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Definition: This survey highlights the significant role of exponential operators and the monomiality
principle in the theory of special polynomials. Using operational calculus formalism, we revisited
classical and current results corresponding to a broad class of special polynomials. For instance,
we explore the 2D Hermite polynomials and their generalizations. We also present an integral
representation of Gegenbauer polynomials in terms of Gould—-Hopper polynomials, establishing
connections with a simple case of Gegenbauer-Sobolev orthogonality. The monomiality principle is
examined, emphasizing its utility in simplifying the algebraic and differential properties of several
special polynomial families. This principle provides a powerful tool for deriving properties and
applications of such polynomials. Additionally, we review advancements over the past 25 years,
showcasing the evolution and extensive applicability of this operational formalism in understanding
and manipulating special polynomial families.

Keywords: operational calculus; exponential operators; Hermite polynomials; Gegenbauer polynomials;
monomiality principle

1. Introduction

This monograph was brought about by the current operational methods involving ex-
ponential operators and the corresponding identities commonly used for the study of special
functions and diverse classes of orthogonal polynomials, both in one and several variables.

We only present a limited sampling of the many results related with methods in-
volving exponential operators and their connection with special functions and orthogonal
polynomials, placing emphasis on some of the contributions of the last 25 years (see, for
instance [1-12] and the references therein). We would like to include all results but the
length of this paper would not suffice. In addition, we do not prove most of the results we
quote. We hope, nonetheless, that the readers will find something here of interest.

The outline of this paper is as follows. In Section 2, we give some basic features of
exponential operators. Sections 3 and 4 are devoted to showing a brief state of the art about
recent and interesting results involving some generalizations of Hermite and Gegenbauer
polynomials via exponential operators, as well as relevant implications of monomiality in
the theory of special polynomials. Finally, we provide concluding remarks in Section 5.

2. A Look at Exponential Operators

In operational calculus, operators act on functions to produce other functions. Com-
mon operators include differentiation, integration, and various transform operators. Fol-
lowing the ideas of [1,6], we deal with the formalism of the exponential operators. We
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establish the rules relevant to the action of an exponential operator on a given function and
the rules for the disentanglement of exponential operators.

Let f be a real function, which is analytic in a neighborhood of the origin; then, it is
clear that f can be expanded in a Taylor series and, in particular, we can write

f(x+A) Zj;'f (1)

where A is a continuous parameter. The identity (1) induces an operator T, whose action on
the function f yields a shift of x by the parameter A. More precisely,
00 /\l’l di’l 00 /\l’l
T = X g = 2l 700 = e+ )

n=0

The operator T is usually called a shift or translation operator and denoted by eMir. So, (1)

becomes o
- L () = flx+A). 2)

The apparent trivial operational identity (2) and the use of suitable variable substitu-
tions allow us to state other important identities, namely

i f(x) = flex), ®
MEf(x) = f<1—x)\x>' |x|<%, A >0, (4)

e/\x";ix x) = X x # w1
£) f((l_A(n_l)xnl)nl_l) (o) ©®

where A > 0and n > 2. .
To generalize the action of the shift operator ¢, it suffices to consider the exponential
operator

Mg
where the function g satisfies
¢'(0) = q(9(6)), (6)

with ¢ being a real function which is invertible in a neighborhood of the origin, such that
x = ¢(0) (for a detailed explanation see [1,6]). Then, the following identity holds:

MG f(x) = f(9(07 () +2)). @

Using (7), we can define the following more complicated operator form:

E(x; M) := M@+ &) 8)

4

where v(x) is a function of x that does not contain differential operators.
In this case, we have

A+ &) (M) 400z~ () +000) ) M )+ = x(A)g(A). (9)

It is easily realized that the functions x(A) and g(A) are specified by the following
system of first-order differential equations:

{ Lx(A) = q(x(1)), x(0) = xo,
(10)
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Furthermore, the relation
M) (G5 +o(x)] o — (x(1))"g(A)
implies that
MG H O] £(2) = £(x(A))g(A). (11)

Since the exponential of two operators Aand B generally does not satisfy the power law

— oAeB

o)

AT
there are many results which allow the calculation of the compensation between the first and
second member of the above relation, by using the value of the commutator of the operators:

[A,B] = AB — BA.

Using the identity (8) with g(x) = 1 and v(x) = xo, it is not difficult to show that the
system of first-order differential Equation (10) becomes

{ dx(r) =
x(0) = xo,

and the solution of this system is given by x(A) = A + x¢. Then,

~—

1,

d
8 = (A +x0)g(2),
which gives
g(A) = o5 A — o

Since the independent variable x can be effectively generalized via the parameter A,
such that x — x(A) and x(0) = x, we have

2 22
e)‘(”%)f(x) = eATer(x +A)= o MM (12)

Now, taking the operators
B=A—, A=A\x, (13)

we find

Hence, according to (12) we can conclude that the following exponential disentangling
holds:

eATB = pk/2p4,B, (14)

for Aand B non-commuting operators, such that

.

[A,B] =k, [k A] = [k B] = 0.

Equation (14) is the Weyl identity and one of the possible realizations of the Weyl
group is provided by the operators (13).

It is worth mentioning that the extension of the exponential operator formalism to the
multidimensional setting can be easily stated using the following identity:

]

exp [A Lzl (31, ) o +v<x1,...,xn>Hf<x1,...,xn> = fx1(A)s . 30 (A))g(A),
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where a0
X
o =), ), x(0)=x;,

B — o(xy (A, xa(A)g(A), g(0) = 1.

This approach has been commonly exploited in order to provide novel results in the
last two decades.

We finish this section showing the exponential operators containing higher-order
derivatives. In order to do this, we recall the Hausdorff identity:

A3 S a
+ S [A A LA B + - (15)

where A and B are non-commuting operators.
Substituting A= % and B = x into (15) and using that

[A,B] =
it is possible to deduce
a2 d a2
e)‘dx2 X = (x + 2/\) e/\dx2 ,
dx
and, as a consequence we obtain

242

2
e/\c;%f(x) :f(x—l—Z)\;x)e 2,

It is not difficult to realize that the above relation can be generalized as

4" dm-1 an
etd f(x) = f x—i—m)\dxm_l et (16)

The relation (16) is known as the Crofton identity. The interested readers are referred
to [6] for detailed explanations and examples of exponential operators.

3. Hermite and Gegenbauer Polynomials and Exponential Operators

Classical orthogonal polynomials admit many different definitions [13-17]. In order to
deal with the formalism of the exponential operators, we are interested in the definition of
monic Hermite and Gegenbauer polynomials by means of the following generating functions:

(“") Z H,1 ), |t < oo, (17)

and -
(1-2xt+£) TSy W, <1, x <1, a>0. (18)
n=0

Note that (17) is a suitable modification of the generating function for the Hermite
polynomials H, (x) given by

o0
t"
2xt £2) Z,? (x), |t| < oo.

The 2D Hermite polynomials can be defined by using the relation (2) as follows: first, we
note that for g(x) = x",r > 0 and A = y the relation (2) becomes iy = (x +y)". Then for
g(x) = Y2y a,x" we have
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d d & d d d
eYdrg(x) = e¥ax Z a,x" = Z ae¥axrx” = Z a(x+y).
r=0 r=0 r=0
The procedure above can be generalized to exponential operators containing higher
derivatives. For instance, considering the second derivative, we can generalize (2) as

follows (cf. [6]):
M) = Y 2o ). (19)

n=0

Since for n > 0 we have

2 r! r—2n :
d2n o 2 ¥ , ifr >2n,
dx?n 0, otherwise,

for f(x) = x" the identity (19) becomes

/\i [%] Ak 1 B
ety = k_zoﬁ(rfzk)!xr . (20)

42
Thus, (20) shows the general action of the exponential operator ¢* &7 and substituting
A = y into (20) we recover the explicit representation of the 2D Hermite polynomials of
Kampé de Fériet-type [6,18]:

5] ok
(2) LS N
Hy” (x,y) = e’a? x 7r'kg’)k!(r—2k)!'

r—2k
r> 0. (1)

It is not difficult to check that

H,(lz)(x, 0) =x", H,Sz) (x, —;) = Hy(x) and H,(lz) (2x,—1) = ﬁn(x).
With these ideas in mind, it is possible to introduce the following generalization of the

2D Hermite polynomials of Kampé de Fériet-type (also called Gould-Hopper polynomials)
as follows [1,6,8]:

L]

am kxn—mk
) e <

W, n 2 O, m e N (22)

It is clear that Hﬁll) (x,y) := ¢ S = (x +y)", n > 0. Furthermore, the following
identity holds:

Xty - ﬂH(M) ¢
et = Y H (k) < o
n=0"""

It is worth noting that the expression for the Gould-Hopper polynomials, H,Sm) (x,y), as
defined by the operator formalism on the left-hand side of (22), exhibits an apparent asymmetry
between the variables x and y. This asymmetry arises from the fact that x is treated as a
polynomial variable, while y acts as a parameter governing the exponential operator. Specifically,
x appears directly in the polynomial argument, while y modifies the action of the differential
operator % through the exponential factor. This operator acts on the powers of x, effectively
shifting the degree of the polynomial in x while the parameter y scales the contributions from
higher-order differential terms. As such, x and y play distinct roles: x determines the base
structure of the polynomial, while y terms. This distinction underlies the apparent asymmetry
but also reflects the complementary nature of the variables in generating the full family of
Gould-Hopper polynomials.
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The interested readers are referred to [1,2,6,8] for detailed explanations and examples of
2D generalizations of Hermite polynomials within the context of exponential operators.

Regarding Gegenbauer polynomials (18), it is well known that they can be explicitly
represented as follows (cf. [16], pp. 144-156 or [13], Section 4.7):

[%] 1)k
) Cla+n—k) o ok
Cn k§:O k| (n 2001 (2x)" 2, (23)

where .
T'(w) :/ et 14t
0
Using (21) and the identity

Fla+a—k)= / e~tpetak=lgy
Jo

we can deduce the following integral representation

[SE

| 1Yk (opn-2k  poo
G = r(la)k (k!l()n(ixz)k)! fy et

o0 [7] k k n—2k
— 1 (_1) 1 (2x) —tnt+n—
- F(uc)/o L i (t> (n—2k)1° e

0
_ 1 /°° £l 1 £ (2x)n o tpn=1 gy
[(a) Jo ZH\ t) ki(n—2Kk)!
1 / HP <2x,—1)ett”‘+”1dt (24)
! 0

In this way, the author in [1,19] demonstrates how it is possible to determine the integral
representation (24) in terms of the Gould-Hopper polynomials (21).

An interesting consequence of the integral representation (24) arises when suitable Sobolev
inner products are considered on the linear space of polynomials P. More precisely, let (, -, -, ) s be
the Gegenbauer-Sobolev inner product given by (cf. [20])

(s = [ pp@e® @+ [ @ e D@ pger @

where w(® (x) = (1 - xz)"‘_%,x €[-11anda > —1.
It is not difficult to see that the orthonormal Gegenbauer polynomials {pﬁf‘) (x)} . satisfy
n>
the following Sobolev orthogonality relation:

(PP = (U nn 2000, 20 26)

Hence, the polynomials {q,(f) (x)} o defined by
n>

g (x) = 1+nn+20)"2pM(x), n>0, a>—=

> @)

are orthonormal with respect to the Gegenbauer-Sobolev inner product (25).

Since, p\& (x) = HC&‘)H C¥(x) fora > 0and
n 12

el = ([ (Cé”‘)(x))zw(“)(x))% - (o (fa_cgza))%’




Encyclopedia 2024, 4 1361

from (24) we deduce the following integral representation for Gegenbauer-Sobolev polynomials

g (x):

1
et dcp,
I1Ca ™1l

1 o
(I4+nn+2a))"2 1 / H;(qz) 2x,—1 o tptn—1g
T Ok t

= A(na) /o " <2x,—1>ett"‘+nldt, (28)

g (x)

1

where A(n,a) = % {271(71!)3(M>F(n + Zoc)} .

n+u

Finally, the interested readers are referred to [1,19] for detailed explanations and examples
of 2D generalizations of Gegenbauer polynomials within the context of exponential operators.

4. The Monomiality Principle and Its Implications

It is well known that the monomiality principle is based on an abstract definition of the
concept of derivative and multiplicative operators which allows us to treat different families
of special polynomials as ordinary monomials. The procedure underlines a generalization
of the Heisenberg—Weyl group, and many relevant properties of a broad classes of special
polynomials can be conveniently framed within the context of the monomiality principle
(see, for instance [5]). This principle is essentially a Giuseppe Datolli modern formulation
of a point of view not only tracing back to J. F. Steffensen [21-23], but even to older studies
by H. M. Jeffery (cf. [2-4] and the references therein).

The rules underlying monomiality are fairly snnple and can be formulated as follows.

Let x € R and n € N. If a couple of operators D, M are such that

(@) They do exist along with a differential realization, cf. [4].
(b) They can be embedded to form Weyl algebra, namely, if the commutator is such that
[D, M] := DM — MD =1.

() Itis possible to univocally define a polynomial set such that

po(x) =1, Dpo(x) =0, palx) = M"po(x) = M"1,

then it follows that - .
Mpu(x) = M1 = p,14(x), (29)

Dpu(x) = DM™ = np,_1(x), (30)

and the polynomials {p, (x) },>0 are called quasi-monomials.

As a consequence of (29) and (30), we have that p,, (x) satisfies the differential equation
MD{ pn(x)} = npu(x), if M and D have differential realizations.

The primary objective of the monomiality principle is to identify operators for multipli-
cation and differentiation. Once these operators are identified, it is possible to simplify many
algebraic and differential properties for a broad class of special polynomials, including the
so-called generalized, hybrid, degenerate, and mixed special polynomials [4,5,7-12,24].

In what follows, we collect some recent and interesting results involving the mono-
miality principle or its alternative versions when difference operators appear.

n [9], the authors introduce so-called Sheffer—-Appell polynomials by means of the
following formal power series:

A A(H)e ) = i An(x)—, xeC, (31)
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where A(t), A(t) and H(t) are given by

At) = and H(t) = f71(1),

1
8(t)’
with f(t) being a delta series and g(t) an invertible series of the following forms:

FO=Y fib fo=0.fi£0

n=0

o0 tn
() =) &m0 #0,
n=0 :

where f~1(t) denotes the compositional inverse of f(t). In addition, the functions .A(t)
and H(t) are related via the following generating expression:

HO Z Y g ()
A(t)e™) = HX::OSn(x)n!,
with s, (x) being the corresponding Sheffer A-type zero polynomial sequence.

Under these assumptions, the authors shows that Sheffer—Appell polynomials A, (x)
are quasi-monomials (see [9], Theorem 2.4) with respect to the following multiplicative and
derivative operators:

M= xH’(Hfl(Dx)) n
and R
D =H"1(Dy),

with D, = &
Using a similar methodology, the authors of [8] introduce 2D Apostol-type polynomi-
als of order & (in short, 2VATP), pf,ﬁ“) (x,y; A; u,v) as follows:

n

2;4tv [ o] ¢
<Aef+1> oy, 1) = L pF (yidipv) (32)

m/
n=0

where the 2D general polynomials p,(x,y) are defined by the generating function

o) ti’l

oy, t) =Y pulx,y)

n=0

po(x,y) =1,

ar
with ¢(y, t) given (at least formally) by a series expansion:

T

ot = Y 0ulv)
n=0 ’
In this case (see [8], Theorem 2.3), the authors find that the polynomials defined by (32)
are quasi-monomial with respect to the following multiplicative and derivative operators:

) av ()\eax + l) — a0
o) T e t1)
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It is worth mentioning that, according to [25], some particular cases of the polynomials (32)
described in [8] undergo a process of reduction.

In ([10], Theorem 2.1), first the authors derive the generating functions for the truncated
exponential-based Mittag-Leffler polynomials (in short, TEMLP), denoted by e(") ¢, (x,):

e(xIn(1%1))

(1-¥(n()))

Secondly, the authors focus their attention on the operational correspondence satisfied
by the TEMLP, which is established in ([10], Theorem 2.2) as follows:

Ee gnxy Lol <L (33)

H‘

M = 3,y (#+1) d D, = ] ivel
e(rg—(x+ry Y ) Toer |’ an 3<r)3_eax—|—1' respectively.

A remarkable aspect of determining the aforementioned operators is the use of an
analogue of the Crofton identity (16).

Next, we summarize two interesting results concerning the multidimensional setting.
In [11], the following multivariate Hermite-type polynomials are introduced.

g( 11+jz¢+13¢20+-~+jn¢"*1 ) 00 n

(1+l9) - ZHI[’:}(jl/jZIj3/"' /]7’/19)%
n=0

or

52 &3 0 n
A+ 1+ a+0) T 0T = L s i)

The multivariate polynomials H,[: ] (j1,J2, 3, - - +jr; ©) are associated with the following
multiplicative and derivative operators ([11], Theorem 2.3):

— (. log1+d) .o . ( 8 ) 02 , ( 8 )’1 o1
B Rt 1S LA PRI F L AR AR
M (“ o Pan T B\iegair ey Jop T M egir o)) )

0
log(1+9) Dir

wit

Another a novel hybrid family of multivariate Hermite polynomials associated with
Apostol-type Frobenius-Euler polynomials was introduced in [12]. More precisely, the
authors provide a comprehensive method in order to determine the generating function cor-
responding to the multivariate Hermite—Frobenius—Euler polynomials (in short, MHFEPs)

denoted by yF,[qm] (u1,up, ..., um;u) and satisfying the identity ([12], Theorem 1)

n

1ou 2 RS N
<e§_u)exp(u1€+u2§ +...+Mm§m) —r;)')’Fn (ulluZI"‘/umlu)E/ (34)

whereu € C, u # 1.
It is showed in ([12], Theorem 5) that the multivariate polynomials in (34) are associ-

ated with the following multiplicative and derivative operators:

Ay

e

M =uy + 2updy, + Busd2 + -+ mud ! — and

ea"l —u

~

D=9y = respectively.

ail
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We conclude this section by exhibiting the operational correspondence involved when
the notion of degeneracy (i.e., in the setting of an operator in differences) is incorporated,
both in one-dimensional and multidimensional cases.

Recently, the authors have introduced degenerate versions of the hypergeometric
Bernoulli and Euler polynomials as follows (cf. [24]):

For A € R\{0} and a fixed m € N, the degenerate hypergeometric of Bernoulli and
Euler polynomials are defined, respectively, by means of the following generating functions
and series:

t"ex (t) > m=1], . 1
=) B () < mm{Zm}, (35)
ex(t) *271:_01(1)1,)\% =0 n! |A|
QM X (4 0 B n
251) =Y En ()=, It < min{n,/l\}- (36)
ex(t) + Yi—o (1)1,Aﬂ n=0 n: Al

The special polynomials in (35) and (36) are A —Appell sets and quasi-monomials
with respect to the following derivative and multiplicative operators ([24], Theorem 5).

J
plm-1) _€'o —1
A A 4
217 m—2 (" ox 1)
M\[m—l] _ Am i x (eax) - X (Ulﬂ,AW
A T2 P A2 ’
ox — 1 ox 9 _ ox —1)!
¢ ¢ eox _E;n:()l(l)l,/\ (¢ Mt )
and
2y1-) m—2 (Mo —1)!
1) _ X (ea) " + 10" (D15
)\ - )\i - )Li
ox 9 _ ax —1)!
€ €ox +Z}ﬂ:01(1)1,/\(e BT )

Another family of 3D degenerate hybrid special polynomials associated with Hermite
polynomials, denoted by A, 1 Qm (u,v,w; h) and introduced in [26], is the class of Aj, 3D Hermite-
based Appell polynomials, which possess a generating expression of the following form:

w
h

u 2 % 3 ad "
'y(t)(1+ht)h(1+ht) (1+ht) = Y aQu(u,0,w;0) —
m=0 :

In ([26], Theorem 7), it has been shown that A, 3D Hermite-based Appell polynomials
are linked with the following multiplicative and derivative operators:

1 uly

—~ u 20,7, 3w,A2 Y <T)

M = + + + , and
(1 + uAh h + uAhz hz +u Ah3 r)/(uAh)

h

5 log(1+4Ap)

D - , respectively.

Finally, the A, multivariate Hermite polynomials [27] given by the generating expression
r ad m
h

72 a3
A+ (1+02) " (102) " @) F = Y a0l g i

m!’
m=0
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are linked with the following multiplicative and derivative operators ([27], Theorem 3):

—

B 1 g1y 714y mA;!
M _<q11+q1Ah +2q2h+¢71Ah2 +3q3h2+q1Ah3 + +7’¢7rhr_1 +qi )
5 log(1+ q1Ap)

mh

Enthusiastic readers are encouraged to explore the works [8-12,24,26,27] (and the
references therein) to examine the advantages provided by the monomiality principle
as a powerful tool in determining the OPEs or PDEs satisfied by each family of special
polynomials presented in this survey.

5. Conclusions

In this survey, the profound impact of exponential operators and the monomiality prin-
ciple on the theory of special polynomials is underscored. Our brief review on 2D Hermite
polynomials and their generalizations, along with the integral representation of Gegenbauer
polynomials in terms of Gould—Hopper polynomials, has allowed us to establish connections
with a simple case of Gegenbauer-Sobolev orthogonality.

We have also seen that the monomiality principle arises as a pivotal tool for simplifying
both algebraic and differential features of a broad range of special polynomial families.
The evolution of these methods over the past 25 years reveals their growing importance
and adaptability in several fields. By revisiting classical results, this survey contributes to
a richer understanding of special polynomials, illustrating the continued relevance and
potential of operational formalism in many research areas.
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