<4 4 MODERN TRENDS IN SPECIAL FUNCTIONS, FOURIER ANALYSIS AND APPLICATIONS

A Note on Fourier Expansions of Periodic U-Bernoulli, U-Euler
and U-Genocchi Functions

Alejandro Urieles®*, Maria José Ortega®, Cesarano Clemente®

% Programa de Matemdticas, Universidad del Atlantico, Km 7 Via Pto. Colombia, Barranquilla, Colombia.
b Departamento de Ciencias Naturales y Exactas, Universidad de la Costa. Barranquilla, Colombia.
¢Section of Mathematics, UniNettuno University, Corso Vittorio Emanuele II, 39, 00186 Rome, Italy.

Abstract

In this paper, we investigate several analytic properties of the U-Bernoulli, U-Euler, and U-
Genocchi polynomials, building on previously studied families of U-type special polynomials.
We then derive the Fourier series expansions of the corresponding periodic functions and
establish their connections with the Riemann zeta function. In addition, we provide new
bounds for the associated U-Bernoulli, U-Euler, and U-Genocchi numbers.
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1. Introduction

Fourier series and generating function theory is an active branch of modern analysis
that has gained importance due to its applications in methods of analysis for mathematical
solutions to boundary value problems, engineering, and signal processing in communications.
On the other hand, the Riemann zeta function and its generalizations are useful in the
investigation of analytic number theory and allied disciplines, especially in the role played
by their special values in integral arguments (see [4; 14]).

It is well known that the classical Bernoulli, Euler, and Genocchi polynomials, with x € R,
are respectively defined by the following generating functions (see [7; 16]):
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For x = 0, the numbers B, (0) = B,, £,(0) = E,, and G,,(0) = G,, appear.

If n > 2, the Fourier series for periodic Bernoulli functions of period 1 for even index is
given by (see [10] )

Bon(2) = (—1)™! (22(727)‘2); S COS(TiZ}l”); reR, (neN), (@)

and for odd index

w1 2020+ 1)1 N sin(2mrr)

(27T)271+1 m2n+l
m=1

B2n+1(ﬂ3) = (-1

; xeR, (neN). (5)

Bon
By (5) and integration of the series for Banta(2)

T
Riemann zeta function ((2n+ 1), n € N (cf. [10] ):

leads to the series representation of the
e e iz
C(2’n/ —+ 1) = (—1) +1m ; Bgn+1( )COt ( ) > dzr. (6)

Given that, E,(z +2) = —E,(z 4+ 1) = E,(z), z € R, if n € N, the Fourier series for the
periodic Euler functions of period 2 is given by (see [11] ):

(o) = 411 Ca) 3 TEUET (e ) )

(2m + 1)m)?ntt’

Egn(l')

a

Using (7) and integration of the series for
((2n+1), n € N (cf. [11]).

Given that, Gn(z +2) = —Gp(z + 1) = G,(x), for 2 € R, the Fourier series for the
periodic Genocchi functions of period 2, is given by the relation (see [12] ):

leads to the integral representation of

~ > sin 2m—|—17m
() = 417+ 1013 | Gt e em) 0
G2n+1( )

By using (8) and integration of the series for
of (2n+1), n e N (cf. [12] ).

leads to the integral representation
x
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In the present work, considering [9], we investigate Fourier expansions for the new peri-
odic U-Bernoulli, U-Euler, and U-Genocchi functions for finding new relationships with the
Riemann zeta function, respectively. Moreover, we study special bounds for the respective
numbers. In the next section, some formulas for the U-Bernoulli, U-Euler, and U-Genocchi
polynomials will be derived, and we will recall some known results necessary for the present
investigation. In Section 3, we give the Fourier series of the functions f,. Also, we give a
connection with U-Bernoulli numbers and the Riemann zeta function, and we find a bound
for these numbers. We do the same job in sections 4 and 5 for the two families, g,(z) and

ho ().

2. Preliminary and basic results

Let s = 0 + ip, be a complex number with o, p € R. The Riemann zeta function is defined
by (see [1, p. 249])

((s):= Z %, o> 0. 9)

The Euler formula is given by

" = cos (v) + isin (). (10)

We can see from (10) that (cf. [5])

itanx =1 — o (11)
Moreover, let us notice that:
. eix _ e—ix 2 4
tans = Tl T am oy T em 1 (12)
From (12), it follows that
2i 4

tan(—z) = —i +

)

e—2iz _ |  e—diz _ |
therefore

2ix 4ix
—2ix _ | p—diz _ |’

rtan(—z) = —iz +
e
It is known that the integer part function |z | is defined by
|z] :=max{k € Z: k < z}.

The new family of U-Bernoulli polynomials M,,(x) of degree n in variable x is defined by
the following generating function (see [9])
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Fy(x,z) = < — - ) e v = ZA/I"(:E)%T;’ (|z] < 2m). (13)

e % —1

Some U-Bernoulli polynomials are:

My(z) = —1 M (z) =2 — 3,
M(z)=z—1, My(z) = —a* 4 223 — 2? + £,
My(x) = —a* + 2 — 2, Ms(x) = 2® — 3a* + 22° — L,

T =Y M (2] < 2n). (14)
Some of these numbers are:
My=—-1; M, = L My = L M; =10
0 — ) 1 — 2, 2 — 6) 3 — Y.
We can easily prove that for n € N odd,
M, =0, Vn>3. (15)

The new family of U-Euler polynomials A,,(x) of degree n in variable z is defined by the
following generating function (see [9])

n

Ea(z;2) = ( 2 )f’i = ZAn(x)%, (2| < 2m). (16)

5+ 1

n=0

Some U-Euler polynomials are:

i

2.

&
I

As(x) = —%:1:3 + 32— L

}7 z 1,4 1163 132’
) =35 ) =y ettt

When 2 = 01in (16), A4, = A,(0) we will call them the U-Euler numbers. We have therefore

2 oS Al (] <2m) (17)

— 4 =
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In (17), we can prove that if n € N is an even number,

A, =0, Vn > 2. (18)

The new family of U-Genocchi polynomials V;,(x) of degree n in variable z is defined by
(see [9])

e"z 41

Gv(x,z):( 2 ) ?zivn 2] < 27). (19)

n=

Some U-Genocchi polynomials are:

Vo(z) =0, Vs(z) = 49012 ng, 1
Vl(a:) =1, V;L($) —§$3 + ZSEQ 3
Vo(z) = —z + 3, Vs(z) = 2ot — 22% 4 2o,

2 o0
=Y (el <), (20)

Some of these numbers are:

Starting from (19), it is possible to establish, for n > 1 a relationship with the U-Euler
polynomials employing

Vo(z) = nA,—1(x). (21)
Furthermore, by setting x = 0 in (21), it follows

V,=nA,,, VYn>1 (22)

Proposition 2.1. The polynomials M, (x) satisfy

!

M, () = —nM, (), Vn € N. (23)
My (x +1) — My(z) = n(—=1)"""z", Vn € N. (24)
62
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PROOF. In view of (13), we have

0 z
%<6 2_1)——nZMn1 -

Besides,

bl -z o
5 () =
So, the uniqueness of the power series leads us to

M, (z)  —nM,_(z) .

n

n! n!

Hence, assertion (23) follows.

We will now provide (24). We start from (13)

z _ z _ ze P (e — 1
e (z+1)z _ e — ( ) — e

e ?—1 e~ —1 e%—1

—Tz

Turning to the power series, we have that

e n+1 > n+1

DM (o4 1) = M)}y = 21" 0+ D

e (n+1)!

So, assertion (24) holds. Proposition 2.1 is proved.

Taking = = 0 in (24) for n > 2, we get

M,(1) = M,. (25)
Proposition 2.2. Let n € N, then the polynomials A, (x) satisfy

An(fli) = __An—l(x)v (26)

Ap(r+ 1) + An(z) — (2_”1_)1” . (27)

PROOF. By differentiating (16), with respect to z, the power series’ uniqueness leads us to
(26).

We will show the assertion (27). Starting from (16) we have
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_(z+1)z Tz
2

2e
ecr+1 e 3+ 1

Turning to the power series we have that

i n n oo 1\ gnan
;An(:ﬂ )=+ ;An(x)% - 2; <_§> e

from 28 we obtain (27). Proposition 2.2 is proved.

Let’s notice that, making 2 = 0 in (27), we obtain:

An(1)+An(0) = 07
A1) = —A,

Theorem 2.1. For every n € N, the polynomials V,,(z) satisfy the properties:

’ n
Va(2) = =5 Vo (2),
n(_l)n_l n—1
PROOF. From (26), we have
’ n
A, (z) = —§An—1($)

By using (21), we obtain

then

Whence it follows that

@) = 2DVl oy

- o[-t

_ [_” - 1An_2(x)]/ G b S

n(n—1)V,_1(z)
2 n—1"

(28)

(29)

(30)

(31)
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Then, the U-Genocchi polynomials satisfy (30).

We will now prove the assertion (31). Starting from (27) and using (21), we have that

Ap(x+ 1)+ Ap(x) = T
Vn n -1)"
Ve D) Vel _ (D",
n+1 n+1 2n—1

So, (31) follows. Thus, Theorem 2.1 is completely proved.

For x =0 in (31), we get

V(1) = =V,,. (32)

3. Fourier series of the periodic U-Bernoulli functions

In this section, we give the Fourier series of a periodic function involving U—Bernoulli
polynomials and introduce the relationship of the U-Bernoulli numbers with the Riemann
zeta function. Furthermore, we give a bound for U-Bernoulli numbers.

Theorem 3.1. Letn € N,

ful@) = My (x = [2]), (v € R). (33)

Then, the Fourier series for f,(x) is

(_1)nn| ' e2m’kx
(2mi)™ kno

fulw) = My(z — [2]) = (34)

where Z, denotes a sum over the integers not including 0.
PROOF. The function f, is a periodic function with a period 1" = 1.
falz+ 1) =My(z+1—|xz+1]) = M,(z — |z]) = ful2).

So, fn(x) has a representation in Fourier series, which is given by (see [4]):

fula) = 3 Fulk)e i,

keZ

Firstly, note that for every = € [0,1),

folz) = My(x — |z]|) = My(xz — 0) = M,(x).
Now, let’s calculate the coefficients fn(k) For k = 0, applying (23) we have
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-1

M1 (0) = Mua(D] =0, ¥n =1,

fn(o) _ /O fn(a:)e_%io“dx _

Now, for £ > 0, n = 1, we obtain

fi(k) = /01 M (z — |z])e ™ dy = /01 (m B %) o 2mike g

Integrating by parts, it follows

; 1 (e2mike\ ! 1 ' omika
Silk) = {_ (I_§> (27rz'k9:>L+2m'k/O ©

If u = 2mikx, we see that

1 1
/ e~ 2mike — / [cos(2mkx) — isin(2mkx)]dz = 0.
0 0

This implies
(35)

Let’s see now the case k£ > 0, n > 1.
fu(k) :/ M, (v — |z])e ™ dx :/ M, (x)e 2™k g,
0 0

Integrating by parts, with u = M, (z) and dv = e~ ?"**dz and using (25) we get

o —1 n 1 .
(k) = ——[M,(1) — M, (0)] — M,y (x)e™ 2™k gy
Jalk) = o [Ma(1) = M, (0)] 2m,ﬁ/o (e d
n ! 2mik
= — M,_ —2mike gy
i

Integrating by parts again, with u = M,,_;(x) and dv = e~2"*%dz, we can apply (25), to get

. -n My () 5 i R | /1 Comik
n(k) = - T — M, _o(x)e """ dx 5
Ju(k) 2mik { [ orik o 2mik g 2(r)e "

~1)%n(n—-1) [! ik
— ( ()27rz'(k)2 )/0 M, o(x)e ke g,

——4 3
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So, integrating by parts (n — 1) times we get

f — (_1)n_1n! ! —2mikx
fn(k) - W/o ]Wl(x)e dx.

Now, it follow from (35) that

fn(k) =
This finishes the proof of Theorem 3.1.

Theorem 3.2. Forn > 1, the U-Bernoulli numbers satisfy the following relationship with
the Riemann zeta function:

2(2n)!(~1)"

Mo, =
2 (2m)2n

¢(2n). (36)

PROOF. We employ the Theorem 3.1. By making = = 0 in (33), we have

B (_1)nn| ' 627rik(0)
0 = T i
ke
B B ~(=1)"! 1
= M,(0) = M, i) z;k
Therefore,
) 1
Mo = (2mi)? Z L2n” (37)
keZ
Notice that, from (9)
21_'“+ N SRR SR B
— L2 (=2)%k 7 (=1)2k © (1)2k © (2)%*
1
= zzﬁzzg(m). (38)
ke
Consequently, (37) becomes
(2n)! 2(2n)!
= ————2((2n) = ————F——((2n).
MQn (277_)271(2-2)” C( Tl) (27_‘_)271(_1)71(( ’TZ)

So, (36) follows and Theorem 3.2 is proved.

——4 9
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Theorem 3.3. For alln > 1, the U-Bernoulli numbers M,, satisfy the inequality,

(2n)! (2n)! =2
< [May| < - (39)
(2m)2n (2m)?" 3
PROOF. From (36), gives
2(2n)! 1
My, | = —. 40
| Mo (27)2n £ L2n (40)
Now, let’s consider the following chain of inequalities:
k2n Z k,2
1 1
© 2w S L@
k>1 k>1
2(2n)! 1 2(2n)! 1
< _
= (271')2" Z k2n — (271')2” k2’
k>1 k>1
hence
= (2m)2n — k2
Now, by Theorem 3.2 with n = 1, we have
27)? 47r? 1 2
Z%: 2( 7T1) 2M2:i4 <_6) :%’
therefore
2(2n)! Z 1 (2n) =
(2m)>m e k> ~(2m)n 3
So that,
(2n)! 2
< — > 41
|M2n| = (277')2" 3’ n 1 ( )
On the other hand, notice that
2(2n)! 1 - (2n)!
(27T)27L — k2 — (27T)27L
then
(2n)
Moy, | > , E>1 42
| 2 |— (27T)2n ( )

Therefore, we derive (39) from (41) and (42). Theorem 3.3 is proved.
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4. Fourier series of the periodic U-Euler functions

In this section, we give the Fourier series of a periodic function involving U—Euler poly-
nomials. Furthermore, we give a bound for U-Euler numbers.

Theorem 4.1. Letn € N,

gn(x) == Ay(z — | z]), (r € R). (43)

Then, the Fourier series for g,(x) is

gl@) =Y lgg (_%)H (j " 1) A,,L_gég); D!, (_;)ﬂ %] G2TiE (44

kEZ

PROOF. In analogy to (33), we find that g, is also a periodic function with period T' = 1,
hence, it admits a Fourier series expansion given by

gn(x) _ Zﬁn(k)€2mm>
kEZ
where

Now, let’s calculate the coefficients g, (k).

For k =0, n € N and using (26) and (29), we get

gn(0) = /OAn(x—Lmj)e_Qmomdm

2 (—2)2A,4

ft — _2A7L ft
pil Al n+1

this is true for all n > 1. For £ > 0 and n = 1, from (26) and (29), follows

' i /1 =z .
fh(k) = / Al(J? _ LTJ)B_QkadYE — / (_ _ _) e—2mkxdx‘
0 o \4 2

Integrating by parts, with u = 1 — £, dv = e ?™*dz using (26) and (29) gives

)

1 (1 =z -k | . 1
(K _ N -+ —2mikx o / _ —2mikx [~ d
g1(k) { omik (4 2) € L | _27Tik€ 5 T
1 1 - L
— - f 672mkx o 1 1/ 727rzkzdm'
2mik |\4 2 o 2mik2 J,
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Therefore,

-2 ()

Let’s consider now, n > 1 and k£ > 0. We have in this case,

! 1
gn(k) = / An(l' — LwJ)e—Qﬂikxdx — / An(x)e—QTrikxdx,
0 0

integrating by parts, with u = A, (x), dv = e ?"*2dz and using (26), (29) we get

N _ 1 —omik _n 1 /1 —omika
gn(k) = ik [A,(1)e A, (0)] 22k |, An_1(x)e dzx.
So that,
1 n 1 ! A
A,n = — _2An I A'n— —2mikx .
gnlk) = =5 (7240 22m'k:/0 (@) de

Integrating by parts the last integral, with u = A,,_1(x), du = —@An_g(ﬂﬁ) and using (26)
and (29) it follows that

. [—24,] n 1 1 gl (n—=1) 1 /1 s
n = - - = — An— T — — An— TIT
gn(F) 2k 2 2mik 2mik [ i(@)e ]0 2 2mik J, 2(x)e du

24, 1\ 2nA,_; 1\? nin—1) [* i
- - )y mRm g Ty,
Skemi ( 2) (2nik)? +< 2) (2hmi)? /0 a(w)e” T da

Integrating by parts the last integral, with u = A, _s(z), du = —@An_g(ll?)dﬁl? by (26),
(29) and using the notation

24, 1\ 204, .
e R bt
© 2k:m'+( 2> e

2

1\’ n(n—1)24,_, N\’nn—-1)—-mn-2) 1 [ o
I n _Z A, 2kmix
Ot ( 2) (2kmi)? 2kmi T ( 2) kmi)? 2 2kmi /0 s(a)e T de

e () () e

k) = 0+ (2) DL e - DL [ e

Integrating by parts the last integral (n — 1) times, we can say
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2 2

o) — 3 (_l)j(mm n! +<_1)”—1 nin—1)---(n—(n—1)) /OlAl(x)e—%mdm

ki)t (n — j)!

B (‘%)H ZAH_(QET(?)J'_ = (j— 1)!(3!— FE T (‘%) (2/;:2')7%'

(2kmi)n—1

Then,

0= (3) o (3 (L)t w

Therefore, from (7) and (46) follows (44). Theorem 4.1 is completely the proved.

Proposition 4.1. The U— Bernoulli numbers defined in (14) and the tangent function are
related by

- ]\42" 2 n n n n
tan(—xz) = Z(Zn—;wzl U1 — 47 (=) gt (47)

PROOF. By (14) and (2) with z = 2ix and z = 4ix and taking into account (15), we have
the following

- - Mn n n;n,.n
rtan(—z) = —ir+ g_OF[Z —4"i"x
= —x -+ (—5) [—Z]ZI'FT[EQF[Q —4 ]Z xT

= Z (‘];4;7)1' [4n _ 4n4n](_1)nx2n'

Hence,

2 tan(—z) = ; (]‘24;;!4n[1 (1),

So (47) follows. Proposition 4.1 is demonstrated.

— 4 X
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Proposition 4.2. The U-Euler numbers defined in (17) and the tangent function are related
by

42n+1 (_1)n+1x2n+1

tan Z A2n+1 (27], i 1)' . (48)

n=0

PROOF. Using together (16) and (11) with z = 4ix and taking into account (18), it follows
that

itan(—x) = 1—21471M = 1—214"4 v

n!

n=0 n=0
> 4’n+1 ‘n+1 n+1 4n+1 -n n+1
= — g A "~ zg App———————
n+ (n + 1 n+ '
n=0

oS
42n+1 2nl2n+1

= _ZZAQTL-H 2 +1)

So,
42n+1 ( 1)n+1$2n+1

(2n 4+ 1)! (49)

@tan —’LZAzn+1

Thus, by (49), the desire result follows. Thus, we complete the proof of the Proposition 4.2.

Proposition 4.3. Forn > 1, the numbers M, and A, are related by means of the following

formula
n22n71
My, = ——Agp 1.
2 1= In—1 (50)
PROOF. We have from (47) and (48) that
M2n+2 A2n+1
4n+1 1 — 4n+1 -1 n+l 42n+1 -1 n+1
(2n+2) [ I=1) (2n+1)! (=1)

Appp 4201 (= 1)+ (2 + 2)]1
4n+1[1 _ 4"“](—1)"“(271 + 1)!
Agp 14747 (20, + 1)1 (20 + 2)

An+1[1 — 47+ (20 + 1)
Ao 14™(2n + 2)
[1 _ 4n+1]

Then,

4n(2n + 2)

My(n11) = m 2n4-1-
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From the previous equality, it follows that

Ao 111471 (2(n — 1) +2)
[1 _ 4(71,—1)-1-1]
Agp_14"71(2n)
1—4n
Agyd'n _ n2 7t
2(1 —4n) 1 —4n 2l

MQn =

Proposition 4.3 is demonstrated.

Proposition 4.4. For n > 1, the U-Euler numbers defined in (17) are related to the Rie-
mann zeta function as follows:

4n—1 (27T)2n(_1)n

2n) = Agpy. o1
B = Sy = (51)
Furthermore,
(4" —1)(2n)! 2(4™ —1)(2n)!7?
A T <Ay, ] < 2
o i(ome < Anal S Ty, (52)
PROOF. The representation (51) follows from (36) and (50)
2(27])'(—1)” T?/Agn,122"_1
SN f(op) = 2l
onz o) 1—4n
So, we obtain
A‘n— 4n—1 2 2n —1\"
C(Zn)= 2n—1 (7‘-) (n)
2(2n — 1)![1 — 47
From (50) it follows that
1 —4"
A2n—1 ( 22”_1) 2n -
This implies
(1—4") 4" -1
il =[St = S . (53)
Now, from (41) and (53) we have
2(4™ — 1)(2n)!x?
Aoy ] < o4
[Azna] < 3n(4m)2n (54)
73
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On the other hand, from (42) and (53), we get

L 4m—1 (20)
- p22n-1 (27-(-)277, '

| Agn—1] (55)

Then, from (54) and (55), (52) follows. Proposition 4.4 is completely proved.

5. Fourier series of the periodic U-Genocchi functions

In this section, we give the Fourier series of a periodic function involving U-Genocchi
polynomials. Furthermore, we give a bound for U-Genocchi numbers.

Theorem 5.1. Letn > 1, x € R and let’s consider the function

hu(x) = Vil — []), (56)

where | x| is the integer part function. Then, the Fourier series for h,(z) is given by

n—2 i1 ) .
hn kY=mn 2 <——) < ) ?+ 4+ —= : e?kzmx'
o keZZ [ j=1 2 J=1)n—j+2(2kmi)] 2 (2kmi)"
(57)

PROOF. Analogously to (33), the function A, is also a periodic function with period 1" = 1,
hence, it admits a Fourier series expansion given by

h"(x) _ Z Bn(k)GQWikx,

kez
where

1
ho (k) = /O o () e ™27 .

Using the relationship between U-Euler and U-Genocchi polynomials given by (21), we can
get a Fourier expansion for the U-Genocchi polynomial as follows: Firstly, let’s see that

hn(2) = V(o = |2]) = nAn (2 = [2]) = ngn (2).

Hence, applying (21) to the Fourier series for g, (x) given by (44) yields (57). This completes
the proof.

On the other hand, the relationship between U-Euler and U-Genocchi numbers given by
(22) allows us to find directly, the relationship between the U-Genocchi numbers and the
Riemann zeta function. We can now state the following result.
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Proposition 5.1. For n > 1, numbers V,, are related to the Riemann zeta function as
follows

C(2n) B 471,—2(27.‘.)271,(_1)71

~ n(2n — 1)1 —47] Van. (58)

Furthermore,

4(4™ —1)(2n) < 4(4" —1)(2n)!x?

|
< |Vay|

2271(47-(-)271 - 3(47T)2n <59)
PROOF. From (21) and (51), (58) follows.
477,—1(271_)277,(_1)71, _ 471,—1(27.‘_)271,(_1)71 @

¢(2n)

2(2n — )1 — 47121 7 2(2n — 1)![1 — 47] 2n

4n=1(2) (1) 4n=2(2 )2 (1)

= dn(2n — 1)![1 — 47] Von = n(2n — 1)1 — 47 Von.

Using (52), we get a bound for the U-Genocchi numbers as follows:

(4" — 1)(2n)! 2(4" — 1)(2n)!x?
- < . <
n2%n-1(2m)2n A < 3n(4m)n
(=)@ _ Ve | _ 24— D)
n22n=1(2m)2n = | 2n 3n(4m)n
2(4™ = 1)(2n)! 4(4™ — 1)(2n)!7r2
< <
2277,2—1(27-(-)271 — |V2”| — 3(477)271
4347 — 1)(2n)! 4(4" — 1)(2n)1n
< <
2271(47-(-)271 — |V2"| — 3(47T)2n

Proposition 5.1 is completely proved.
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