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Abstract: This article presents a generalization of new classes of degenerated Apostol-Bernoulli,
Apostol-Euler, and Apostol-Genocchi Hermite polynomials of level m. We establish some algebraic
and differential properties for generalizations of new classes of degenerated Apostol-Bernoulli
polynomials. These results are shown using generating function methods for Apostol-Euler and
Apostol-Genocchi Hermite polynomials of level m.
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1. Introduction

In this document, the customary conventions of mathematical notation are employed,
where N := {1,2,...}; Ng := {0,1,2,...}; Z refers to a set of integers; R refers to a set of
real numbers; and C refers to a set of complex numbers.

There have been numerous studies in the literature that have focused on Apostol-
Bernoulli, Apostol-Euler, and Apostol-Genocchi Hermite polynomials, as well as their
extensions and relatives. These studies include works in [1-15]. In recent years, several
researchers have explored degraded versions of well-known polynomials, such as Bernoulli,
Euler, falling factorial, and Bell polynomials, by utilizing generating functions, umbral
calculus, and p-adic integrals. Examples of such studies can be found in [16-18].

The generalization of two-variable Hermite polynomials introduced by Kampé de
Fériet is given by [19]:

[%] v xw—2v
w(&r) = ! = vi(w —2v)!°
It is to be noted that [20]
Hw(2§,—1) = Hw(§)~

These polynomials satisfy the following generating equation:

eér+17T2

[ee] Tw
= L HaEn M
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Two-variable degenerate Hermite polynomials H;, (¢, n; ;4) ([21], p. 65) are defined by
means of the generating function

A+ p0)r (4t = ¥ oG = @
w=0 '

We note that
lim H, (& 17; 1) = Hw (& 7).
u—0

The first and second kind of Stirling numbers are given, respectively, by (see [22]):

im0y = ¥ Swn®
v! = w!
and "
1 > T
a(@T — 1)V — w;VS(W,V)J

The generalized falling factorial (§|u)., with increment u is defined by (see [18],
Definition 2.3):

w—1

@lwew=T]E—nv),

v=0
for positive integer w, with the convention (¢|p)o = 1. Furthermore,

w

Clmw =} Slw,v)p“"¢".

v=0

From the Binomial Theorem, we have

4 > T™v
(1450 = X @i
w=0 :
Khan [14] introduced degenerate Hermite—Bernoulli polynomials of the second kind,
defined by
1
log(1+4 ut)* ¢ 1 d Tv
YOBUAID (1 4 )t (14 ) = Y BolE i)
(14+put)r -1 w=0 :

For A,u € C,and a € N, with u # 1, the generalized degenerate Apostol-type Frobe-
nius Euler-Hermite polynomials of order & are given by a generating function (see [15],

p- 569):
o
1—u < T & ™
————— | A+pn)r (A +pt?)r = Y gho (& mmAu)— 3)
Al +put)" —u w=0 w:
Taking u = —1 and « = 1 in (3), the degenerate Hermite-Euler polynomials are

obtained (see [7], p. 3, Equation (17)):
& PN 0 w
(I+pr) (A4 pt?)r = Y wEL (G A)

1 T .
Al+4pt)r +1 w=0 w!
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Clemente et al. [23] introduced and studied new families of Apostol-type degenerated
polynomials by means of the following generating functions:

=l

OJ
M (A0, by 7)) (1 + pT) Z D T A)—' @)
ma o ¢ [m—1,a] ™
2" (s, b4 g = Y el (&wbA) ®)
w=0 :
and o
é (e )
(20)™ [ (A; 1, b;T)]* (1 + pr) Zeﬁ’” R GTA ©)
where,
1 ml(tlogh) )
oc(Aa,b;T) = (A(l +uT)r — 120 (l?)>
and
Tlog b)!
P bt) = (AL + o) + Z —
If £ = 0, in (4)—(6), we obtain the Apostol-type degenerated numbers of order & and
level m:

m— 1zx Tv
"o (A, b)) 2% ¢ 'b'/\)w!’

- [m—1,a] ™
2"y b)) = ) € G bA)

w=0

Tv
w!

Q7)™ [p(A; p, b; T)]" 26’“ Y&, b; N

The past few years have seen significant advancements in the generalizations of special
functions used in mathematical physics. These developments provide an analytical foun-
dation for many exact solutions to problems in mathematical physics and have practical
applications in various fields. One important area of development is the introduction of one-
and double-variable special functions, which have been recognized for their significance
in both pure mathematical and applied contexts. Multi-index and multi-variable special
functions are also necessary for solving problems in several branches of mathematics, such
as partial differential equations and abstract group theory. Hermite polynomials, devel-
oped by Hermite [24-27], are an example of such special functions, which are important
in combinatorics, numerical analysis, and physics. They are associated with the quantum
harmonic oscillator and are utilized in solving the Schrodinger equation for the oscillator.
This article aims to introduce new families of Hermite—Apostol-type degenerated polyno-
mials. Some algebraic properties and relations for these polynomials are derived. These
results extend certain relations and identities of the related polynomials.

2. Generalizations of New Classes of Degenerated Apostol-Bernoulli, Apostol-Euler,
and Apostol-Genocchi Hermite Polynomials of Level m

In this section, based on (2) and (4)—(6), we define new families of Hermite—Apostol-
type degenerated polynomials.

Definition 1. For arbitrary real or complex parameter « and for u,b € R™, the generalizations

degenerate the Apostol-Bernoulli Hermite polynomials H%E,n -

A (&,1; 1, b; A), the generalizations
degenerate Apostol-Euler Hermite polynomials HQELT ~1al (¢, n; 1, b; A), and the generalizations

degenerate Apostol-Genocchi Hermite polynomials HQﬁ([f," —14] & mub;A), me N A e Cof
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order a and level m, are defined, in a suitable neighborhood of t = 0, by means of the generating
functions:

4 7 v
"o (A p b D)) (L aT) (L4 pt?) = Z T (TR /\)ﬁ @)
w=0
mo 4 ¢ 2N\t - [m—1,a] ™
2" (A, b; ) (A +pr)F (L4 pt?)r = ) ey (C,U;]/l,b))t)ﬁ ®)
w=0 :
and
mu i3 ¢ 21 = [m—1,a] ™
QO™ G O A+ p0) (L4 pT) " = ) w®o G mmbiA) )
w=0 :
where
vubt) — (A 1 "=l (tlogb)’ !
o(Ap b;T) = | A1+ p1) Lo
and .
1 =l (tlogh)!
p(Ap, b;T) = (A(1+yr)l‘ +y (17?)
Note thatfora =1, A =1, and b = e in (7), we have
o
th%m “‘](ngm) = lim ~ (14 p7)# (1 + pr2)
! - 1 m= I
S=u—0 o0 A+ o) — 21 (Tl(l)‘:gb)
1=0 :
— ™ LTHIT
. mol Tl
T
I P
- wgo %w (C’ ;7) w[
where ‘B([Zl 1 ¢) are called generalized Hermite—Bernoulli polynomials (see [28], Equation (6)).
& poly q
Analogously,
m—1,a] L o s [m—1] ﬁ
ZO}‘IEBG @b o= a;o% (o
m— v > m— ™
wzoign@ Hemmung = Lol e g

where G[m La] (&) and QE([:? —Lad (¢) are called generalized Hermite-Euler polynomials and generalized
Hermite-Genocchi polynomials, respectively.

If { = 0and # = 0, in Definition 1, we obtain the generalizations of degenerate Apostol-
Bernoulli Hermite numbers, generalizations of degenerate Apostol-Euler Hermite numbers, and
generalizations of degenerate Apostol-Genocchi Hermite numbers of order « and level m.

T (oA by 7)) 2 B @b
‘w!’

2" [y (A; 1, b; 7)) z e (g ) S

w

@O [p(Ap b)) = Y el (g,y,b;,\)%_

w=0
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Continuation will show the standard notation for several sub-classes of polynomials, with
parameters A € C, u,b € R, order & € N, and level m € N (see [12,29-31] and the references

therein).
w-th generalized Bernoulli polynomial of level m B([Z,ﬂ -1 @) := PIE& %[ -] (&,0;p,e1)
w-th generalized Euler polynomial of level m E((‘f‘ )(C) = hnol H% (@‘ O;u,e1)
w-th generalized Genocchi polynomial of level m G((j ) (@) := yli}r& H@L, m=11] (&0 m,e1)

w-th generalized Apostol-Genocchi Hermite polynomial gL”(g;A) = hm HQﬁw (é 0,1, b; 1)
=

w-th Apostol-Bernoulli polynomial Bu(&A) = hm H% (5 0;1,b;A)
w-th Apostol-Euler polynomial Ew(GA) = hm HQE (C 0;p,b;A)
W=

w-th Apostol-Genocchi Hermite polynomial Guw(GA) = hm HQi (@,0 u,b;A)

w-th generalized Bernoulli polynomial B((:,x )({f) = hm H% ({f 0;p,b;1)
}4—)

w-th generalized Euler polynomial Ec(f )(g) = lim_ HG[ ] (&,0;u,b;1)
]44)

w-th generalized Genocchi polynomial Gl )(C) = hmﬂ_,m HQS ((;’ 0;u,b;1)

w-th Bernoulli polynomial Bu (&) := hm HSB ((;‘ 0;p,b;1)

w-th Euler polynomial Ew(g) := lim HG([U’ (&0;u,b;1)
u—0*

w-th Genocchi polynomial Gw({) == lirB\+ Hcﬁw (gf 0;p,b;1)
U

Theorem 1. For m € N and the new families of Hermite—Apostol-type degenerated polynomials in invariable
x, with parameters A € C and y € 7Z, order « € Ng and level m, the following relationship holds

w

HBO @ 4y wip, biA) = Y (k> ‘B[m & b A Hi(y, w; ), (10)
k=0

HEM (@ 4w bA) = ) <(:) G[m Y& s by A) Hie(y, w; ), (11)
k=0

HOI M@y b)) = ) (‘,f) HO,,_ - 1"‘] (& 151, b; A)Hi (o, w; ). (12)
k=0

Proof. By (7) and (2), we have

n+w

(o] w
P (R R W)% = (s, b)) (1 4 ) (14 )
w=0 :
= 7™M u b)) (1 + m')% (1+ yrz)% (1+ m');’T (1+ ]4’1'2)%

<Z B (@, 0,0 A) :)(Z He (7, w; 1) w)

= Z (Z ((j)H‘B[’” (@, 13 10,0, A) Hy (o, w; 14)) u

In view of the above equation, we get the result (10). The proofs of (11) and (12) are given
analogously. [J
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Theorem 2. For m € N and the new families of Hermite—Apostol-type degenerated polynomials in invariable
x, with parameters A € C and y € Z, order & € Ny and level m, the argument addition theorem holds

w
uBl g v wbA) = ) (cj) uBl" P g, 0,0, 0,0)
v=0

<B G, v b ),

w

wel P ey b)) =) <(5)H€1[/m71'ﬁ](7]/@0}}1,b;)\)
v=0
€l s, b A,
w

wold Py rwmbn) = Y (4)uel P win i)
v=0

g (& v, b 0).

Proof. Observe that,

LL)
Z Bl (& o,y w0 b; A)*

w=0

&+ ytw

("o (A, b; ) TP (14 ) T (14 ut?) w

Tw
w!

( Y Bl @ v b A

w=0

() (JJ
X < y uBU P g, w; b, A),)

Il
072
I/
=
VRN
< &
"
&
§
H
&
™
=
RS
=
Xt

(13)

(14)

(15)

Therefore, by the above equation, we obtain result (13). The proofs of (14) and (15) are given

analogously. O

Theorem 3. For m € N and the new families of Hermite—Apostol-type degenerated polynomials in invariable
x, with parameters A € C and y € Z, order a € Ny and level m, the following relationships are obeyed:

Bl E ) = sl e b - WH‘B’“ Y@ g biA),  (16)
e e mwr) = well MM E A - pope" e na), )
Heﬁ’” YW mma) = gl @ f i ba) - ywHeﬁ[’" @A), 18)

Proof. From generating function (8), we have

7
a

("o (A, b; 7)) (1 + “LIT)TM (1+ yrz)

= (1+u1) Z e (@ b 0) S

m—1,a] ™ - [m—1,a] ™
ZH@ EHmmnbir) = 2 e
[m 1,4] ™
w:O
Then,
2 S (R u,bA)— = 2 el é‘,n,y,bA)T—,
THhw

+ Z w g€ (E i, by A)

w=0

UJ
w!
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Thus, we have

[m—1,a] ™ o o [m 1,4]
Z (R R A)f, = Z{ (G mmb;A)
w=0 w=0
[m— 1oc ™
+Hon €l @ b A)]f,
In view of the above equation, the result is
e @ b)) = gl M@ b A) — o€ E b A

Therefore, we obtain (17). The proofs of (16) and (18) are analogous to the previous proce-
dure. O

Theorem 4. For m € N, the new families of Hermite—Apostol-type degenerated polynomials in invariable x,
with parameters A € C and y € Z, order « € Ny and level m comply with the following relationships:

aBI T Ay = g8 @y b A) — pw(w — DB E g bA),  (19)

nel N E A = nell @+ b A) - po(w - Vel @ biA), @)

aO M E i A) = nS T E b A) — pw(w — D" @ i biA). @)

Proof. From generating function (9), we have

RNz o w

& 1 _
(@0)"e i biT) A+ pr)r (L +pd) 7 = (L4pr?) ¥ ol @ bia) o
w=0

o glm—1a] T v glmlal e T
YouGy NEntmpbA) o= Y 6s N EmubA)
w=0 ' w=0
2 Y el g A)L,
w=0

Then,

> [m—1,a] . . ™ _ [m 1,4]
Y u6o C@Entmpb) = &b /\)

w=0 . i::
P -

&m0 Mo (@ w=1)~

Thus, we have

w

> ol e rmnbn s = g{ Sl G i b )

w=0
v

uco(w = 1)l @ i b 4) |

Comparing the coefficients of T on both sides of the equation, we obtain the result (21). The
proofs of (19) and (20) are analogous to the previous procedure. [J

Theorem 5. For m € N, for the new families of Hermite—Apostol-type degenerated polynomials in invariable
x, with parameters A € C and y € Z, order a € Ny and level m, the following properties are maintained:

BH%L’,"*l,a](C,U;H,b;A) 7(41—1 L K o1 o
% - k;:)(U(il) Prr1\ ok HB, 1~ k(@ u,b;A), (22)
aHQE‘[;nil’a]((:,ﬂ;y,b;A) 7(41—1 i K o1 -
% - k=0 W( 2 # k+1 k Hew 1— k(g 7,1, b; A) (23)
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[m—1a] . . w-1
Ig®, ((:,iy,y,b,)L) . vk k k! w-—1 [m—1,a]
3 —éw( D () r%e & biA). (24)

Proof. Partially differentiating (7) with respect to ¢, we have

ad a

Tw P : y
Y o= w8l E b A)*, = Tma[U(A;Vrb;T)]D‘%(l+VT)"(1+P1T2)Z/
w:O
- T'”"‘[U(A;y,b;r)]“(l+}41)%(1+y72)%ln(1+y1)%
1,4] v
= Z %m ”‘(grl ]’t/b /\)7'
- (_1)w w+1 w+11
X(wz ot
(o] w 1
= Y Y umr @ bin
w=0k=0
_ k k w k' Tw+1
(17w (k>k+1 o
Thus, we have
%[m 1,4] b/\ v _ = — m—1,u]
Z 5eH ‘@i, > = ZZ sl & )
w=0 k=0

w-—1\ k' ™
X(_l)k“k“’( k >k+1a'

Comparing the coefficients of 7 on both sides of the equation, the result is

o e b d) 9 K (0—T1) o mta
% —k;w(q)y rril k JHBe-1” k(é n;u,b;A).

The proofs of (23) and (24) are analogous to (22).

Theorem 6. For m € N, for the new families of Hermite—Apostol-type degenerated polynomials in invariable
x, with parameters A € C and y € Z, order o € Ny and level m, the following properties are maintained:

R (R = 2k (w—2
H a(;f nipbiA) Y wl(w—1)(~ )k"kk+1( o >H£BEL” L@ mnbin), @)
k=0

[m—1,a] e w—k

e b A W (W0 —2\ meta

H=w 8(5 b)) _ Y w(w - 1)(71)kak—(w2k )Héi_za_]z(g,n;y,b;/\), (26)
k

oGy (&, ;b A) e L 2k (w—2 4]
81’] = kzo(d((dfl)(*l) a m 2%k st ok 2((: 1, ]/[,b )\) (27)
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Proof. Partially differentiating (7) with respect to 77, we have

==

m— IX mtx a
Z H%[ Y b; A) (A, ;)] (1 + pt) 3y 1+ #7)

- rm“[aw,b;rn“(l+m>5<1 +p) i In (1+V72)%

> m " ™ = (-D)Y o1

w=

0

o) w

=Y Y a2 i)
k=0

w=0

( 1)k Tw+k+2

Thus, we have
0 %[m 1,4] biA ™ _ S = m 1v¢] b
ZaﬂH ‘e, )7' - ZZ B (& b A)
w=0 w=0 k=0
vk, k . w—2 2k! i
() Wewlw 1)( 2% )k—i—lw!'

Comparing the coefficients of 7% on both sides of the equation, the result is

0Bl (& biA) _ ek 2K (0 =2\ ot
o a k;)w(w D(=1)w k+1\ 2k HD o 2(577 H,b; A).

The proofs of (26) and (27) are analogous to (25).

Theorem 7. For m € N, the new families of Hermite—Apostol-type degenerated polynomials in invariable x,
with parameters A € C and y € Z, order « € Ny and level m comply with the following relationships:

): B M@ eS N @A) = Y (‘,;’)H%[m dHba)@8)
k=0

x B (28, 205, b, 0),

w

L uel e mnnnue ey = 5 (V)uelenn 0
k=0

X HGI[(m*l"X} (2¢,21;1,b; M),

w

ZH@[W vl (e 1 b; ,\)H@m L (g, muwbA) =), (C;)Hﬁ[m 1“](}!,11;?\) (30)
k=0

x " (28,2710, b; ).

Proof. Consider the following expressions:

(/J
w!

T'”“[U(A;y,b;T)]"‘(l+m')%(1+m— = Z m 1“] (&1 ub; /\) (31)

and

¢ £ 1 m—1,a]
Mo (A p b)) (L ) (L p?) e = Z 8" s, 0 0)
r=0

w
w!

(32)
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From (31) and (32), we have

2

[T o O A pr) ¥ (14 ) ¥ =

W ®
Y sl “‘(CwleﬁZ B, i)

w=0

w
w!

v
w!

Z "1 07 21, 5;1) L

) H%z[f;n_l'a](
w=0

w
w!

Y Bl 1“(677%11?\ Z B (@ g, 00)

w=0

o0 w CL)
Y ( )a%’” 0 A B 22,20, 1,1 A)
w=0k=0

[eS) w w 1 1 T
) (k)H @b A)ms[’” A& b2)
w=0k=0
Hence, we get contention (28). O
The proofs of (29) and (30) are comparable to (28).

Theorem 8. For m € N, the new families of Hermite—Apostol-type degenerated polynomials in invariable x,
with parameters A € C and y € Z, order « € Ny and level m comply with the following relationships:

m— 1)%w! m—

W8l @b -2) = ﬁpﬁ& Sl GUATROPNE (33)
m— {X _2 ' m—1,x

nel @ bi-a) = 7((11 Jr)m;;!H%Lmlﬂ;](é,U;ﬂ/b;A)- (34)

Proof. Proof of (33). Considering the generating function (7):

P (A O (4 ) E = Y sl G b ) T
w=0
e G N S s
we have
iOH%ﬁ[Tfl’“](é,m#,b;—A)% = (;32“ Z rel N b A Tn+m
w= : =
wi;OH%([Tfl’“] & mwb; —A)g = (;2“ wi;OH@ffl’“] @ biN) e fu;m)!.
Therefore, by the above equation, we obtain the result. [
Proof. Proof of (34). Considering the generating function (8):
2 (A, by ) (14 ) (L ) E = 2 el e ) T
Eo bl (e i (e = el e -0

Tme
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we have
) ™w 0 _ T(“J_m“)
I R R E I G ML) DR S (A 2
w=0 w: w=0 w
ke G[m 1,a] b —A L _ 2)me = %[mfl,tx] b A ™
ZOH w0 ((:, U0, — )U = (7 ) ZOH n+mu (glﬂlyl ’ )m
w w=

In view of the above equation, we obtain the result. O

Theorem 9. For m € N, the new families of Hermite—Apostol-type degenerated polynomials in invariable x,
with parameters A € C and y € Z, order « € Ny and level m comply with the following relationships:

ol e b —A) = (=2 B @ b A, (35)
w'

H@jflf”‘]((f,ﬁ;#,b;/\) = mﬁl (31 niaa](g ;b A). (36)

Proof. Proof of (35). Taking into account the generating function (7), we can observe that

&
i

B N R R L ot s (A

(AJ
w!

n
a

2 (Ao b () ()t = (2 sl b T 67)

w=0
Therefore, from (9) and (37), we obtain
. -1, ™ . 1, T
ZOH"jf[? b0 = L (=™ nBl T (b 2)
w= w=0

In view of the above equation, we obtain the result. [

Proof. Proof of (36). From (9), we have:

Tv
w!

2 S @ g b 0)

n—+me Tw

,1,
> wel e, HbiA)

2T (s, b )1+ ) (14 )

2 el (g b 0)

then,

w Tw
w!’

= Z rO (& b 0)

w=0

[m 1,4]
Z:; meE b /\)m

Therefore, by the above equation, we obtain the result. O

3. Conclusions

In recent years, Apostol-type polynomials have become the subject of intensive research due
to their diverse range of applications, while Bernoulli, Euler, Genocchi, and Hermite polynomials
are well-known families of polynomials with many applications in areas such as numerical analysis,
asymptotic approximation, and special function theory, which have led to a wide range of uses in
engineering and applied sciences [20]. Due to the importance of these application areas, many exten-
sions of Apostol-type polynomials have been studied, such as degenerate Apostol-type polynomials
in [19], Hermite-based Apostol-type polynomials in [2], Laguerre-based Apostol-type polynomials
in [3,24,32], and truncated-exponential-based Apostol-type polynomials, especially in the last decade.
In the literature, extensions of several structures are considered essential if the extension unifies
existing structures. Unification focuses researchers on investigating advanced properties rather than
just studying modified families that have similar properties to the existing area.

The objective of this paper is to examine new families of Hermite-Apostol-type degenerated
polynomials, specifically the Apostol-Bernoulli, Apostol-Euler, and Apostol-Genocchi Hermite
polynomials of level m. These polynomials have significant applications in the areas of applied
mathematics, physics, and engineering. The properties of these polynomials are established based on
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classical special functions. The theorems presented in this study demonstrate the usefulness of the
series rearrangement technique for the treatment of special functions theory.
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