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Abstract

In this work, we explore the defocusing nonlinear Schrodinger equation known as the
Camassa—Holm—Nonlinear Schrédinger (CH-NLS) model, which is newly derived in the
sense of deformation of hierarchies of integrable systems. This equation captures impor-
tant features of nonlinear wave propagation in shallow water dynamics, plasma physics,
and nonlinear optics. A comprehensive Lie symmetry analysis is carried out to determine
the symmetry generators and to derive similarity reductions of the equation. These re-
ductions enable us to construct several exact group-invariant solutions. In addition, we
employ Ibragimov’s conservation theorem to derive associated conservation laws based
on the identified symmetries. The study also includes an investigation of modulational
instability using the framework of linear stability analysis to assess the stability properties
of continuous wave solutions. The results provide analytical insights into the interplay be-
tween symmetry, conservation, and stability in the CH-NLS model, thereby contributing
to the broader understanding of nonlinear dispersive wave phenomena.
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1 Introduction

The Camassa—Holm (CH) Eq. [1]
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is a well-known one-dimensional nonlinear wave equation that is completely integrable. It
has attracted considerable attention due to its soliton solutions [2], its relevance to shallow
water wave dynamics [3, 4], and notable mathematical features, including long-time asymp-
totic behavior [5] and an associated inverse scattering theory [6]. Another central model in
nonlinear wave theory is the nonlinear Schrodinger (NLS) equation [7], given by

i + o + 2|g/?q = 0,

which also belongs to the class of completely integrable equations. The NLS equation arises
naturally in multiple physical contexts, , Bose—Einstein condensation [8], and nonlinear
optics [9]. More recently, a deformed version of the NLS equation, referred to as the CH-
NLS equation, was introduced in [11] within the framework of deformations of integrable
hierarchies. This equation extends the structure of the NLS equation similarly to how the
CH equation generalizes the KdV model. The standard form of the CH-NLS equation is
written as:

imt+me+20m(|Q|2 _a2|qgc|2) =0, m:q_a2%mcv

where ¢(x, t) is a complex-valued function, ¢ = +1, and a is a real parameter. When a = 0,
this equation reduces to the standard NLS equation. An alternative representation involving
only ¢ is:

1t + Qua + 20q‘q‘2 - ia2qut - 20@2(]|Qm|2 - 20&2me|Q|2 + 20&46]wx\%|2 =0. (1)
Several studies have examined different aspects of the Eq. (1). According to [12], the
dynamics and interaction properties of bright solitons were studied using both analytical
techniques and numerical simulations. Reference [13] discusses a variety of exact wave
solutions—including dark, periodic, and singular solitons—were constructed using methods
such as the generalized G’ /G-expansion method, a novel mapping approach, and the modi-
fied simple equation method. In another contribution [14], traveling wave transformations
combined with the extended sinh-Gordon expansion method were employed to derive new
explicit solutions.

In addition, a deformation of the derivative NLS equation—termed the CH-DNLS equa-
tion—was explored in [15]. Through asymptotic multiscale techniques, this model was
reduced to the mKdV and KdV equations, yielding approximate soliton solutions, including
both dark and anti-dark solitary waves. Furthermore, in reference [16], the (2+1)-dimension
of Eq. (1) was considered and reduced via multiscale expansion to a Kadomtsev—Petviashvili
(KP)-type equation, from which approximate solitary wave solutions were derived. Despite
these significant findings, a investigation covering Lie symmetry analysis, group-invariant
solutions, conservation laws, and stability properties of the Eq. (1) remains unexplored.
This study is therefore devoted to addressing this gap through a comprehensive analytical
framework targeting the mathematical structure and physical implications of the Eq. (1).

The study of the mathematical structures underlying nonlinear integer-order models can
be naturally extended to fractional-order systems within the framework of fractional cal-
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culus. Fractional derivatives provide a powerful means of capturing memory and heredi-
tary effects in physical processes, thereby offering a deeper connection between nonlinear
wave phenomena and special polynomials [17-22]. In this context, the investigation of the
fractional model of the Eq. (1) represents a significant and meaningful direction for future
research.

2 Lie symmetry analysis

This section is devoted to the Lie symmetry analysis of the Eq. (1) using the classical sym-
metry method [23-25]. Let the complex-valued function ¢(z, t) be expressed in terms of its
real and imaginary components as:

q(z,t) = u(z,t) + w(z, 1),

where u(z,t) and v(x,t) are real-valued functions. Substituting this form into Eq. (1) and
separating into real and imaginary parts, we obtain the following system:

Uy — VUt + a2 Vgay + 2 (u — agum) (u2 + 0% —a?(u? + Ug)) o=0,

(2
Ve + U — P Ugmr + 2 (u2 + 0?2 — a?(u? + vi)) (v — a2vm) oc=0.

To identify the point symmetries of this system, we introduce a one-parameter Lie group of
infinitesimal transformations of the form:

t—t+07(x,t,u,v) + O(6?),
T — x + 0E(x, t,u,v) + O(6%),
u— u+ o (2, t,u,v) + O(62),
v = v+ 0ne(z,t,u,v) + O(6?),

where 0 is a small group parameter. The associated vector field is written as:

0
+ oz, t,u,v)—

0 0
+ (mtuv) +n1(mtuv) 50"

W = £yt uyv) 2

ox

The prolonged vector field up to third-order derivatives, denoted by pr®)9Y. takes the form:

0 0 0 0 0
pr®y = mct PR R m T w  wa 4
’LL auxw ua;t auxmct

Where ( y are the extended infinitesimals involving partial derivatives suchas ug, Uy, Uy, Ust,
and higher-order terms like u,,.:. These are computed through the total derivative opera-
tors using:
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CTt = Dt C’l‘) - uT’l‘Df(é-) - uztDt(T)a

(
C:rmv = J’(Cact) - UrzrDa“(g) - uzmtDac(T)>
(

with D, and D; denoting the total derivatives with respect to x and ¢, respectively. These
are formally given by:

) ) ) .
Di= g tuigy Tzt =12, (a',2?) = (t,2).

Applying the third prolongation operator to the system (2) and enforcing the invariance
condition, we have:

pr(3)m(A)|A1:0 =0, pr(g)m(A)‘AQIO =0, (3)
where

A1 = Ugy — U + APVt + 2 (u - aZum) (u2 + 0% —a?(u + vg)) o,

Ao = vpy + U — AP ugyr + 2 (u2 +0% — az(ui + vi)) (v - a2vm) 0.

By substituting the expressions for A; and As into Eq. (3) and equating the coefficients of
all linearly independent derivatives to zero, we derive an overdetermined system of deter-
mining equations. Solving this system yields the infinitesimals:

T=cy, §=co, N1 = C3v, N2 = —C3u,

where c1, ca, c3 are constants. Hence, the infinitesimal symmetry algebra of the Eq. (1) is
generated by the following vector fields:

ad ad ad 0
Ea V2*%7 VS*U%—U%-

Vi =
Having determined the infinitesimal generators of the governing equation, we now utilize
these symmetries to perform the symmetry reduction. This reduction transforms the original
partial differential equation into ordinary differential equations by introducing appropriate
similarity variables. The reduced equations are then solved to obtain invariant and exact
solutions that describe the essential dynamics of the system.
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3 Symmetry reduction and invariant solutions

In this section, we derive invariant solutions of the Eq. (1) using classical symmetry reduc-
tion techniques. We begin with a reduction based on a translational symmetry in time.

3.1 ReductionviaV; = —
ot

The characteristic system corresponding to the generator V; is given by

ﬂ_@ du dv
10 0 0’

which yields the invariants:

qlz,t) = F(()e'“9, @)

where F' and G are real-valued functions depending on the invariant variable (. Substitut-
ing the ansatz (4) into Eq. (1) and separating real and imaginary components, we derive the
following system of ordinary differential equations:

F" —2d*0F*F" + 2a*c F*(G')*F" + 20F? — F(G')? — 2a’0 F(F")? + 2a*o(F')*F" )
—2atcF3(GY =0

FG' —2a*0 F3G’ + 2a* 0 F*(G')?G’' + 2F G’ — 40’0 F?’FG’ + 4a*0c F?F(G')3+ ©
4a'o(F')3G + 2a* 0 F(F')?G' =0

To obtain a particular solution, we assume F'(¢) = b, where b is a constant. Substituting this
assumption into equations (5) and (6) and solving the resulting system for G((), we obtain

V1 + 164402
=+ C\/ atb?o atb2o te

where c¢ is an integration constant. Substituting back into (4), we get the exact invariant
solution of the Eq. (1):

(7

atb2o atb?o

1 1 V14 16a%bio?
q(z,t) = b exp (:I:i lZm\/ + 1647070 +c‘|).

The dynamical behaviour of the plane wave solution given in Eq. (7) is illustrated in Fig. 1,
which exhibits a constant amplitude and a linear phase variation characteristic of a contin-
uous-wave profile.
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Re(q)

10

Fig. 1 Visualizations (3D and 2D) corresponding to the solution in Eq. (7) for parameter values
a=b=oc=c=1

o
3.2 Reductionvia V, = —
ox

We begin by solving the characteristic system associated with the vector field:

dt _dv_du_dv

o 1 0 0’
This implies the invariant quantities are:
¢=t,
q(w,t) = F(()e"9),
where ( is the reduced independent variable and F, G are new dependent variables. Sub-

stituting this ansatz into Eq. (1) and separating into real and imaginary parts leads to the
reduced ODEs:

20F(¢)> ~ F(O)G'(¢) = 0.
Solving these equations gives the constants:
F(Q)=b, G()=20"0(+c,

where b and ¢ are constants of integration. Consequently, the symmetry-invariant solution
becomes:

g(w,t) = b ot+o), ®)
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Fig. 2 illustrates the dynamical behaviour of the solution in Eq. (8), showing a constant-
amplitude oscillation with a linearly varying phase over time.

3.3 Reductionvia V; + kV,

For this case, the characteristic system reads:
dt dr du dv
1 k 0 0
leading to the invariant:

(=x—kt,

and the group-invariant form of the solution:
g(z,t) = F(()e'9).

Substitution into Eq. (1) and collecting terms by real and imaginary parts yields the follow-
ing coupled system:

20F3 — 2a*°0F(F')? + kFG — F(G')? — 2a*0F(F')*(G")?

+a?kF(G')? - 2a* 0 F3(G')* + F" — 2d*c F*F'

+2a'c(F')?F' — 3a*kGF" + 2a*c F*(G')*F' — 36®kFG" — a®’kFG" = 0.
kF 4+ 2FG' — 4a*0 F*FG' + 4a*o(F')*G — 3a*kF(G')?
+4a*c F?F(G')? + FG' — 2a*0 F3G’ + 2a*c F(F')*G’
—3a’kF(G")G" 4 2a*0c F3(G')*G’ + a*kF" = 0.

Choosing a constant profile F'(¢) = b, the system simplifies and yields:

(b)

Fig. 2 Visualizations (3D and 2D) corresponding to the solution in Eq. (8) with parameter values
b=o=c=1
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¢

~ 44420

G(¢) (3a2k' +a2\/9k2 — 8b20 + 16a2b402) +c

with ¢ being arbitrary. Hence, the explicit invariant solution becomes:

©

_ 2 2. /912 — Q2 24,2
q(w,t)zbexp(i[(x kt)(3a?k + a®v/9k 8b0+16ab0)+c}>.

4a*b%0

Here, k is defined as

o 1/2
po L 1 —a?b?o + 8a'bio? — 32a%000° + /(1 — 3a2b20 + 8atbio?)2(1 + 4a2b20 + 16a’bic?)
3 a? + 4a*bo ’
The dynamical behaviour of the solution in Eq. (9) is illustrated in Fig. 3, showing the
propagation of a plane wave whose phase varies with both space and time, reflecting a com-
plex oscillatory motion governed by the system parameters.

3.4 ReductionviaV; + v V3

Solving the corresponding characteristic system,

dt  dx

1 0 w —yu’

d_u_ dv

we derive the invariant quantities as
(=,
qx,t) = F(¢) exp [i(yvt + G(C))], (10)
where F and G are functions of ¢, which is the new independent variable. Substituting

expression (10) into Eq. (1) and splitting into real and imaginary components leads to the
reduced system:

Re(q)

Fig. 3 Visualizations (3D and 2D) corresponding to the solution in Eq. (9) undera =b=0c=c=1
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—AF 4+ 20F3 =220 F(F')? — F(G")? — a®>yF(G')? — 2a" 0 F(F')*(G')? — 2a* 0 F3(G')*
+ (14 a®y)F" —2a20 F?F' + 2a* o (F')?F' + 2a*0 F?(G')*F' = 0.
2(1 + a*y)F'G' — 4a*>0 F?FG' 4 4a*o(F')*G 4 4a*c F?F(G')® + (1 4+ a®y)FG’
—2d%0F3G" 4 2a* o F(F')?G’ + 2a* 0 F3(G')*G' = 0.

Taking a constant amplitude F'(¢) = b and solving the resulting equations yields

1 v V(1 +a%y)? — 8atb2o(y — 2b%0)
G0 = i(\/ 4a*b20  4a?bc + 4a4b20 te

)

where c is a constant of integration. Substituting back gives the invariant solution:
B ) 1 v V(1 + a2y)? — 8ab2o(y — 2b20)
q(z,t) = bexp |"L ('yt + x\/ e 1y + Taihy +c]|. (11)

Figure 4 depicts the real part of the solution in Eq. (11), showing the evolution of a plane
wave whose phase varies in both space and time under the influence of system parameters.

3.5 Reductionvia V; + +V3
Considering the vector field combination, we solve the associated system:

dt dr du  dv

0 1w  —yu’
leading to invariants
(=t

q(z,t) = F(¢) exp [i(yx + G(())] -

_ Re(q)
10 [ ~1 10 T -
|
’ 05 N A
|
‘ / N

0.5

Re(
=0.5

Fig. 4 Visualizations (3D and 2D) corresponding to the solutionin Eq. (11)fora =b=0=c=v7=1
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Substituting into Eq. (1) and splitting, we arrive at:
(1+a*y)F'(¢) =0,
F(O) [ + (1 + @G () — 20F(O*(1 - a*y")] = 0.
This yields
F(¢) =0,

¢ (—'}/2 + 2b%0 — 2a4b2'y40)
1+ a?~?

G(¢) = + ¢,

with constants b, c. The reduced solution reads:

(12)

t(—y2 + 2b%0 — 2a*b?~*4
q(z,t) = bexp {z <’yx+ (=7 +2b°0 — 2a 7J>+c>}.

1+ a%y?

The dynamical behaviour of the plane wave solution given in Eq. (12) is illustrated in Fig. 5,
where the real part of ¢(x, ?) is plotted.

3.6 Similarity reductionby V; + uV, + ~V3

To carry out the similarity reduction, we consider the associated characteristic equation:

dt dr du  dv

1 Wy —yu’
Solving this system yields a new invariant variable:
C =T — Mta

and the following transformation for the complex function:

Re(g)
10 T

Fig.5 Visualizations (3D and 2D) corresponding to the solutionin Eq. (12)fora =b=0=c=v = 0.5
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g(w,t) = F(¢) e " (Ze+GQ) (13)

where F and G are unknown functions of (. Substituting Eq. (13) into the governing Eq.

(1) and splitting into real and imaginary parts, we derive a system of reduced ordinary dif-
ferential equations:

— 20410 F3 + 2ptc F3 — 20?0 F(F')? — 2d*p*o F(F')? — 8a*y3uo F3G
— 293 FG — 4?1’ F + ®>¥* P FG — da*ypo F(F')*G — ' F(G)?
—12a*2 20 F3(G')? — 2a* it o F(F')2(G')? 4+ a* P F(G')? — 8atyuPo F3(G')?
—2a*pto F3 (G + p*F' — 2%y p  F' + 2042 o F2F' — 2d* o F2 F'

+2a* o (F')2F' — 3d® P GF" + 4a*yuPo F2GF" + 2a* o F3(G')*F'
—3a?PFG" — a?PFG®) + P FG =0,

291 F — a®4? 13 F — i F + 4a*y uo F?F — 4o F2F + 4a*ypPo (F')?
+ 2t PG — 4a®yu* FG' + 12a* 2120 FPF G — 41t o F2F G’
+da*pto(F')3G — 3% F(G')? + 12a*ypP o F2F(G')? — 2a*p*o F3 G

+ p* PG — 2a*yu* FG' + 2a* 2 2o F3G' + 4a* po F2F(G')3

+2a* o F(F')2 G — 3P FGG" + 4a’ypPo FRGG" 4 2a* o F3(G')2 G
+a?uPF® = 0.

Now, assuming the amplitude function to be a constant, i.e., F'({) = b, we solve the above
equations for G(() to get:

¢ (—4a2b2'y0 +u (3u + \/9u2 +8b%0 (-1 —a?(y — 2620)))>
4a2b?po

GO ==+ +e

where ¢ denotes a constant of integration. Substituting the expressions of F'(¢) and G(()
back into Eq. (13), we derive the corresponding invariant solution of Eq. (1):

x — ut) (—4a?v*~o 3 9u? + 8b20 (—1 — a2(y — 2b%0
q(mbexp[i(,?i( ) (—402690 -+ g (3 + /9 + 800 ( & )>))+C)] (14)

4a2b?uo

Here, the parameter y is constrained by:

1 =1+ VB —ab(y — 40%0)*(y — 20%0) — a* (3 — 86%0)(y — b%0) + a* (=37 + b®0) | /*
k=3 a?(—1 + 2a?(y — 2b%0)) ’

and

8= (1+a*(2y = 36%0) + a' (7 — 48%0) (v = 260))" (1 + 0 (3 = %0)" + 2% (7 + 2%0) ).
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The dynamical behaviour of the plane wave solution given in Eq. (14) is illustrated in Fig. 6,
where the real part of ¢(x, ?) is plotted.

Having established a family of analytical solutions, it is essential to examine the con-
served quantities that govern their evolution. The next section focuses on constructing the
conservation laws associated with the equation, which play a crucial role in confirming the
integrability and physical consistency of the model.

4 Conservation laws for the NLS-CH equation

This section presents the derivation of conservation laws for the Eq. (1) using Ibragimov’s
novel conservation theorem [26—28]. According to this approach, we start by formulating
the formal Lagrangian associated with the Eq. (1), given as:

L= p (ua:x — V¢ + azvxart + 20(“ - a2ua:x)(u2 + UZ - a2(ui + ’Ui)))

+gq (vm +up — a%Uggr + 20(u? + 02 — a®(u2 +v2)) (v — aQUm)) ,

(15)

where p(t, z) and ¢(t, z) are auxiliary dependent variables. The corresponding adjoint equa-
tions are obtained through variational derivatives:

6L, 4L

=2 _——
Su’ Sv

(16)

Using (16) and the definition of the Lagrangian in (15), we compute:

F* =6pu®0 + pro — @i + 0 Qtaa
+ 20 ['U(?qu +pv) — a? ((u2 +02)Pee
— 220Gty 4 pu + 2pUllyy — 2qVUge — 2qUgVy + 32 4 2p, (uty 4+ 20v,) 4+ 2(qu + pv)vm)
+ a* (paa(ul + 03) + 2 (Voo (—Galie — qUag + Paz)
+P2 (Untizz + 205V20) + (—qUs + PV2)Vs2a))] -

R
\\ 10 " e(q)
a1 10 ’
! 0.5

/ 0.0 Re(@)
[-0s 00 x

F= ~J-10

> 10 s

Fig. 6 Visualizations (3D and 2D) corresponding to the solution in Eq. (14) for parameters a = 2,b = 1,
oc=—-1l,c=1,andy =0.5
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G* =2qu?o + dpuvo + 6qv*o + pr + qua
— @® [proa + 20 (4% + 0%) oo + 3qul + 2qUtize + 2pVUg,
—2up, vy — 2pugvy + qU7 + 24, (2uug + VU;) = 2pUuve, + 2qV05,) |
+ 200 [quy (ul + 03) + 2 (qu2, + Upwa(qua — po2)
Uz (PaVa + PUsa) + 4o (2UaUos + VoVaa))] -

The variational (Euler—Lagrange) operators used are:

5 0 3] 0 5, 0 0]
Eiﬁ_Dxaux _Dtaut +D$Bum +Dth8uxt LA
) 0 0 0 0 0
—=——-D,— —D;— + D? D.D
v Ov T vy Y ou, + s [ t e C v T

where D, and D, are total derivative operators. The Eq. (1) admits three independent one-
dimensional symmetry subalgebras. From these, conserved vectors are derived via the con-
servation theorem:

rer oL oL oL
T —§L+W¢|:WDs<aur>+Dst<augm) ]

oL oL
D.(W) | =— — D, [ —— e .
O ¢){8uz kz(ﬁu;n) ! ] '
The Lie characteristic function is:
W¢ =n—- gmuI - §tut
These conserved vectors satisfy the continuity equation:

Do (T7) + Dy(T}) =0, j=1,2,3

We now present the conserved quantities corresponding to each symmetry:
Case 1: For the generator V; = J;, we obtain:

Wu = —Ut, Wv = —U¢.
Substituting into the conserved vector formula yields:

t _ 2 2
Tl = A GraUt — Gy Uty
2 2
+ PUgz — Q@ PraUt +a Pz Vtx + qUza

+20 (v +0* —a® (uf + 7)) (pu + qu — a® (PUas + qU))
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31 Page 14 of 19 T. Mathanaranjan et al.

TP = — puge + GVt — Qia + @ (Qatty — Goler + Qe — Qlie — PraVt — Plite + PV
+ 20 (2q’uu¢uz — ((u2 + ’1:2) g + 211uuw) v+ q (’u2 + 112) Via
+p ((u® +07) e + 2 (—vuz + uvy) v,)))
+pa (@Pv + g (1 - 20° (u? +0%) 0 + 20’0 (u2 +07)))
—2a*c (72q1L$u$ztvt + quzvtl‘ + 2PUg VU, + qvtzvi + pli (Ui + Ufg) — Gzt (Ui + Ui) +2us (qUug — PU) V)

Case 2: For the generator V5, = J,,, we obtain:

Wu = —Ug, Wv = Vg
Substituting into the formula, we get:
T1t = (*q + a2(1m) Uy + PUx — (12 (qum — QUggzx + PraVUz — PaxVza +P%m)

TF =2pulo + 2puv’o + patty — Py + oy
+ 0® (—qollta + Qralle — Qtllas + PoVta — Prave — 20 (U + V%) potty
+puui + ((u2 + vz) qz + 2pvuz) Uy — puvg) + pwm) +2ato (pzux (ui + vi)
0z (—2PUarve + ¢o (U3 + 02) + 2PUaas))
+q (ut + 20 (v (u2 + v2) + a2 (72uz (u — a2um) Vg — vvi + ui (v — 2a2vm)>))

Case 3: For the generator V5 = v0,, — ud,, the characteristic functions become:
Wy =v, W,=-—u.
Substitution yields the corresponding conserved vector:
Tlt =pu—+qu — a2 (upacw + VGex — PaUz + Plgy — QuVz + qvxac)
TV = — vps + uqs — qug + pug

+ a® (—upe — Vqua + Patie — Plts + Pitla + ¥y — QU + Qe +2 (0° +0%) 0 (0P — UG — qug + PU2))
+2atc (71)1),, (ui + vi) + ug, (ui + U?) — (quz — pvs) (ui — 2ty + V2 — QUL'M))

The conservation laws confirm the integrability and energy balance of the system. To fur-

ther assess the persistence and physical relevance of the derived soliton solutions, we now
perform a detailed stability analysis with respect to small perturbations.

5 Linear stability investigation

To analyze the modulational stability, we employ a standard linear stability approach [29—
31]. Let us consider a continuous wave solution to Eq. (1) in the form:

q = qoexp [i(kz + wt)], (17
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where ¢q is the amplitude of the unperturbed field, « is the spatial wave number, and w
denotes the temporal frequency. Substituting Eq. (17) into Eq. (1) yields the dispersion
relation

K? — 20¢2 + 2a*k*oq?
1+ a?K? '

w =

Next, we examine a slightly perturbed solution of the form:

q = g0 + 00 (z, )] exp [i(rz + wit)], (18)

where § < 1 is a small parameter. Inserting Eq. (18) into Eq. (1) and neglecting higher-
order terms in 6, the linearized perturbation equation becomes:

— b2y — 2ikdy + 26%0q [c(p + ¢*) — ia’k(dy — O3]

19
- 2a2b/€¢zt - d)zz + ia2b¢zzt = 07 ( )

withb = 1 + a?k? and ¢ = —1 + a?k?
We now assume the perturbation ¢(x,t) can be expressed as a combination of Fourier
modes:

¢(x,t) = quexp [i(kr — Ot)] + gz exp [—i(Re — &), (20)

where ¢; and ¢ are complex amplitudes, and &, & represent the perturbation wave num-
ber and frequency, respectively. Substituting Eq. (20) into Eq. (19) leads to the following
system:

[ b2 + k(26 + &) (1 — azbw)] q1 + 2b%0qd [(c +a?ki)q + (¢ — GQIQI%)QQ} =0,
[b%ﬁ; +R(—2c+R)(1+ a%@)] g2 + 2020 ¢} [(c +a?ki)q + (¢ — a2m%)q2} =0.

This homogeneous linear system has nontrivial solutions if and only if its determinant
vanishes:

7

‘¢11 Yia| _
a1 a2

where
Y11 = =020 — k(2K + &) (—1 4+ a®bd) + 2b%0(c + a’ki)q?,
P10 = 2b%0(c — a®ki) g2,
o1 = 2b%0(c + a*kk)qg,
oo = b%® — R(2k — &)(1 + a*b) + 2620 (c — a’ ki) qp.-

Solving the determinant leads to the following dispersion relation:
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27w (1 + a®bo (b — 2¢ + a’R?)q) = VA
b2 (b2 + 2a2(b — 2a2k2)A2 + a*R?)

W= ,

where the discriminant A is given by
A = b2 i? [RZ(b — 4a%K? 4 a®&%)? + 4020 (b — 4a*k® + a*R?)
x(be + a*(c — 2a°k%)i%)q5 | + 4% K%0% (b — 2c + a®R%)?qp.
If A > 0, then @ is real and the CW solution remains modulationally stable. On the other

hand, if A < 0, & becomes complex and the solution is unstable. The modulation instability
(MI) gain is defined by:

202k (1+ a’bo(b — 2c + a®R%)q?) + VA
b2 (b2 + 2a2(b — 2a%K?)R? + a*R?) '

G(k) = 2Im(®) = Im

Figures 7 and 8 illustrate the impact of various parameters such as input power qg, wave
number «, and constants a and ¢ on the MI gain spectrum.

6 Conclusions

This work investigates the recently introduced integrable model known as the Camassa-
Holm-Nonlinear Schrédinger (CH-NLS) equation. For the first time, a comprehensive
analysis involving Lie symmetries, invariant solutions, conservation laws, and linear stabil-
ity has been carried out for this equation. Using Lie symmetry techniques, we determined
the infinitesimal generators and carried out symmetry reductions, which allowed the CH-
NLS equation to be transformed into a reduced nonlinear ordinary differential equation.
Group-invariant solutions corresponding to these symmetries were also constructed. More-
over, the conservation laws were derived by employing Ibragimov’s general conservation
theorem in conjunction with the classical symmetries of the system. Linear stability was
examined through modulation instability (MI) analysis applied to the exact solutions, and

2 Im(®) 2 Im(®)
2 -
10 -
f 20¢
8l /
[ \ 1.5
6f | \
N | ‘
| L.0f
L \ i L e
-6 -4 2 4 6 -3 -2 -1 0 1

Fig. 7 Modulation instability gain for ax = 0.1, a = 0.3, o = 0.5 with go = 1, 3, 5 (bottom to top)
andbgo =2, a = 0.1, 0 = 0.3 withk = 1, 3, 4 (top to bottom)
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2Im() 2Im(®)
5r
8
4F
6
,-*\\
~ ;“ ~
F: : . ; F:
-4 -2 4

Fig. 8 Gain profile for ago =5, k =0.2, 0 =0.1 and a =0.1, 0.3, 0.5 (top to bottom);
bgo =3, Kk =0.2, a =0.1witho = 0.1, 0.3, 0.5 (bottom to top)

the corresponding MI gain spectrum was calculated. These findings enrich the theoretical
understanding of the CH-NLS equation and may serve as a foundation for future studies in
nonlinear wave dynamics and soliton theory.

The analytical and symmetry based approaches presented in this work have signifi-
cant potential for broader applications. The derived invariant solutions and conservation
laws can be employed to model wave propagation phenomena in shallow water dynamics,
nonlinear optics, and plasma physics. Furthermore, the stability results provide valuable
insights into the persistence and robustness of nonlinear wave structures in realistic physical
environments. Future research may focus on extending the present methods to fractional-
order generalizations of CH-NLS systems. In addition, incorporating numerical simulations
to validate the analytical predictions, and exploring chaotic and bifurcation behaviors under
varying physical parameters, would further enhance the understanding of such nonlinear
dispersive systems.
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