € N and any n € Ny, the following holds
- m—1) ! m— m—
L") = 2m () B ).

4. ASSOCIATED MONOMIALITY PRINCIPLE

[t is well known that the monomiality principle is based on an abstract definition of the concept of
derivative and multiplicative operators which allows us to treat different families of special polynomials
as ordinary monomials. The procedure underlines a generalization of the Heisenberg—Weyl group, and
many relevant properties of a broad classes of special polynomials can be conveniently framed within the
context of the monomiality principle (see, for instance [8, 10]). This principle is essentially a Giuseppe
Datolli modern formulation of a point of view, not only tracing back to Steffensen [27—29], but even to
older studies by H.M. Jeffery (cf. [7—9] and the references therein).

The rules underlying monomiality are fairly simple and can be formulated as follows.
Let # € R and n € N. If a couple of operators D, M are such that

(a) They do exist along with a differential realization, cf. [9].
(b) They can be embedded to form Weyl algebra, namely, if the commutator is such that [15, M] =
DM — MD = 1.
(c) Itis possible to univocally define a polynomial set such that
po(@) =1, Dpo(z) =0, pule) = M"po(x) = M"1,
then it follows that
Mpy(z) = M1 = pyi (), (21)
Dpp(x) = DM™1 = npp,_1 (), (22)

and the polynomials {py(z)}n>0 are called quasi-monomials.
A consequence of (21) and (22), we have that p, (z) satisfies the differential equation MD{p,(z)} =

npn (), it M and D have differential realizations.

The primary objective of the monomiality principle is to identify operators for multiplication and
differentiation. Additionally, in the context of the monomiality principle, we establish the following

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.45 No.8 2024



DEGENERATE VERSIONS OF HYPERGEOMETRIC BERNOULLI-EULER 3519

outcomes to characterize the degenerate hypergeometric Bernoulli polynomials B[ 1](gzc) and the

degenerate hypergeometric Euler ET[W\ ]( ) polynomials.

In what follows, we determine the derivative and multiplicative operators associated to degenerate
hypergeometric Bernoulli/Euler polynomials. In order to do that we have consider some ideas from [17].
Theorem 3. For a fixed m € N the polynomials {BL’K_H (x)} o and {EK”)\_I] (x)} Lo are quasi-

monomials with respect to the following derivative and multiplicative operators

A 2]
A[mil] e oz — 1
D = 23
[ L (23)
I} 1—\ m—2 (eAaaa:—l)l
ppm=1 Am n x (eo=) =m0 (Dig1,a ALl (24)
A B A aac A aac o m e>‘ 83‘— l
eto 1 eta o _ 1_01(1)”\( il“ 1)
and
o 4 m— A oe 1)l
N[m 1 X (68”)1 A+Zz:02(1)l+1,>\( iz” ) 95
A Ag, B o m—1 (ekaax —1)! . )
e eoz + leo (l)l,)\ A
Proof. Since
A on (3(0) = A, (X)) _ A J (zIn(1+20)YY) _ An(L+A0)Y* _ In(1+M) _ g AL,
9 (T 9 (2
we have ekaz(;(t))_l = t, which implies that (e ‘%(;m)_l) ex(t) = tex(t). Or, equivalently,
A o
etos — 1 T T
< A\ > ex(t) = tex(t). (26)

~ 15}
Let us define the derivative operator Dg\m_ Vas follows: D[m n_ e %=1 Thus, from (10), (11), (26),
and direct calculations, it follows that

DY B @) = nBl" (@), DY Y EN (@) = nE (@),

whenever n > 1.
In order to prove (24), we proceed as follows. Let us consider the generating function

_ t"el(t
Bg\m ! (w,t) = eyj\z(_l) e
ex(t) = 22120 (Diay
Then, differentiation of B;m_l} (z,t) with respect to ¢, yields
1-X\ m—2 l
ot EOTHM () = X (Wi,

So, from differentiation with respect to ¢ on the right hand side of (10) and (27), we can deduce that
_ m— 1
(m N ey (t) — ZlOQ(l)lH,AZ) B, ZB[m Ui,

0 . +1, >\
t 1+ Mt 6)\(t) — ;101(1)17)\3! '

We define the multiplicative operator as follows:
1

1—X _
71 B (L+X) > = o (W1
L A D N LD Dl ) BN
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15}

(etom —1)!
. Am n v (68“) - > ( )i+1,2 AL
- €>\88x —1 €>\88x 0 m—1 (6)\88% 71)l '
eox — 3 0 (i ALY

Hence, by using (10), (27), and the last formulas, we obtain

ZM "Bl ZBnm (28)

and by comparing the coefficients on both sides of (28), we conclude that

A B @) = B ().

Finally, a similar argument can be applied for the proof of (25). O

FUNDING

The research of Y. Quintana has been partially supported by the grant CEX2019-000904-S funded

by MCIN/AEI/10.13039/501100011033.

=

10.

1.

12.

13.

14.
15.

16.

CONFLICT OF INTEREST

The authors of this work declare that they have no conflicts of interest.

REFERENCES

. M. Canand M. Cihat-Dagli, “Extended Bernoulli and Stirling matrices and related combinatorial identities,”

Linear Algebra Appl. 444, 114—131 (2014).

L. A. Carlitz, “A degenerate Staudt—Clausen theorem,” Arch. Math. (Basel) 7, 28—33 (1956).

L. A. Carlitz, “Degenerate Stirling, Bernoulli and Eulerian numbers,” Utilitas Math. 15, 51—88 (1979).

J. Choi, “Recent advances in special functions and their applications,” MDPI Symmetry 15, 2159 (2023).
https://doi.org/10.3390/sym 15122159

F. A. Costabile and E. Longo, “A determinantal approach to Appell polynomials,” J. Comput. Appl. Math.
234, 1528—1542 (2010).

F. A. Costabile and E. Longo, “A,-Appell sequences and related interpolation problem,” Numer. Algorithm
63, 165—186 (2013).

. G. Dattoli, C. Cesarano, and D. Sacchetti, “A note on the monomiality principle and generalized polynomi-

als,” Rend. Mat. Ser. VII 21, 311-316 (2001).
C. Cesarano, “Monomiality principle and related operational techniques for orthogonal polynomials and
special functions,” Int. J. Pure Appl. Math. 1, 1-7(2014).

. G. Dattoli and S. Licciardi, “Monomiality and a new family of Hermite polynomials,” MDPI Symmetry 15,

1254 (2023). https://doi.org/10.3390/sym 15061254

C. Cesarano,“Operational techniques for the solution of interpolation problems in applied mathematics and
economics,” in Proceedings of the Fifth International Conference on Applied Economics (Crete Island,
2013), pp. 475—479.

A. Hassen and H. D. Nguyen, “Hypergeometric Bernoulli polynomials and Appell sequences,” Int. J. Number
Theory 4, 767—774 (2008). https://doi.org/10.1142/S1793042108001754

J. Hernandez, D. Peralta, and Y. Quintana, “A look at generalized degenerate Bernoulli and Euler matrices,”
MDPI Math. 11,2731 (2023). https://doi.org/10.3390/math11122731

F. T. Howard, “Some sequences of rational numbers related to the exponential function,” Duke Math. J. 34,
701—716 (1967). https://doi.org/10.1215/S0012-7094-67-03473-4

C. Jordan, Calculus of Finite Differences (Chelsea, New York, 1965).

T. Kim and D. S. Kim, “Identities of symmetry for degenerate Euler polynomials and alternating generalized
falling factorial sums,” Iran. J. Sci. Technol. Trans. Sci. 41, 939—949 (2017).
https://doi.org/10.1007/540995-017-0326-6

S. Khan, M. Haneef, and M. Riyasat, “Algebraic theory of degenerate general bivariate Appell polynomials
and related interpolation hints,” Hacet. J. Math. Stat., 1-21 (2024).
https://doi.org/10.15672/hujms.1183047

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.45 No.8 2024



17.

18.

19.
20.

21.

22.

23.

24,

25.

26.

27.
. J. F. Steffensen, “On the definition of the central factorial,” J. Inst. Actuar. 64, 165—168 (1933).
29.

DEGENERATE VERSIONS OF HYPERGEOMETRIC BERNOULLI-EULER 3521

S. Khan, T. Nahid, and M. Riyasat, “On degenerate Apostol-type polynomials and applications,” Bol. Soc.
Mat. Mex. 25, 509—528 (2019). https://doi.org/10.1007/s40590-018-0220-z

T. Kim and D. S. Kim, “Identities of symmetry for degenerate Euler polynomials and alternating generalized
falling factorial sums,” Iran. J. Sci. Technol. Trans. Sci. 41, 939—949 (2017).
https://doi.org/10.1007/s40995-017-0326-6

T. Kim and D. S. Kim, “Degenerate Bernstein polynomials,” Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser. A:
Math. 113, 2913—2920 (2019). https://doi.org/10.1007/513398-018-0594-9

T. Kim and D. S. Kim, “On some degenerate differential and degenerate difference operators,” Russ. J. Math.
Phys. 29, 37—46 (2022). https://doi.org/10.1134/S1061920822010046

T. Kim, D. S. Kim, H. Y. Kim, and J. Kwon, “Degenerate Stirling polynomials of the second kind and some
applications,” MDPI Symmetry 11, 1046 (2019).

P. Natalini and A. Bernardini, “A generalization of the Bernoulli polynomials,” J. Appl. Math. 3, 155—163
(2013). https://doi.org/10.1155/S1110757X03204101

D. Peralta, Y. Quintana, and S. A. Wani, “Mixed-type hypergeometric Bernoulli—Gegenbauer polynomials,”
MDPI Math. 11, 3920 (2023). https://doi.org/10.3390/math11183920

Y. Quintana, W. Ramirez, and A. Urieles, “On an operational matrix method based on generalized Bernoulli
polynomials of level m,” Calcolo 55 (3), 29 (2018). https://doi.org/10.1007/s10092-018-0272-5

Y. Quintana and H. Torres-Guzman, “Some relations between the Riemann zeta function and the generalized
Bernoulli polynomials of level m,” Univers. J. Math. Appl. 2, 188—201 (2019).
http://dx.doi.org/10.32323/ujma.602178

Y. Quintana and A. Urieles, “Quadrature formulae of Euler—Maclaurin type based on generalized Euler
polynomials of level m,” Bull. Comput. Appl. Math. 6 (2), 43—64 (2018).

J. F Steffensen, Interpolation (The Williams and Wilkins, Baltimore, MD, 1927).

J. F. Steffensen, “The poweroid, an extension of the mathematical notion of power,” Acta Math. 73, 333—366
(1941).

Publisher’s Note. Pleiades Publishing remains neutral with regard to jurisdictional claims in

published maps and institutional affiliations.
Al tools may have been used in the translation or editing of this article.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 45 No.8 2024



		2024-10-28T18:01:39+0300
	Preflight Ticket Signature




