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10.1 Introduction and background

The study of discrete Appell polynomials holds great importance in mathematics due
to their distinctive properties and broad spectrum of applications. Similar to their
continuous counterparts, these polynomials are characterized by a discrete shift op-
erator acting as their fundamental differential operator. They play a key role in the
development of special functions, which have practical uses in various areas such
as approximation theory, numerical analysis, quantum mechanics, and other fields in
mathematics, physics, engineering, and statistics (see [9,11]).

In this context, let f : Z — R be any function of the integers, and consider the
discrete operator Af(x) = f(x + 1) — f(x). This operator plays a crucial role in
the definition and analysis of discrete Appell polynomials, further highlighting their
importance in both theoretical and applied mathematics.

A discrete Appell sequence {p,(x)};2, is a sequence of polynomials such that
(see [5]):

Apr(x) = pr(x + 1) — pr(x) =kpr—1(x), k=1

It is known that a Taylor-series expansion can define Appell sequences (see [1]):

A(z)e** =2Pn(x)%, (10.1)
n=0 :

where A(z) is an analytic function at z = 0 with A(0) # 0. Similarly, discrete Appell
sequences can be defined by the Taylor-generating expansion:

(0.¢] Zn
X
AR)(1+2)" = E pn(X);, (10.2)
n=0 ’
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where again A(0) # 0.

Typical examples include the elementary case {x¥ } e o> Whose generating function
corresponds to (10.1) with A(z) = 1, as well as the classical Bernoulli polynomials,
employed by Euler in 1740 to evaluate the series Y .o, gk For the Bernoulli poly-
nomials, the generating function (10.1) becomes A(z) = e‘_l

The discrete analogs of the Bernoulli polynomials are known as the Bernoulli
polynomials of the second kind (see [3]), denoted by by (x). Introduced independently
by Jordan [10] and Rey Pastor [15] in 1929, they are also referred to as Rey—Pastor
polynomials (see [2]). Their generating function can be written as:

10g(1+z)( +2) Zbk(x)_'

Throughout this chapter, the following notations are used: N denotes the set of all
natural numbers, Ny the set of all non-negative integers, Z the set of all integers, R
the set of all real numbers, and C the set of all complex numbers.

The Korobov polynomials K, (x; A) of the first kind are defined by the generating
function (cf. [12]):

AZ

W(”Z)x ZKn(x A)—

n=0

When x = 0, the numbers K, (1) = K,,(0; A) are called the Korobov numbers.
In [4], Carlitz introduced the degenerate Bernoulli polynomials, given by the gen-
erating function:

< (1+a7)% —293 (x: x)—. (10.3)

I+ )\Z)’_ -1 n=0
From (10.3), it follows that

Alin}),@n()c; A)=B,(x), ((n=>0),

where B, (x) are the classical Bernoulli polynomials.

Additionally, for n € Ny, we define a new family called the U-Bernoulli poly-
nomials M, (x) of degree n by the power-series expansion at 0 of the following
generating function (see [13]):

S n
Z _ Z

fx;2) = oz Y= E Mn(x);, |z| < 2. (10.4)
=0 .

We have, for the first few U-Bernoulli polynomials M, (x):
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Mo(x) = —1, M3(x) =x3 - 3x% + %x,
Ml(x)zx—%, M4(x)=—x 4253 — x2 +20,
Mz(x)z—xz—i—x—l, Ms(x)=x5— 5X +5x3—%x

When x =01in (10.4), the U-Bernoulli numbers M,, are defined by the generating
function:

f@)=

> Z
Z n s lel <2
-0 n

Some of the first U-Bernoulli numbers are:

On the topic of polynomial families and their various extensions, a remarkably
large amount of research has appeared in the literature (see, for example, [6-8,17,
18]).

Given this context, the main objective of this work is to define and study discrete
U -Bernoulli-Korobov polynomials. We explore their algebraic and differential prop-
erties, and present graphical representations of their zeros, computed using a Python
program.

10.2 Main results on U-Bernoulli-Korohov discrete
polynomials
This section explores the properties of U-Bernoulli-Korobov discrete polynomials.

We include schematic proofs to highlight the main methods and results; further details
can be found in [14,16].

Definition 10.2.1. The new family of U-Bernoulli—-Korobov discrete polynomials
P (x) of degree n in x are defined by the generating function:

S n
Z X Z
(ez—l)(1+Z) _Z%(x)a, |z] <27 (10.5)
n=0
The first six U-Bernoulli—-Korobov discrete polynomials &, (x), are:
3
Po(x) =—1, @3(x)=—x3+5x2—x
1
Pi(x)=—x — > Pu(x) = —xV+4x3 —4x2 4+ 3x + —
1 15 3 553

Ps(x) = —x° +—4——x ——x

DPo(x) = —x% — -,
200) =27 = 2 3 6



152

CHAPTER 10 Main results on U-Bernoulli-Korobov-type polynomials

For x = 0 in (10.5) the U-Bernoulli-Korobov discrete numbers £?,,(0) are defined
by the generating function:

(10.6)

Po=—1; Pr=—z; Pr=——; P3=0, Py=_;

A consequence of (10.5) and (10.6) is the following proposition.

Proposition 10.2.1. For n € N, let {2, (x)}u>0 be the sequences of U-Bernoulli—
Korobov discrete polynomials in the variable x. Then, the following statement holds:

[e¢]

X n!
Inl0 = Z()(n BIRE

Proof. It is sufficient to use the generatriz function given in Definition 10.2.1:

Z@ <x> (
:Z@ni—r: i (:)zm

)(1+z)"

n=0 " m=0
—X;);)< )(n—k)v '

Comparing the coefficients of z”* on both sides of the equation, we have

f@n(x)_ " (x\ P, —k
n! _I;O<k>(n—k)!

X n!
P (x) =Z (k)mynk-

k=0

This completes the proof.

Theorem 10.2.1. For n € N, let {Z,(x)}n>0 be the sequences of U-Bernoulli—
Korobov discrete polynomials in the variable x that satisfy the following relation:

Pn(x)=Py(x+1) —nP,_1(x).
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Proof. Of the generating function (10.5), we have:

(ezz_1>(1+z)xzz %(x)%. (10.7)
n=0 :

Multiplying by (1 4 z) both sides of (10.7), we have:

( z
e <
ZO Pulx + 1)2—’; =Z %(x)% +z2 %(x);—"!
=Z P, (x)—.

(x+1) __ - i
1)(1+z> _<1+z>n§0 s

Il
M8 i
N

3

ol

2 +Z Pt () 1),

Z Py (x)—' +Zn% 1<x)—

D CRR I I NS RPANG) L
n=0 n=0

. . b4 . . .
Comparing the coefficients of — on both sides of the equation, the result is:
n:

Pn(x)=Py(x+1) —nPp_1(x).

Theorem 10.2.2 (Differential expressions). For n € N, let {7, (x)}n>0 be the se-
quences of U-Bernoulli-Korobov discrete polynomials in the variable x, which sat-
isfy the following relations:

1.
(n—=1)Pn(x) —nyr(x;n; z)%@n—l(ﬂ =0,
where
yxiniz) = [(z+ 1)1zg(z+ Dt ez le)log(z+ 1)]
2.

9P, L | k!
- o) _ n(" )(—1)"— k1 ().
X Pt k k+1
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Proof. For the proof of 1. Consider the following equations:

o0 Zn
L(x;z)=§)%<x)a, (10.8)
Lxiz)= ——(1+2). (10.9)
et —1

Partially differentiating with respect to z in (10.8) and (10.9), the result is:

dL(x;z) _ Z gzn(x)nz

n—1
|

0z = n
and
aL(x; 1 x 1 * 1 * 2
(x;2) =( +2) z2(I+2) X z2(14+2) e . (10.10)
0z et —1 e t—1 |1+z e t—1 e z—-1
Partially differentiating with respect to x in (10.9), we have:
dL(x;z)  zlog(z+ (1 +2)"
ax et —1 '
Of (10.10), we have
0= dL(x;z) (142" [zlog(z+ D +2)* x
9z et —1 e 2—1 (14+2)log(z+ 1)
_ zlog(z + 1)(1 + 2)* et
e z—1 (e72—Dlog(z+ 1)
0= L(x;z) (42" x 9L (x;2)
9z e—1 (14+z)logz+1) ax
e ¢ oL(x;z7)
(e72—1Dlog(z+1) ox
0 2WL(x;z) [ 7x N ze ¢ } dL(x;z)  z(142)*
9z (I1+2)logz+1) (e —Dlogz+1)] dx et —1

s nz" 1 ad zx ze %
°=,§%<“ n! Z_ng[(l Tologz D) | e Dlogie + 1>}

9 " o 7"
a«@n(x)ﬁ - Z_;)«@n(x)a

00 nz" o X e ¢
O_ngoy"(x)ﬁ _;[(1 Fologe+ 1) | (e F — Dlog(z + 1>}
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9 nz" S 7"
a nfl(x)W - X_E)gzn(x)a

X e ¢

+ }niﬂ (x)
(I+logiz+1) (e 2—Dlogz+ 1) ax_ "1

0=m—-1)P(x) — |:

This completes the proof.

Proof. For the proof of (10.1). Partially differentiating with respect to x in 10.2.1,
we have:

b4 9 "
(e Z_1> [+ ]=2 -2

n=0

o ol ) (5 ) Z8 2 0
(/;)cyn(x)n!)<2n+lZ >_28xyn(x)n'

n= n=|

oo n—1

n—1 "
ZZ%_l_ku)(—l)k( L )m = Z Pn(x) .

n=0k=0

. . Z" . . .
Comparing the coefficients of — on both sides of the equation, the result is:
n!

n—1

k!
—@ =) n (”k )( D Pake1 @),
k=0

Proposition 10.2.2. The U-Bernoulli—-Korobov discrete polynomials in the variable
x satisfy the following relations:

D) Zax 40 =3 (Z) Dk Pk ().
k=0

n—1 n
—1
(i) Pu@)=) n(”k )(x)k+§:<2)%(x>.
k=0 k=0

Proof. For the proof of (i), it is sufficient to use the generatriz function given in
(10.5):

Z«@;z(x‘FY)Z—,:( —Z
n. e

n=0

x+y
1)(1+Z)

= 3 ,@n(x)i S <y>zn
;) n! ,g) k

=< - )(1+z)’“(1+z)y
e~ —1
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-3y (’Z) (y)zcc%fk(x)i—':.

n=0 k=0

. . " . : .
Comparing the coefficients of — on both sides of the equation, the result is:
n!

n

Pu(x+y)=) (Z) Dk Pk (x).

k=0

To prove (ii). We will examine the generating function (10.5) as follows:

Z X > "
(e—z—1>(1+z) _ngoyn(x)n!

E2(1+2 =Y Pal) =Y %(x)%

n=0 ’ n=0
ZZZ(n—k)'<>Z _Z@(x)_._zmg Tl )_
oo n—1 n n
>3 (" - 1>(x)kn— = Z [%(x) = (Z)%(x)} =
n=0 k=0 n=0 k=0

n

. . Z . . .
Comparing the coefficients of — on both sides of the equation, the result is:
n:

n—1

-1 %
Pa(x) = Zn(" ' )(m +)° (Z)%(x).
k=0

k=0

Theorem 10.2.3. For n > 0, let {2, (x)}n>0 be the sequences of U-Bernoulli—
Korobov discrete polynomials in the variable x that satisfy the following relation:

n

> (Z) [Ph(x + ) Pk — Pui(x) Pr(y)] =0.

k=0

Proof. Let’s consider the following expressions:

z v > i
(e_z_1>(1+z) _Z;‘)%(x)n! (10.11)

and

o0 Z”
1)(1 +2' =) 20 (10.12)

n=0
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Of (10.11) and (10.12), we have

X = Zn
[ } (142" = (Zﬁ <x>—> (’;%(y)ﬁ)

n=0

(Z 9%) (2_) Py (x + y)%) = (Z %(x)%) (ZO ‘%(”%)

n=0 n=0

Z ( ) kﬁk(x-Fy)— ZZ( ) n—k(x)yk(y)z—,

n=0 k=0 ! n
k—0<

i
n=0 k=0
" (n
) n— kyk(x'i‘Y):Z<k>«@n—k(x)«@k(y)-
k=0
Therefore

> (Z) [Zr(x + Y)Pnk = Pn-i(x) Pr(y)] =0.
k=0

Theorem 10.2.4. Forn € N, let {7, (x)}n>0 be the sequences of U -Bernoulli—-Korobov
discrete polynomials in the variable x that satisfy the following relation:

n—1
(k+1)< k )(x)k—&-lf@n—l—k-

Proof. Of (10.5) and (10.6), we obtain:

Z X > "
(e—z_ l>(1+z) _rggn(x)n!

(==

n—1

Py (x) = %+Z

and

ad Z
)= 2T
then

[e¢) Zn [e¢) Z" o Zn
D NPu@) = Pal =3 Pa0) =Y Py
n=0 n=| n=0

— [+ -1]

n o

:Zf@nﬁg<n+l)z +1
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M:

n —k Zn+1
- k+1 n—k)!

3 "D wn P
k+ 0 k X)k+1 n—k—ln!~

:»
- O

o

o]
Zn

Comparing the coefficients of — on both sides of the equation, we obtain:
n!

-1
P(x) — Py = Z (k+1) (n L )(x)k+1t@nk1

— n n—1
%(x)=%+]§(k+l)( . )(x)kH%_k_l.

10.3 Approximate roots of U-Bernoulli-Korobov-type
polynomials and their applications

In this section, we investigate certain zero distributions of U-Bernoulli-Korobov-

type polynomials. The graph plots using the Mathematica program show the zero

distribution patterns.

7 Coefficient

7 Coefficient

. 10‘ . o o - . L e _ o L d e_o
. ¢ o o o o o . .o:o:o:o.
. ” o oo L . [ ] ° .. [
L] L] o 00 o L] L] . L]
. [ Y Y . .
e ¢ ® o
e 4 o
e oo
2o
e
- Zero Functions Zero Functions
-2 2 4 6 10 15
(a) Zeros of Pip(z) =0 (b) Zeros of Pap(x) =0
z Coefficient z Coefficient
@
Zero Functions Zero Functions
25
(¢) Zeros of Po5(x) =0 (d) Zeros of P30(xz) =0

FIGURE 10.1
Roots of U-Bernoulli-Korobov-type polynomials, plotted considering 10, 20, 25, and 30

points.
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In Fig. 10.1 we show four different plots, each representing an amount of zero
distribution. In 10.1(a) purple dots for 10 points, in 10.1(b) black dots for 20 points,
in 10.1(c) red dots for 25 points, and 1(d) blue dots for 30 points, and we can see that
all the roots are located along the x-axes, except in the zero distribution for 10.1(b).

Finally, we will show the induced mesh of U-Bernoulli-Korobov-type polynomi-
als for different values of n (10.5) £2,(x) =0

S .
HER- S | & " .'-
L]
it l_ljw
- AR A 20 i,
10.\ 22 S T T T e S { ....:‘fc..‘........
; 4 15| ’
5 e . 72 10} /4
. \ e,
\ ®e 71 51 See, 72
ol ¢ %
0 [ 0 o,
2 y 5 /
/-1 J-2
L x TN,
6 "~ /o 15
(a) Data visualization of zeros of (). (b) Induced meshes of FPoy(z).

b s t
\ 2 2% /5
107 t
‘ ; 10}
ol {
K y ok,
0 VAR 0 0
5 ol
10 e 10
X 15 S / TS
~_ | X 20
20 T g /-5
(c) Data visualization of zeros of Po5(x). (d) Data visualization of zeros of Ps¢(x).

FIGURE 10.2

Data visualization of zeros of U-Bernoulli-Korobov-type polynomials, plotted considering 10,
20, 25, and 30 points.

In Fig. 10.2, we present four 3D plots illustrating the distribution of the zeros of
the polynomials &2, (x) for degrees n = 10, 20, 25, and 30, respectively. The plots
reveal that the zeros tend to cluster toward the upper left region of each mesh. As the
degree increases, the number of zeros naturally grows, and the mesh becomes denser
and more structured. Notably, a slight perturbation appears around x & 10, becoming
especially noticeable in the blue mesh of Fig. 10.2(d), corresponding to 3¢(x).
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Next, we calculated an approximate solution satisfying the U-Bernoulli-Korobov-
type polynomials &, (x) forn =2, 3, ..., 15. The results are presented in Table 10.1.

Table 10.1 Approximate solutions for %Z,,(x) = 0.

Grade n x
O _
—0.5000
—0.4082i, 0.4082i
0, 0.75 — 0.6614i, 0.75 + 0.6614i
—0.01087, 1.033, 1.489 £ 0.8662i
0, 0.9438, 2.132, 2.212 £ 1.074i
0.0003813, 0.9977, 1.850, 3.253, 2.949 &+ 1.303i
0, 1.003, 1.982, 2.728, 4.363, 3.712 + 1.537i
—0.00001231, 1.000, 2.014, 2.918, 3.620, 5.462
4.493 + 1.763i
0, 0.9999, 2.001, 3.048, 3.751, 4.577
6.553, 5.285 4 1.983i
3.821 x 1077, 1.000, 1.999, 3.005, 4.218, 4.366
5.605, 7.639, 6.084 £+ 2.2i

0 ~NO O~ WN -

©

—
o

10.4 Conclusions

In this work, the algebraic and differential properties of a new family of polynomials
called discrete U-Bernoulli-Korobov polynomials were defined and studied. They
are constructed from a generating function that combines characteristics of Bernoulli
and Korobov polynomials. Recurrence formulas, explicit expressions, and functional
relations describing the behavior of these polynomials were presented, including
their expansion in power series, derivatives, and discrete shifts. Additionally, the ap-
proximate roots of these polynomials were analyzed using graphical representations
generated with computer programs, revealing structured patterns and a characteristic
concentration of zeros in certain regions of the plane. These observations allow for a
deeper study of the behavior of their zeros and open up new possibilities for their ap-
plication in mathematical contexts related to discrete analysis and special polynomial
theory.

References

[1] F. Avram, M.S. Taqqu, Noncentral limit theorems and Appell polynomials, Annals of
Probability 15 (1987) 767-775.

[2] J. Babini, Polinomios generalizados de Bernoulli y sus correlativos, Revista Matemética
Hispano-Americana 10 (4) (1935) 23-25.

[3] L. Carlitz, A note on Bernoulli and Euler polynomials of the second kind, Scripta Math-
ematica 25 (1961) 323-330.



References 161

[4] L. Carlitz, Degenerate Stirling, Bernoulli and Eulerian numbers, Utilitas Mathematica 15
(1979) 51-88.

[5S] A.G. Asensi, E. Labarga, J.M. Ceniceros, J. Varona, Boole-Dunkl polynomials and gen-
eralizations, Revista de la Real Academia de Ciencias Exactas, Fisicas Y Naturales. Serie
A, Matematicas 118 (2024) 16.

[6] L. Castilla, C. Cesarano, D. Bedoya, W. Ramirez, P. Agarwal, S. Jain, A generalization of
the Apostol-type Frobenius-Genocchi polynomials of level ¢, in: Fractional Differential
Equations Theoretical Aspects and Applications Advanced Studies in Complex Systems,
2024, pp. 11-26.

[7]1 G. Dattoli, C. Cesarano, On a new family of Hermite polynomials associated to parabolic
cylinder functions, Applied Mathematics and Computation 141 (1) (2003) 143-149.

[8] G. Dattoli, P.E. Ricci, C. Cesarano, The Lagrange polynomials, the associated generaliza-
tions, and the Umbral Calculus, Integral Transforms and Special Functions 14 (2) (2003)
181-186.

[9] 1. Gavrea, M. Ivan, Approximation properties related to the Bell polynomials, Construc-
tive Mathematical Analysis 4 (2) (2021) 253-259.

[10] C.Jordan, Sur les polynomes analogues aux polynomes de Bernoulli et sur des formules
de sommation analogues a celle de MacLaurin-Euler, Acta Szeged 4 (1929) 130-150.

[11] V. Kostov, The disconnectedness of certain sets defined after uni-variate polynomials,
Constructive Mathematical Analysis 5 (3) (2022) 119-133.

[12] N.M. Korobov, Special polynomials and their applications Diophantine approximations,
Mathematical Transactions 2 (1996) 77-89.

[13] W. Ramirez, D. Bedoya, A. Urieles, C. Cesarano, M. Ortega, New U-Bernoulli, U-Euler
and U-Genocchi polynomials and their matrices, Carpathian Mathematical Publications
15 (2) (2023) 449-467.

[14] W.Ramirez, C. Cesarano, A. Urieles, On discrete orthogonal U -Bernoulli-Korobov—type
polynomials, Constructive Mathematical Analysis 7 (2024) 1-10.

[15] J. Rey Pastor, Polinomios correlativos de los de Bernoulli, Boletin del Seminario de
Matemadticas Argentina 1 (3) (1929) 1-10.

[16] A. Urielesa, J.L. Escalantea, M.J. Ortega, On new generalized discrete U-
Bernoulli-Korobov—kind polynomials and some of their properties, Journal of Mathe-
matics and Computer Science 36 (2025) 52-69.

[17] N. Tabinda, A.W. Shahid, A. Parvez, W. Ramirez, Introducing a novel family of Aj-
Sheffer polynomials and their interconnected hybrid variants, Journal of Mathematics
and Computer Science 36 (3) (2024) 317-325.

[18] Z. Mohra, A.W. Shahid, W. Ramirez, A.A. Mohammad, F. Fuentes, Properties and ap-
plications of Bell polynomials of two variables, Journal of Mathematics and Computer
Science 35 (3) (2024) 291-303.



	10 Main results on U-Bernoulli–Korobov-type polynomials and their approximate roots
	10.1 Introduction and background
	10.2 Main results on U-Bernoulli–Korobov discrete polynomials
	10.3 Approximate roots of U-Bernoulli–Korobov-type polynomials and their applications
	10.4 Conclusions
	References


