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Abstract

This work investigates the existence and multiplicity of positive solutions for a class of
Kirchhoff-type Laplacian problems. By applying the Nehari manifold approach together
with the Lusternik—Schnirelmann category theory, we establish that the problem possesses
at least cat(Q) distinct positive solutions.
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1. Introduction

Here, we would like to consider the multiplicity of positive solutions for the Kirchhoff
Laplacian type problem:

—Au — Agu+ NV (2)u = plu|"2u + |ul* "u, r € RY, (1)

where N > 4, 1 < ¢ < %5, maz{2,2* — ¢} < r < 2,V : R¥ — R is a nonnegative
continuous function, there is some M, > 0 in which
meas{z € RN V(z) < My} < +o0 (2)
and
Q= int(V({0}) (3)

which is a non-empty bounded open set with smooth boundery.
For litrary, let us give a brief story: In special case, if ¢ = 2 the problem (1) is reduces
to a simpler case that recently studied by Alves and Barros [4]

—Au 4+ NV (2)u = pu" "t +u? r € R"™ (4)
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In fact, using variational method and the Lusternik-Schnirelman category they showed exis-
tence of \* and p* positive such that for A > A* and p < p* problem (4) has at least cat((Q2)

positive solutions for 4 < r < 6 when N = 3 or 2 < r < 2* = ﬁ—g and N > 4: Rey in

[10] proved that if N > 5; A = 0 and r = 2; for p small enough ,the number of solutions of
problem (4) is at least cat(Q): Here, cat stands for the Lusternik Schnirelmann category of
Q(see [8;9]).

In [6], Yin and Yang have established the existence and multiplicity of positive solutions
for the problem

—Apu— Agu = plul2u+ [u* Pu, x € Q,
u >0, r e, (5)
u =0, x € 0f)

This problem plays an important role in the limit problem. Our main result is the following.

Theorem 1.1. Assuming (2) and (3). There are p*,\* > 0 such that problem (1) has at
least cat(Q2) positive solutions for p € (0, ) and A € (A*, 00).

In this paper, we fix used the following notations:

* The usual norms in H*(R") and LP(R") will be denoted by ||| and | |, respectively

% If f is a mensurable function, [ f(x)dx will stand for [, f(z)dz.

This paper is organized as follows: In Section 2, we will recall some required important
points in the limit problem. In Section 3, we prove some technical results which are crucial
in the proof of Theorem 1. In Section 4, we use the Lusternik-Schnirelmann category theory
to prove of the main theorem. The letter C' will be repeatedly used to show various positive
constants whose exact values are not important.

2. The limit problem

Problem (5) can be reduced to a simple problem

—Au— Ayu = plu|"?u+ [ul* "2u, in Q,
u =0, on 0f)

Let I, : H3(Q) — R be the energy functional for problem (6) which is

1 1 1 "
I“(u)=§/Q|Vu|2dsc+5/Q|Vu|qu—$/9|u|7"daz—§/ﬂ\u|2 dz.

Let S be the best Sobolev constant of the embedding HJ(§2) < L?" () given by

" 2
S := inf /Q [Vl 5
ueHL(Q) (fg |Vu Q*dx) 2%

__* [0 0]
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Yin and Yang [6] proved that:

0<c,<—=S57, V>0 (8)
where
Cp = ulenjéu Ly (u)
where

N, :={x € Hy(Q) :u#0 and I,(u)u= 0},

is the Nehari manifold I, 2 is a smooth bounded domain of R¥. It is proved [6] that there
is r > 0 small enough so that

Qf = {z e RN . dist(2,Q) <1}
Q ={xeQ: dist(x,00)>r}

are homotopically equivalent to 2. Without loss of generality. We can assume that 0 € €2
and B,(0) C €. Set

1 1 1 .
L (u) == |Vul?dx + = |Vu|ldx — K lu|"dz — — Ju|* d.
s 2 O
+(0) qJB,(0) P JB,(0) B;(0)

then

ol

1
0 -
<m(p) < NS
Define

m(p) == inf I,,(u),

UENy,r
Nyyi={z € Hy(Q) :u#0 and I, (u)u =0},
Bo: Hy()\ {0} — RY
2% d
fofu) o= Ja il o0 )

~ Jalu

We will recall and prove some lemmas which are crucial in the proof of the main theorem.

ol

Sz2.

Lemma 2.1. lim, ¢, = lim,om(pn) = &

Lemma 2.2. [6, lemma 3.3/ There is p* > 0 such that if p € (0,p*) and v € N,, with
I,(u) <m(p) then Bo(u) € Qf.

Lemma 2.3. [6, lemma 1.2] There exists a p* > 0 such that for any p € (0, u*) problem
(6) possesses at least cat(Q) positive solutions in HJ ().

__* Ne)
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3. Preliminary results

From now on, we fix the space E C H'(R") given by
E={uec HRY): /V|u|2da: < +o0}
with inner product
(u,v)) == /(VUVU + AV (z)uwv)dz

and norm

2

full i= (/092 4 AV @)1y

Suppose that E is endowed with the norm ||.||x and we denote it by E,. It is well known
that F, is a Hilbert space, moreover

llullx = Yull, Vu € Ej, VA>1 (10)
which it shows that the embedding Ey — H'(RY) is continuous for A > 1 and embedding

E\ — L*(RY), Vs € [2,2%]

is also continuous for A > 1.
Define I, : Ex — R by

1 1 1 , .
L(w) = gl + gl = % [ ulrde - 5 [ uf? da, (1)

which is the energy functional respect to (1), is in C'(E),R). Moreover

I (u)v = /(VuVU—H\V(.r)uv)dﬂc—l—/(]Vu|q_2Vqudx—/L/ |u|r_2uvd:c—/ lu|*” 2uvdz, (RN

(12)
SO
Jyfu) = Iy = a2+l - /mum (13)
It is direct to see that critical points of I,, are weak solutions of (4). Set the Nehari manifold
of I, by
={ueH)\ {O}|I§H(u)u =0}.
For any u € Ny,
1 1 1 1 1 1 .
L = (G = Dl + G = Dl + (= 50) [ 1 da >0, (14

Thus, I, is bounded from below on N, , so

Cap i= uelgfub\u( )

——+ 3
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exists. For any u € N, ,

2 dx

) = 20l + allly v [ fufde =2 [

= (2 =)} + (¢ = r)llullf + (r —27) / [ul* <0. (15)

We are going to show that the Mountain Pass Theorem is applicable.
Lemma 3.1. Suppose that 1 < q<2<r <2*, A\>0, u>0. Then
i) there exist positive numbers p and d such that I, ,(u) > p for ||u||x = d,

ii) there exists e € C3°() such that |le||x > d and I, ,(e) < 0.
PROOF. i) Using the Sobolev embedding
HY(R?) — L*(R?), for 2 <s< 2%
1 1 7 | o
1) = g+ Sl =2 [ = 5 [ o (16)

1 1 .
2 §IIUII§+5IIUII3—CIIUI|§ = Clul¥- (17)

Hence, there exist positive numbers p > 0 and d > 0 such that I, ,(u) > p for |ju||, = d.
ii) Fix ¢ € C3°(Q2) with suppp C Q. So

t? td t % .
9(8) = I(td) = Iglx + —llell - —/ P = 5o / 6.
q T Ja Q

Then limy ,o [, (t¢) = —oo Hance, there exists ¢, positive such that |t,¢| > d and
I . (tug) < 0.

By Lemma 3.1, I, possesses the mountain pass theorem in Willem [8]. We will denote by

m,,, the Mountain -Pass level, there is a (PS),,, , sequence (u,) for Iy ,:

Lo(ug) = my = %/Ielﬁ mazep . (y(t)  and I, (u,) =0,

where
F={yeC([0,1]),E\) : v(0) =0 and ~(1)=e}.

Investigating of the following two assertions similar to [3; 4].
1) ¢, =my,.

2) There is o > 0, which is independent of y such that k||u||y > o for all u € N,
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Lemma 3.2. There is 7 = 7(n) > 0 such that the mountain pass level c, verifies the
following inequality

1 .2
0<C7]<ng—7', VA > 0.

PROOF. From (3)
Lu(u) = T(u)  Vu e H)(Q).

so by definition of ¢, and ¢y, ¢y, < ¢, for all n > 0. Then, it is enough to apply (2) to get
the desired result.

Lemma 3.3. Any (PS)q sequence (w,) for I, is bounded in E. Moreover,

2pd
lim sup [|w,]|* < el

n—+00 -2

(18)

PROOF. Let (wy,) be (PS)q sequence for I, in Ej such that I ,(w,) = d + 0,(1) and
Iﬁw(wn) = 0,(1).

1 1
I u(wn) — ;[j\,u(wn)(wn) < [y pu(wn)| + ]_9||];\,M(wn)(wn)||-||wn||>\

< d+ 0,(1) + 0n(1)]|wn]|a- (19)
On the other hand, for n € N
1 11 , 101 11 .
Buulwn) = LB n) = (G = Dllwnl + G = Dllwnll+ = 53 [ unf? ds
1 1
> (5 = ) lwal} (20)

Combining the above inequalities, then for n € N large enough

(5 = Dllnl < d+ 0,(1) + on(1) 1)

This proves boundedness. Doing lim sup of (21) then (18) follows.

Lemma 3.4. Let © > 0. If (w,) C E\ is a (PS)q for I,, with 0 < d < ©, then given § > 0
there are A\, = \.(0,0) such that

lim Sup/ |wy, [Pdz < 0, VA > A,
B

— c
n——+00 %

PROOF. See Lemma 3.6 of [4].

Corollary 3.1. Let (v,) C E) be a sequence such that (||v,||x,) is bounded, where A, — 400
If v, = 0 in HY(RY), then v, — 0 in LP(RY).

— 45
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PROOF. From Corollary 1 in [4].

Proposition 3.1. There is A = A(7) > 0 such that I, verifies the (PS)q
dy € (O, %S% — T) for all X > \ where 7 is as in Lemma 3.2.

A

PROOF. Let
Iy(w,) = dy and I (w,) = 0.

By Lemma 3.3, there is w € F) such that

W, — W in E,
wp(x) = w(x) ae in RN
w, —w in L (RY), 0<s<2*

Set v, := w, — w.

/|wn|qda;:/|fun|qda:+/|w|qd:1;+on(1)
/|wn Q*dm:/h}n

and

2 dx + / lw|* dx + 0, (1).

Then
1

2
Since I} ,(wy)(wn) = 0,(1) and I} ,(w)(w) = 0, it follows that

Jonll + enlly = s [ foalds = [ ol do = o)

1 1 1 .
Sl lenlly = 52 [ fonl® o = dy = Tyw) + 001

Since I} ,(wy)wy = 0,(1) and I}  (w)w = 0, it follows that

Jonl + enlly = [ fonl® iz = o)

Assume that for a fix A, [|v,]|3 — k1 > 0 and [ |v,|* dz — hy > 0.

1 7 , 1 .
Jonll + 2ol = 2 [ foulde = o7 [ ol do = dy = L) + on(1).

condition for any

If hy = 0, we deduce that v, — 0 in E,, equivalently, w, — w in E\, which it completes

the proof.
Now assume that h; and hy are positive By Sobolev embedding

lonll3 < Cllwnlls + lloall3) + on(1)-

Recalling that there is C' > 0 verifying

z vVt € R

1
It]" < %WQ +Clt

— 43
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The last inequality ensures that

1 2 ) 9
0<Cyi= (m)z 2 < n1—1>r-§l:loo [[vnl[3-
Then there is Cy > 0 in which
hl, hg > CQ > 0. (27)
On the other hand )
anH)\ hy

<

S < = < 5 -
([ |va|¥dz)®  (ha+0a(1))%

Then N
Sz < lim inf hy.

—400

Using (24) and since w € Ny, I, > 0 (by (14)), so

Ydx

1
dy > 5(||vn||§ + [loallg)

_§Q

1 1 1
liminfdy > (- — —)liminf h; > NS%.

A——+00 q ¥ A—=4o00

But this is impossible, since

1 w 1 w
limsupd, < =52 —7< —=572.
e NN N

There is A > 0 such that h, =0 for all A > A
This reasult has a direct following corollary.

Corollary 3.2. There is A > 0 such that Iy, verifies the (PS)q, condition on N, for any
dy € <0, %S% — 7') and X > X\ where T is as in Lemma 3.2.

Theorem 3.5. There is \* such that the mountain pass level cy, is a critical level of I,
for all X > X\*, that is uy, € E\, verifying

Lyu(ua,) = ey and I (un,) =0

PROOF. From Lemma 3.2, there is A\* = A*(7), VA > X", ¢, < %S% — 7 . Proposition 3.1
implies that I, , satisfies in (I’S)., , Thus, by mountain pass theorem due to Ambrosetti-
Rabinowitz [1], ¢, , is a critical level of I, for all A > A\*.

Definition 3.1. (u,) C H'(R") is called a (PS)q0 if:

u, € E), and Ap — 400,

Iy, u(uyn) = ¢, for some c € R,

1L (), 0. (28)
14

—
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Theorem 3.6. Let (u,) be a (PS). sequence for c € (0, %S%> Then, there is a subse-
quence of (u,) and u € HY(RY) such that

Uy — U in HY(RM).
i) u=0in RV\ Q.
i) ||un —ull3, = 0.
iii) Moreover,
Up — U in HY(RY),

)\n/V(:E)|un|2dm — 0,

/ (|Vtun|? + ANV (7)1, ?)dz — 0, (29)
R\Q

e, — [ 1Vude = el o

i) u is a weak solution of the problem (6).

PROOF. As Lemma 3.3 implying that (||u,],,) is bounded in R and so (10) implying that
(u,) is bounded in H'(RY) thus there exists a subsequence of (u,) such that

Uy —u in H'(RM).
For i) set
1
Cp={reR: V(z)>—}
(re®:V(r)> —}
Hence,
+00 B
U Cn =R¥\ Q0
m=1
Note that,

m
[ tualde <
e n

Fatou’s Lemma implies that
2 o 9 . ..m 5
|u|“dz < liminf |up|“de < liminf —||u,||5 = 0.
- n—+oo - n—+oo >\n m
This implies that u = 0 almost everywhere in

RV Q.

— 4+ G
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ii) From i) ||ul| = ||ul3, and

1)
lun = ullx, = lunll3, = lullz @ + on(l) (30)
and since (u,, — u) is bounded so ||u,||, would be a bounded sequence.
lunllx, = lunllg = I3 (i + /(ulunlr + Jun[*")dz
= [l + )z + 0,(0) (31)

On the other hand, since I} ,(u,)u — 0 so
/QVunVud:E + /Q V|92V u, Vu — /Q(u|un|r_2un + tn|* up)udz = 0, (1).
It follows that
/|Vu|2dx + / |Vu|ldz — /(u|un|r + |un|* )z = 0,(1), (32)
Combining (30), (31) and (32)

e = wll3, = N3, + lually = (lullf ) = Nullf) = (lual§ = lull?)

=/mmrﬂm%m—/ww+w

2)dz + ([[ull = llunlld) +0a(1)  (33)

that is
[onll, = tlon” + [onl* + (lulld = [Jun]|2) + on (1),

where v, = u, — u.
Corollary 3.1 implies that, v, — 0 in L"(R") and from Brézis-Lieb lemma

[vall3, + loalld = [valg” + 0n(1).
Now, the same arguments used in the proof of Proposition 3.1 shows that
||1)n||in — 0.

iii) It comes from the following inequality and i) that u = 0 on Q
0< M\, / V(:E)|un|2d:£ = )\n(/ V($)|Un|2dl‘+/ V(a:)|un|2dx) =\, /V(m)|un—u|2dx < ||Un||§n.
. JQ J Qe B
and
||vn||in = /(|an|2 + AV (2)|v, [P dx > / (|Voa* + AV (2)|v,]?)dz > 0.
QC

— 4+ 5
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Finally

ol = /(|an|2+/\nV(x)|vn]2)dx _ /(|an|2+/\nV(1:)|vn|2)dx+on(1) _ / Vo P+on(1).
Q Q

iv) For ¢ € C§°(£2) we have

I (un)e ::/QVuanodx—l-/ﬂ|Vun|q_2Vuanod:c—,u/|un\r_2ung0dx—/|un|4un<pd$,

(34)
(up) is a (PS).0 sequence, so
I;\yu(un)gp — 0. (35)
Since u, — u in H*(RY)
/ Vu,Vedr — / VuVedz, (36)
0 0
and
/(Nlunlr_Qun + [un” " Pun)pde — /(Hlur_QU + |u”Pu) pda (37)
0 0
and similar |2, Theorem 5.9|
/ |V, |7 *Vu, Vedr — / |Vul|!2VuVedz. (38)
0 0
Therefore,
/Vqu&dm+/ |Vu|? 2VuVeds = [L/|U|T_2Ug0d33+/ lul* 2updz, Vo € C5P(Q).
Q Q Q
(39)

C5°(€) is dense in H}(£2) so

/ Vuvdz +/ |Vu|' *Vuvds = ,u/ Ju|" " *uvdr + / lu|* “*uvds, Vv € Hy(S2).
Q Q Q Q

Lemma 3.7. If A\, — +o0, then cy, , — c,.

PROOF. See Lemma 3.13 of [4].

The proof of corollaries 3, 4 and 4 are similar to those one in [4; 7].

Corollary 3.3. Let A\, € RT be a sequence verifying X\, — +00 and uy, , the ground state
solution obtained in Theorem 3.5. Then, there is a subsequence of (uy, ) still denoted by
itself, and w € H () such that uy, ,, — u in Hy(Q) and u is a ground state solution of the
limit problem (6).

Corollary 3.4. There are \* > 0 large and p* > 0 small such that
m(p) < 2cx,, A=A and Ve (0,pu").

Corollary 3.5. If u € E) is a nontrivial critical point of I, such that I, < m(u) then u
18 positive or u 18 negative.

corollary 3.5 implies that the nontrivial critical points of I, , are positive solutions of problem

(1).

— 4+ 3
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4. Proof of main theorem

Choose R > 0 such that Q C B = {z € R : |2| < R} and set

1 0<t<R
t) = ’ - - 40
£() {_ o (40)
Moreover, we define
o*
Blu) == J Il &(jzl)rdz for uwe Ny,.

[Tl do

Lemma 4.1. There is \* > 0 such that if w € Ny, and I, ,(u) < m(p) then S(u) € QF for
all A > \*.

PROOF. If the conclusion is not true, then there would exist sequences A, — 4oo and
up € Ny, , in which I ,(u,) < m(p) and

B(u,) & QF, Vn € N.

Form (14), clearly the sequence (||u,]|y,) is bounded in R; (up to subsequence). There is,
uw € HJ(Q) such that

Up — U in H'(RY),
Up () — ul(z) a.e. in RY, (41)
u, —u in LY (RY) for tel,2%). (42)

Moreover,
g* + on(1),

””nllin + ||Un||g = plvaly + |vn

where v,, = u,, — u. By Corollary 3.1 |v, |l — 0, and so

5 +on(1).

[vall3, + lloallg = lvn
Arguing as in the proof of Proposition 3.1,
[onllx, =0
This limit combined with [|v]|, > ¢ implies that
up —uin H'RY). w#0,I(wu=0 and  Iy,(uy) = L(u).
Thus w € N, and I,(u) < m(p) Applying the Lemma 2.2, so fy(u) € Q;L/Q then
Bolu) = nh_)nolo Buy) € Q:f/2.

which is a contradiction.

— 45
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Lemma 4.2. Ifu is a critical point of Iy, on Ny, then it is a critical point of I, in H}(S2).

PROOF. Let u € Ny, then I  (u)u = 0.
On the other hand, by the theory of Lagrange multipliers, there exists 6§ € R such that
I (u) = 0J) ,(u). Thus,
0=1 ,(wu=0J,  (u)u.
Using (15), so § = 0, Thus w is a critical point of I, , in Hj(1).
Let u, € Hy(B,(0)) is a positive radial ground state solution for I, ,, that is

Ly (ur) =m(p) = Wb L,(u)  and I, (u)=0.

Define ¢ : Q= — I where II" = {u € N, : L, (u) < m(p)}

or(y)r = u(lr —yl), =€ B(y)

S ee(w)(x )|2* (|z|)zdz
) = G @) P da

S e |9€—y|)|2 §(|a))xdz
N fBT |ur (|2 = y|) [ da
o (D v
B fBr |ur(|2])[?

=y, Yy € Q.

(43)

Lemma 4.3. If p € (0, p*), pu* is given in Lemma 2.2, then
cat(lm(“)) > cat(Q).

PROOF. Suppose that
'MW = A{U A UL U A,

where A;, j = 1,2, ...,n, is closed and contractible in I that is, there exists h; € C([0,1] x A;, I;?}S“))
such that
h;(0,u) = u and h;i(1,u) = w, Yu € Aj,

where w; € A; is fixed. Any ¢, *(A;) = By, is closed for 1 < j < n,

(- =B UByU...UB,.
Consider the deformation map g; : [0, 1] x B; — Q. given by

9i(t,y) = B(h;(t, ¢r(y)))-
Then

9;(0,y) = B(h;(0,9.(y))) = B(¢:(y)) =
9i(Ly) = B(h;i(1, 6 (y))) = ﬁ(wj).

Thus any f; is contractible in . Lemma 4.1 implies that

cat(Q) = catg (2,) < n.

———+ 3
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To prove Theorem 1.1 we need the following results.

PROOF. of Theorem 1.1. For 0 < p < p* and A > \*,
Q; e 2o

Let u, € H}(B,) C E be a minimizer of I,,, on N, , with u, > 0 and ¢(z) =, (|. — z]), so
o(x) =01in R3\ Q for every z € ).

o) € Nay  and  Dnu(o(@)) = I (p(x)) = mip).

Clearly, I and 3 are even and /3 o ¢ is a homotopy equivalence.

Thus Lemma 4.3 implies that cat(€2) < cat(lﬁ(j‘ )). Since I, , satisfies the (PS). condition
on N, , for ¢ < m(p) An standard Lusternik-Schnirelmann theory and Lemma 4.3 yields at
least cat(€2) of critical points in N, , and consequently, critical points in Ej. Corollary 3.2
conclude that I, , has at least cat(€2) positive solutions.
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