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Criteria for oscillation
of noncanonical superlinear
half-linear dynamic equations

Taher S. Hassan'%3, Clemente Cesarano?, Mouataz Billah Mesmouli?, Y. A. Madani?,
Amir Abdel Menaem*, Ayékotan M. J. Tchalla®** & Belal A. Glalah®

This article comes up with criteria to make sure that the solutions to superlinear, half-linear, and
noncanonical dynamic equations oscillate in both advanced and delayed cases; these criteria are
comparable to the Hille-type and Ohriska-type criteria for the canonical nonlinear dynamic equations;
and also these results solve an open problem in many existing works in the literature on dynamic
equations. To demonstrate the importance of the results, some examples have been introduced.
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This research paper aims to study the oscillatory behavior of a specific class of second-order noncanonical
superlinear half-linear dynamic equations of the form

_ A
[ro2 @ A O] +a@lze@)l T zp@) =0 M

on an unbounded above arbitrary time scale T, where 7 € [t9,00)T, 70 >0, 79 € T, y > 1, r and q are
positive rd-continuous functions on T, and ¢ : T — T is a rd-continuous nondecreasing function satisfying
lim; o0 @(7) = 00.

Bya solutlion of equation (1) we mean a nontrivial real-valued function z € CE 4Tz, 00)T, T € [19, 00)T such
that r|zA |y_ A € Cid [T,, 00)T and z satisfies (1) on [T, co)T, where C,q is the set of rd-continuous functions.
In accordance with the findings of Trench!, it is stated that Eq. (1) is considered to be in noncanonical form when

®  Aw
/T (@) < . )
Conversely, Eq. (1) is deemed to be in canonical form when
*® Aw
/t L @) 0. ©)

A solution z of (1) is considered oscillatory if it does not become eventually positive or eventually negative.
Otherwise, we refer to it as nonoscillatory. We will not take into account solutions that vanish in an identical
manner in the neighborhood of infinity. A time scale T is any closed real subset. The forward jump operator
0 : T — Tis defined by

o(t) =influeT:v > 1},

and the function z® : T — Ris called the derivative of z on T and defined by
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z(o (1)) —z(v) |

)

Z%(7) = lim

v—>T o(t)—v

Stefan Hilger? introduced the theory of dynamic equations on time scales to unify analysis of continuous and

discrete systems. Many applications use different time scales. Dynamic equation theory includes classical theories

for differential and difference equations and instances in between. The g-difference equations, with significant

consequences in quantum theory (refer to®), can be analyzed across several time scales. The time scales include

T=q"0 := {q* : 1 € Noforq > 1}, T=hN, T = N2, and T = T,, where T, denotes harmonic numbers. See the
sources*® for more information on time scale calculus.

Researchers in numerous applied disciplines have shown significant interest in the phenomenon of oscillation,
primarily due to its foundations in mechanical vibrations and its extensive application in the realms of science
and engineering. In order to incorporate the impact of temporal contexts on solutions, oscillation models may
incorporate advanced terms or delays. Extensive research has been conducted on the subject of oscillation in delay
equations, as demonstrated by the contributions of ~'%. The existing literature concerning advanced oscillation is
comparatively scant, comprising only a handful of studies that expressly investigate this subject!*~22.

A diverse array of models is utilized to investigate and comprehend the phenomenon of oscillation, which is
prevalent in a vast array of practical applications. Specific models within the domain of mathematical biology
have been enhanced to account for delay and/or oscillation effects through the incorporation of cross-diffusion
terms. For a more comprehensive exploration of this topic, it is advisable to refer to the scholarly articles***. The
current investigation is preoccupied with the scrutiny of differential equations, given their pivotal significance
in comprehending and scrutinizing an extensive array of real-world phenomena. This study investigates the
utilization of differential equations to analyze the turbulent flow of a polytrophic gas through a porous medium
and non-Newtonian fluid theory. These disciplines possess substantial practical ramifications and necessitate
an exhaustive comprehension of the mathematical principles that underpin them. Interested parties may refer
to the aforementioned articles?®~** for additional details.

The subsequent section presents the oscillation results for differential that are associated with the oscillation
results for (1) on time scales. It also, provides an overview of the substantial contributions that this paper has
provided. We will show that our findings not only unify some differential and difference equation oscillation
results but can also be extended to determine oscillatory behavior in other cases. If T = R, then

B B
o) =71, 2%(1) =2(1), / z(@)Aw = / z(w)do,
o Jo
and (1) transforms into the superlinear half-linear differential equation

@@ 2] + ol @) =0 @

The oscillatory characteristics of particular cases of equation (4) are examined by Fite*> and showed that every
solution of the linear differential equation

Z"(1) + 9()z(v) = 0, (5)
oscillates if
00
/ q(w)dew = oo. (6)
7
Hille* improved condition (6) and proved that if
o *® 1
hrrglorcl)fr/r q(w)dw > v 7)
then every solution of Eq. (5) oscillates. Erbe*” extended Hille criterion (7) to the delay differential equation
Z"(7) + q()z(p()) = 0, (8)
where ¢ (&) < & and seen that if
gee
. p) 1
1 f — d -,
im in r/r - q(w) ®> (9)
then every solution of Eq. (8) oscillates. Ohriska® obtained that if
oo
lim supr/ Mq(w)dw > 1, (10)
T—>00 T w

then every solution of Eq. (8) oscillates.
IfT = Z, then

Scientific Reports |  (2024) 14:28360 | https://doi.org/10.1038/s41598-024-69922-2 nature portfolio



www.nature.com/scientificreports/

B p-1
o(t)=1+1, 22 () = Az(7), / z(w)Aw = Zz(w),

and (1) gets the superlinear half-linear difference equation
Alr(@1Az()" T Az(D)] +(0)lz(@(0)]"  2(p(7) = 0.
Thandapani et al.* studied the oscillation behaviour of equation
AY(z(D) + q(1)z(z) = 0. (11)

and it was proved that every solution of Eq. (11)oscillates if

[e¢]

IfT ={¢ : ¢ = ¢, k € Ny, ¢ > 1}, then
o(1) = qu, 22(1) = Age(v) = % / d@rw=3 (g 1)z,
o k=ng

where 79 = ¢, and (1) converts the superlinear half-linear g-difference equation
Aq[r@]8gz@[ T 8gz(@)] + 4@ 12 T 2p(@) = 0.

In relation to the dynamic equations, Karpuz* considered the canonical form of the linear dynamic equation

[r©22)]" + q()2(0 (1) = 0, (13)
and obtained that if
lim sup w(@) < 00, /OO Ao = 00,
100 1(T) 0 r(w)
and

T Aw [ 1
lim inf —/ ) Aw > —
70 r(w) J; 4

T—>00

then every solution of Eq. (13) oscillates. Erbe et al.*! established the Hille oscillation criterion to include the
dynamic

A
(@)) +a@e ) =0, (14)
where y > 1is a quotient of odd positive integers and ¢(7) < t for t € T, and showed that if
o0
/ ¢V (w)q(w)Aw = o0 (15)
To
and
00 a y
lim inf t”/ (M) q(w)Aw > Zyi, (16)
T—00 (1) o(w) g (V + 1)}/+1

where [ := liminf,_, o (L> 0, then every solution of Eq. (14) oscillates. Hassan et al.**> considered the
o(t
canonical form of the nonlinear functional dynamic equation (1) if (3) holds and one of the following holds:

oo Y
. 14
liminf < RY (t w)g(W)Aw p > ————;
T { © o*(r)d)( a() } lyz(y+1)y+1 (17)
[o¢]
lim sup {RV(r)/ ¢(a))q(a))Aa)} > 1, (18)
T—00 T
where
R
I :=liminf (®) >0
=00 R(o (7))
and
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1, o(t) > 7,
o(1) = R(p(1)\” -
RO ) () <7,
Aw . . 5 .
with R(7) := f 0 T() then every solution of Eq. (1) oscillates. Hassan et al.*> improved criterion (17) for

the dynamic equation (1) and proved that if/ > 0 and (3) holds, and

VV

lim inf {Ry(r)/T d)(w)q(w)Aw} T POy +

then every solution of Eq. (1) oscillates. For further Hille and Ohriska criteria, see the papers*~*.

Regarding the noncanonical form, Hassan et al.** found some interesting oscillation criteria, namely Hille-
type and Ohriska-type criteria, for the delay linear dynamic equation

(022 @)] " + qz(p(0) =0, (19)
where ¢(t) < rand fr —— < 00, which are as follows:

( )
Theorem 1 (see®®) Every solution of Eq. (19) oscillates if any of the following conditions are satisfied:

liminf{(/oo &) </rq(w)Aw)} > 1; (20)
T—00 . r((;)) T 4

_ © Aw T

s { ([ 55) (] s0) -1 @

for sufficiently large T € [t9, 00)T.

Also, Hassan et al.”! established, in particular, Hille-type and Ohriska-type oscillation criteria for dynamic
equation (19) in a advanced case, i.e. ¢(7) > 7, as shown in the following theorem:

Theorem 2 (see) Every solution of Eq. (19) oscillates if any of the following conditions are satisfied:

o Aw o) [* AV 1
lim inf / —) / 2@ ) A | b > - 22
T—>00 {( (1) r(a)) ( T f(so ,?VV) 4 ( )
o A o(r) [ A
lim sup (/ l) / fé? L(v) (@)Aw > 1L (23)
T—00 o(1) r(w) T fw r(v)

for sufficiently large T € [t9, 00)T.

It is important to point out that most of the prior findings, such as*~*°, concentrate on the canonical form,
which means that condition (3) is satisfied. Therefore, the purpose of this paper is to extend the results of*>!
and to deduce the oscillatory Hille-type and Ohriska-type criteria for the noncanonical superlinear half-linear
dynamic equation (1) for the two cases ¢(t) < o(7) and ¢(t) > o (7). These results solved an open problem
represented in many of his papers, e.g.,2*43#°0:51 Please refer to the source*>*>*! for more information.

Criteria for oscillation (1) when ¢(7) < 0 (1)
This section will provide evidence for the existence of additional oscillatory criteria that emulate the Hille and
Ohriska types when ¢(7) < o(7) in the noncanonical case.

Theorem 3 Suppose that (2) holds. If for sufficiently large T € [t9, 00)T,

L T &Y (0(w) 14
hrrglorcl)fﬂ‘f) . W@(w) Aw > e (24)

where
£(0) / L
7) = —_,
T /7 (o)
then every solution of Eq. (1) oscillates.

Proof Let z be a nonoscillatory solution z of Eq. (1) on [, 00)T. Assume, without loss of generality, z(t) > 0
and z(¢(7)) > 0 on|[tg, 00)T. With the same approach used in proving Case (a) of** Theorem 1] , we have
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[r(r)‘zA(r)V_le(t)]A <0andz%(1) <0,

_ A
eventually. Then, there exists 7; € [7p, 00)T such that [r(r) |ZA(I) ]y 1ZA(‘E)] < 0and z2(1) < Oon[ty, 00)T.

Using Potzsche chain rule (see’ Theorem 1.90]), we get
(f(r)\zA(r)lth(r))A _ (r(_L_)|ZA(_L_)|y>A _ —((r‘/m)}zA(T)Dv)A
=—y("" @ @))"
/: [(1 — 7 (0|2 ()| + h(,l/y(,)|zA(T)|)ar71dh
=y(r1/V(T)ZA(_L_))A
/01 [(1 - h)rl/V(r){zA(f)| + h(rl/}/(.r)|zA(r)|)a}V—1dh
(o) [ oleto)]

Therefore, (1) becomes

(@2 @)* + T /m)ﬁz)(t)})“}y‘l 2 (o) 2(p (1) < 0. (25)
Define
. z(1)
u(r) == T A @) (26)
Then,

A B 1 1 A o
wi(r) =-— rr(ey <r1/V(T)ZA(T)) e

1 (M7 (022 (0)® .
- + 72 (1).
rr @) " (2B (r) (rr (128 ()

Thanks to (25) and (26), we have
L

T (n)

1 q(7)z" (p(1)) 1 ( z(1) )"
Y (@2 @) T @A @\ (028 (1)

] 1 Z¥ (¢(1)) q@u(v)u’ (7).

- )y [(rl/y(r)’zA(t)Dg}yflz(t)

ub(v) <

(27)

Since [r(r)|zA(r)|y]A > 0, then

. © [r)||"]"”
2% (1) > /J(T) ) Aw

Ur\? [ Aw (28)
> ([T(T)|ZA(T)|V] ) /a(r) 177 (w)

= (""" (]2 @)])7E (o),

oz G T
(M @leA@))) ™ T =@ L

which implies that

Therefore,
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ZV((P(T)L — E(SU(T));/—I <Z(f(f)))y2‘7(f)
[(rl/V(T)‘ZA(T)‘) ] z(1) z9 (1) z(1) (29)
o y—lza(f)
>(& (T)) 20)
From (25) , we have[r!/” (r)zA(r)}A < 0and then
1Y ()22 (w) *  Aw
s / BRI R ’w(”z%)/f T =" P @E@,
which implies that
27(t) z8(7)
0 O
> 7
rHY(T)E(T) (30)
5[50 - s
&(t) /v (1)
:fg(f)
£(r)
Hence, from (29) and (30) , we see
Z¥ (p(1)) - (&7 ()
(M @feA@])] e T D
Substituting (31) into (27) , we have
1 1 (7)) -
u (1) < T Ty E@ OO @), (32)
By integrating (32) from 7 to v, we get
Y Aw 1L [V (&% () -
u() —u(r) < —/T e 7). @ q(@)u(w)u’ (v) Aw.
By virtue of u > 0,and u® < 0, and letting v — oo, we see
o) o Y
—u(t) < —§(1) — l/ E (@) g(@)u(@)u’ () Aw. (33)
Y Je &(w)
Let
T o Y
Q(z, 1)) := g @SEZ;) q(@) Aw.
By multiplying both sides of (33) by Q(z, 71), we obtain
1 © (£% () -
Q(r, )& (7) < Qz, m)u(r) — ;Q(r,n) £@) g(u(@)u’ () Aw. (34)

By integrating (25) from ; to 7 and using (31) , we achieve that

MY (D)2 (1) <Y ()22 (1) — VY (1) 2R (1)
LT 27 (p()) ) sw
v oJu [(r7 ()22 @)])7]

GO

q(w)z(w) Aw

v i@
1 [T @)
=0 e 1@

~1
=—2z(1)Q(7, 71),
14

which implies that

0 <V :=liminf Q(z, t))u(r) < y.
T—>00
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Therefore, for any ¢ € (0, 1), there exists 7 € 71, 00)T such that, for T € [r3, 00)T,
Q(t,)u(t) >V —e.
It follows from (34) and (35) that
§(0)Q(r, 1) <
=Q(z, t)u(r)
1 (&% (w))”

1 o0
— 2Q(t, )V — 2/ A
y Qe = | T @) Ew 1A

1 00 1 A
=Q(r, T)u(r) = ~ QT ) (V &)’ / ( > Aw
14 T Q(w, s1)

1 2
=Q(z, t)u(r) — ;(V— )%,

since Q(7, 71) — coas T — 00. We obtain by utilising the liminf of the inequality (36) ast — oo,

liminf £(1)Q(r, 1) < V %(V )

Since ¢ > 0is an arbitrary, we achieve

<Y

1
liminf £(1)Q(z, 7)) < V- =V2 < 2|
T—00 1% 4

that is in opposition to (24).

Example 1 Consider the second-order delay nonlinear dynamic equation

A 2
L7

27 (1)) sgn(z(¢(2)) = 0

[(‘L’O’(T)ZA (r))zsgn(zA(r))]

It is easy that (2) holds since

©  Aw © Aw o /1\4
Vi = = — Aw < 00.
v T 7 (w) T wo () 0 w

We have
liminf & (1) ' wq(w} Aw
e §(w)
2
o0 T © - _Av_ 2
= lim inf Ao (fv(w) wr(v)) @

© _Av
oo Joo wo(@) Jro [T 55

w

0 /_1\A T o (=L AAV 2 2
= liminf/ (—1) Aa)/ (fa(w) ( Y ) ) o7 (@) Aw
T T

me g Lo A e

=1

According to an application of Theorem 3, we have every solution of Eq. (37) oscillates.
Theorem 4 Suppose that (2) holds. If for sufficiently large T € [19, 00)T,

lim sup &(7) ! M

msu . @) q(®) Aw > y,

then every solution of Eq. (1) oscillates.

(35)

(36)

(38)

Proof Let z be a nonoscillatory solution z of Eq. (1) on [y, 00)1. Assume, without loss of generality, z(t) > 0
and z(¢ (7)) > 0 on[1g, 00)T. As demonstrated in the proof of Theorem 3, there exists 7; € [7p, 00)T such that

{r(t)’zA(r)}y_le(r)} < 0and z2(t) < 0on[t,00)T,and for t € [t1,00)T,

(rl/)/ ('E)ZA(T))A + %q(r) z¥ (p(1)) <0,

(77 (@)|z2@)])°]" !

and from (31) , we have for T € [t1, 00)T,

(39)

Scientific Reports |

(2024) 14:28360 | https://doi.org/10.1038/s41598-024-69922-2 nature portfolio



www.nature.com/scientificreports/

Z¥ (p(1)) - (E° ()
[(rl/V(r)’zA(r)’)g}yf1 - &

z(7).

Therefore,

o (1))
(rl/y(t)zA(t))A + %%q(r)z(r) <0.

By integrating (40) from t; to 7, we obtain

Y (D)2 (1) <MY ()R (1) — VY (r)2h (1)

1 [T (% ()
< — ; . 7’“&)) q(w)z(w) Aw
1 T E% ()
=7y k@ 18

which implies for w € [t,00)and T € [}, 00), that

7 (W)

M @)28 @) = Y (02 (0) = - fz(r)/ ($s< )

We have for v € [t, 00),

VY ()28 (w)
/7 (w)

—z(7) < —z(7) + 2(v) =/
Letting v — oo, we obtain

—z(1) < /oo 7r1/y(w)zA(w) Aw

/7 (w)

Substituting (41) into (42) , we get

1 T (E% () * Aw
—z(1) < —;z(r)( . 7‘5((0) q(w) Aa)) (/t @),

T (g0 y
§(1) : %Q(a}) Aw <y,

SO

which implies that

4 Y

limsup &(7) / ) ——q(w) Aw <y,
T—00 §(w)

that is in opposition to (38).

Example 2 Consider the second-order nonlinear delay dynamic equation

A
[(Po@=2@)’]" + 3285007 02 w0 =0,

where 8 > 0is a constant. It is easy that (2) holds due to

/°° Aw
———— < 0,
Jry wo(w)

Aw
over such time scales [1g, 00)T, when [rooo — < oowith p > 1. Now

wP
lim sup & (7) Mq(w) Aw
T—>00 T &(w)

*  Aw 'y, © Ay \?
=328 limsu / / o’ (w) </ 7) Aw.
IB IHOOP T 0)20‘(0)) T o(w) VZG(V)

Since, by Pétzsche chain rule, we have

q(®) Aw.

(40)

(41)
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1
(VZ)A = 2/ [(1 = h)v + ho(v)]dh < 20(v),
0

and so
I\ A 2\A
NG L -
y2 vZo2(v) ~ vio(v)

From (44) and (45) , we get

lim sup & (7) ' r"&y(a&q(w) Aw
T—>00 T &(w)

A A 3
o /_1 T oo —1
> Zﬂlimsup/ (—2) Aw/ 07(a)) (/ (—2> Av) Aw
>0 Jr w JT o () v

I [T, ,A
> Blimsup — 2, (a)) Aw = B.

T—>00
By using Theorem 4, then every solution of Eq. (43) oscillates if 8 > 3 and over such time scale when

frzoﬁ < ocowith p > L

Criteria for oscillation (1) when ¢ (1) > o (1)
In the following, we shall apply the oscillation criteria that were established in the preceding section to the case
of (1) = o (7).

Theorem 5 Suppose that (2) holds. If for sufficiently large T € [to, 00)T,

hmmf%‘(f)/ § E((f() ) q(w) Aw > %’ (46)

then every solution of Eq. (1) oscillates.
Proof Let z be a nonoscillatory solution z of Eq. (1) on [, 00)T. Assume, without loss of generality, z(t) > 0
and z(¢(t)) > 0 on [19,00)T. As shown in the proof of Theorem 3, there exists 7; € [7g,00)T such that
{r(t)]zA(r)}yile(r)} < 0and z2(1) < 0on[1,00)T, and for T € [71,00)T,

1 1 Z7 (p(1))
@y [(r/7()|z2D)])7]"

ub(1) < - ——a(Du()u’ (v), 47)
z(7)

where u is defined by (26) . By using the fact that [r(r) |zA (1) |V} A 0, we obtain

© [r(w)|z2 @[]

77 (@) Aw

2p(0) = /

J (1)

1/ © A
> [re@nl o] [ 2
¢

@ M7 (@)

N Sy o roo Aw
(poorl) Lot
_ (Ol e

which implies that

- . F(w(mr—l
[(rl/l’(f)‘ZA(r)|)”]y71 z((1))
Therefore,
2 () y—1 z(p(7))
[(rl/V(1:)|ZA(T)|)U]V712(T) = &7 (p(r)) @) (48)

By using [rl/y ()22 (1)] & < 0, we have

oo L1/ A
—Z(‘L’)</ MA <r1/y(1:)z (-L—)/

7 (@) =" (@2 (M),

1/1/( )
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which yields that
(z@))AzguvAu>—sAuna>
£(1) §(1)E7 (1)
Y (D)E(D)ZA (1) + 2(7)
(g (r)
Hence,

2lp(@) _ @)

‘0 & @
Substituting (49) into (48) , we get
Z (p(1) £ (p(1))
T - (50)
(@2 @))) 2 @)
From (47) and (50) , we obtain for t € [t7, 00)T,
a1 1E ) .
u™(r) < ey Em q(m)u(r)u’ ().
The rest of the evidence is the same as it is in the proof of Theorem 3, hence is omitted. O
Example 3 Consider the second-order nonlinear advanced dynamic equation
A
[(22240) sgn (22 @)] " + @@z sgntze) =0 (5)
Therefore,
T gy
timinece) [ S0 g0 80

(™ Aw [T © Ap\2
=hm1nf/ —2/ <p(a))/ — | Aw
oo J. w T o) V
0o 71\ A . o /_1\A 2
zliminf/ (—) Aw/ o (w) (—) Av | Aw
oo [, w T ) v

=1>

P

o Aw
Using Theorem 5, then every solution of Eq. (51) oscillates over such time scale when jrzo 7 <> with p > 1

Theorem 6 Suppose that (2) holds. If for sufficiently large T € [19, 00)T,

lim sup & (1) ' 751/(('0(0)))

T—>00 T §(w) 1@ Ao >y, (52

then every solution of Eq. (1) oscillates.

Proof Let z be a nonoscillatory solution z of Eq. (1) on[zg, 00)T. Assume, without loss of generality, z(t) > 0
and z(¢(7)) > 0 on|[tg, 00)T. As explained in the proof of*° Theorem 1], we have

[r(t)‘zA(r)Vile(r)]A <0andz%(1) < 0,

_ A
eventually. there exists 71 € [79, 00)T such that [r(r)|zA(r)]V 1zA(t)} < 0and z2(x) < 0 on[t], 00)T. As
demonstrated in the proof of Theorem 3, we see for t € [}, c0)T,

(rl/y(t)zA(r))A + %q(r) z¥ (p(1)) <0,

(177 (@A) 7]

and from the proof of Theorem 5,

Z7 (p(1)) £V (p(1))
o1 = z(7).
(77 @]z2@])°] 5@
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Hence,
1 &7 (p(7))
Y02 1) + -2 ()z(r) <o,
( S e 1 =
The rest of the evidence is the same as it is in the proof of Theorem 4, hence is omitted. O

Example 4 Consider the second-order advanced nonlinear dynamic equation

A 3
[(ro@22@)]" + Lomze@m =o, (53)

where 8 > 0is a constant. Thus,

lim sup & (1) ' M

A
T—00 T §(w) 4@ Ao

= 38 limsup

T—>00

3
© /_1\A | p(w) oow %1 AAv
=38 limsup/ (—1> Au)/ ( fw( )( ) ) Aw
T T

i @ o [ () A

3
o8] A
/°° Aw T(*”(“’)fw(w) va(vw)
T

wo (@) Jr w a?ovﬁ(vv)

=3p.

By application of Theorem 6, if 8 > 1, then every solution of Eq. (53) oscillates.

Conclusions and discussion

(I)  The results of this paper are applicable to all time scales, includingT = R, T = Z, T = hZ withh > 0,
T = gV with g > 1, and so forth (see®).

(II)  In contrast to previous literature, the results we have obtained in this work do not presume the
fulfillment of condition (3) (canonical case), thereby resolving an open problem that has been
referenced in numerous papers, as indicated in?®434450:51,

(III)  This research paper introduces criteria for Hille-type and Ohriska-type oscillation that can be applied
to (1) in both cases, ¢ () < o(r)and ¢(r) > o (7) and on any arbitrary time scale. Also, our results
extend relevant contributions to second-order dynamic equations of**!.

(IV) It would be interesting to find such criteria for noncanonical sublinear half-linear dynamic equations
(1), where 0 < y < lisa constant.
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