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Abstract

This paper introduces new families of Fubini-Euler type and Apostol Fubini-Euler type polynomials, providing expressions,
recurrence relations, and identities. We also derive Fourier series, and integral representations, and present their rational
argument representation.

Keywords: Fubini-Euler polynomials, Apostol Fubini-Euler type, series of Fourier, integral representation.

2020 MSC: 11B68, 11B83, 11B39, 05A19.

©2024 All rights reserved.

1. Introduction

The Fourier series of a function of period T can be written in its exponential form as (see, [11, p. 19,

Eq. (2.2)]):
f(t) = Z ane™™t, <w = 2_|7_T> ,

n=—oo
where the coefficient a,, and its conjugate are computed as:

Pud 27

2 1 (W .
an = J e "™ (t)dt and a_, = J e (t)dt.
TJo TJo

The Fourier series of several families of polynomials have been introduced by various authors [4, 8, 9, 15,
16, 22], using the Lipschitz summation formula, another method used is Cauchy residue theorem. We
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begin by recalling here definitions as follows. The Fubini numbers wg(n) are defined using the following
generating function (see, [12, p. 11, Eq. (2.2)]):

o Zn
= E wg(n)—, Izl <In2,
I !
n=0

2—ez

with wg(0) = 1. Also, the Fubini-type numbers, can be obtained from the following generating function
(see [14, p. 1608, Eq. (13)]):

o0

e“—1
_ez_ZWM —', |z| < 1n2,

we see that wp(0) = 0. A new family of numbers a,, and polynomial aE{") (x) was recently defined, which
are obtained by making some modifications to the numbers wy(n), where a, is given by the following
generating function (see, [14, p. 1609, Eq. (14)]):

z
m = Z ana, |Z‘ <In2.

The generalized Fubini type polynomials aE{"J (x) of order « are defined by means of the following gener-
ating function (see [14, p. 1611, Eq. (18)]):

n

2 * Xz . o) z
<(2ez)2> e = Z an (X)H, |Z| < ln2,

where o« € INy. Observe that aﬁf‘) (0) = an ) denotes the Fubini type numbers of order . These types of
numbers are of great importance in various branches of mathematics, engineering, and physics.

In the present paper, we define new generating functions for two kinds of Fubini-Euler polynomials,
we derive their explicit expressions, recurrence relations, and some identities involving those polynomials.
We also show some applications that meet this family of Apostol Fubini-Euler type polynomials. On the
subject of the Apostol-type polynomials and their various extensions, a remarkably large number of
investigations have appeared in the literature, for example, see [1, 3, 5, 6, 10, 13, 17-21]. The paper is
organized as follows. In Section 2, we have some previous results, and important definitions, which are
used in this paper. In Section 3, we define the new families of Apostol-type Fubini-Euler polynomials and
their respective numbers. Finally, in Section 4, we introduce some applications of the Fourier series and
integral representation of these families of polynomials in addition to their formula in rational arguments.

2. Background and previous results

Throughout this paper, we use the following standard notions: IN = {1,2,...}, No = {0,1,2,...}, Z
denotes the set of integers, R denotes the set of real numbers, and C denotes the set of complex numbers,
for the complex logarithm, we consider the principal branch.

The Laplace transform of the function t™ is given by (see, [15, p. 2198, Eq. (3.2)]):

S |
L the—atdt = % neNy R(a)>0. 2.1)

The Euler polynomials E,, (x) in variable x are defined by means of the generating function (see, [2, p.

804, Eq. (23.1.4)]):
(ez_|_1> ZE ,, lzl <, (2.2)
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when x = 0, E, denoted the so-called Euler numbers associated with the generating function.
The Fourier series of (2.2), which was obtained using the Lipschitz summation formula, is given by
(see [15, p. 2197, Eq. (2.12)]):

(2k—1)7rikx

2 e
En(x) = ——=—n! S
(X) (ﬂl)n—i-ln ];Z [(2](— 1)]TL+1

The Apostol-Euler polynomials are defined by the following generating function (see [15, p. 2194, Eq.
(1.4)]):

2 e z"
v KD SR AN G (2.3)
n=0 )

with [z| < 7, if A =1, |z] < [log(—A)] if A # 1, for the Apostol Euler numbers &, (A) we readily find from
(2.3) that £, (x;1) = En(x) and €,(1) = Eq,.

The Fourier series of (2.3), which was obtained using the Lipschitz summation formula, is given by
(see, [15, p. 2196, Theorem 2.2]):

2k—1)mikx

2n! el
EnlGN) == D

A = [(2k — 1)mi—log(A)™

The Hurwitz-Lerch zeta function ®(z, s, a) is defined by (see [16, p. 8 Eq (4.1)]):

n

(D(Z/ S, Cl) = 275/ (24)
nZ—O Mm+a)

ac C\Z,,scC, when |z|<1;%(s) > 1 when |z |= 1. For z = 1 in (2.4) we have Hurwitz zeta functions

1

((s,a) =D®(1,s,a) = Z m,

n=0

R(s) >LagZ,.

Recently several authors have continued working with different families of polynomials and introducing
their representation in Fourier series. In [22], they presented the Fourier series of generalized Apostol
Frobenius-Euler type polynomials, using Cauchy’s residue theorem. In [8] they presented the Fourier
series for the higher-order Apostol-Genocchi, Apostol-Bernoulli, and Apostol-Euler polynomials using
Laurent series and residue. In [9] they introduced the Fourier series expansion of Apostol-type Frobenius-
Euler of complex parameters and order o using Cauchy’s residue theorem.

3. New families of Fubini-Euler type polynomials and Apostol Fubini-Euler type polynomials

Definition 3.1. The new family of Fubini-Euler type polynomials Fy,(x) in variable x is defined by the
generating function

1—2e* > zn
< e ) =3 Pl < (3.1)
n=0 ’

The first Fubini-Euler type polynomials F,, (x) are

1 x 3 1 3
Fo(x) = X Fi(x) = Ty Fa(x) = —EXZ - EX’

1 9 3 1 3 1 15 15 3
Fg(X) = —EXS — EXZ =+ g, F4(X) = —§X4 — 3X3 —+ EX, F5(X) = —EXS — ZX4 —+ ZXZ — 1
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For x = 01in (3.1) is also obtained, the Fubini-Euler type numbers are defined by the generating function

1—2e* « Fnz"
ez 11 :ZT, |Z‘<7T. (32)
n=0
Some of these numbers are
1 3 3 3
Fo=—=, Fi=—>, Fo=0, F3=>, F4=0, Fs=—"_.
0 > h 7 b 0, F3 g s 0, Fs 1

A consequence of (3.1) and (3.2) is the following proposition.

Proposition 3.2. Let {F,,(x)}n>0 be the sequences of Fubini-Euler type polynomials in the variable x. Then the
following statements hold.

a) Summation formula: for every m > 0,

/m n—k v (n
Fax) =) (k> Fex K, Falx+1)=)_ (k) Fie(x).
k=0 k=0
b) Differential relations (Appell polynomial sequences):
O Fn(x) n!
I e TS
c) Integral formulas:
x+1 n__ n__
J Fooa(tae = 20 DEZ200) o oy
x n
d) Formulas for connections:
Fa(x+1) =x"=2(x+1)" —Fn(x),
1« /n
Fasa) = xFa) 5 3 (1) En-sls 1)~ Enfis1)

Theorem 3.3. The Fubini-Euler type numbers satisfy the following recurrence relationship:

n
n 1
kZ_O<k>Fk:—(2+Fn),n>1, and FO:_E'

Proof. From (3.2), we have

1—2e = 2 OOF "
Bl DA DI
n=0 n=0

Then,

1=2) =) g2 Fgt) Ry
n=0 n=0 n n=0

=0
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Similarly
-y LY Sy R +ZFn*+Z L
n=0 n=0 n=0
0] n e¢] n o0 e¢] n
z z z" Al z
=D =2 G P t) Pt o
n=1 n=0 n=0 n=0 n=0
(e.9] n (e.¢] n n oo n (e.¢] n
z n\_ z z z
—zmzzz(k)wzhmzm-
n=1 n=0k=0 n=0 n=0
By matching coefficients Z;, we complete the proof. 0

Definition 3.4. The new family of Apostol Fubini-Euler type polynomials Fy (x;A) in variable x is defined
by the generating function

1—2e* Xz — i F (X‘A)i |z| < |log(—A)] (33)
)\ez_{—l —nzo ni{A, Tl!/ g . .

The Apostol Fubini-Euler type polynomials Fy, (x;A) are

FolsA) = —5- 1.
oy (T+A)x+(2+7)
Fl(xr}\) - (}\+1)2 ’
2 2 2 a2
BRA):_KA+QA+Ux-+QA+6A+@x+(A A+@L

(A+1)3

For x = 0 in (3.3), the Apostol Fubini-Euler type numbers are defined by the generating function

1-2e2 & Fa(A)z"
}\eZH:Z “(n,) . lzl < |log(—A)l. (3.4)
Some of these numbers are
1 24+ (A2 +A-2)
Fo(A) = ———, FIA) = — 5, Fo(A) = 2,
o) A+1 1(A) A+1)2 2(A) Al
(A3 —2X2 —7A +2) (—A*+ 9% + 11A2 — 21A 4 2)

Fa(A) = - RiA) = -

(A+1)4 ! (A+1)5

Theorem 3.5. The Apostol Fubini-Euler type numbers satisfy the following recurrence relationship:

n
n 1
A Fi (A FA (A 2=0; >1, ith Fo(A) = ——.
kZ_0<k> KA +FaA)+2=0; n with  Fo(A) = —5—

A consequence of (3.3) and (3.4) is the following proposition.

Proposition 3.6. Let {F (X;A)n>0 be the sequences of Apostol Fubini-Euler type polynomials in the variable x.
Then the following statements hold.

a) Summation formula: for every n > 0,

FnloA) = Y (L‘) Fe(A)x™ %, Falx +53) = Y (Tk‘) Fi(xA).

k=0
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b) Differential relations (Appell polynomial sequences):

0KFL () n!
k= (n_k)!ank(X;A)-

c) Integral formulas:

Fro1(t,A)dt = , neN.
x n

JX“ X™ —2(x+1)" —2Fn (x;A)

d) Formulas for connections:

En(A) =280 (x+1;A)
2 7

A /1
Frs1(6A) =xFn(6A) = 5 3 (k> EncMF(x + LA) = Enlx + 1;A),
k=0

Frh(xA) =

AFL(x+LA) +Foi(A) =x™—2(x+1)™.
Proof. The proof of Proposition 3.6 is proved by using (3.3). O

Definition 3.7. For a real or complex parameter « and A, the generalized Fubini-Euler type and general-

ized Apostol Fubini-Euler type polynomials Fi(x) and F&(x;A) of degree n in variable x are defined
by means of the following generating functions:

1—2e*\* Z (), 2"

(ez+1> =) Fy () < 1%:=1, (3.5)
n=0

1—2e*\* = () zZ"

()\ez—i—l) eZ:ZOFn (GA) =, lzl <llog(=N)|, 1% :=1. (3.6)
n=

n
n
PPy =Y <k> AR ), ©7)
k=0
ke n
F1("LCX+B)(X+‘H/')\) _ Z <k> FLOC)(X,.)\)ng)k(g;)\). (3.8)
k=0

Making an adequate substitution in (3.7) and (3.8), we get

n n
n _ n _
Pty =3 (k) RS, B by = ) (k) R A,

k=0 k=0

4. Fourier expansions of the Apostol Fubini-Euler type and Fubini-Euler type polynomials

This section introduces the Fourier series and representation integral of the Apostol Fubini-Euler type
and Fubini-Euler type polynomials. In addition, we obtain the formula in rational arguments for these
two families.

Lemma 4.1. Let Cy be the circle centered at the origin, with radius (2N +1+ ¢)m, N € Z* and ¢ being a fixed
real, such that (emi £+ 1log(A) # 0(mod i), then for N — oo, n > 1, and 0 < x < 1 we have

1 1-—2e*
JCN erz 1 e**dz = 0.
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Proof.

1 1-2e* , J’ 1 [1—2e7
— dz| < — |e**|]dz].
JCN on+1 )\ez+1e 7" Cn |z 1] Aez + 1 e[ |dz|

For, 0 < x < 1,[Ae* +1] > [Ae?|, let z=x+1y. Then

|1 —2e?| 7] < |1 —2e7| e < <|1|+2e2|> &% < <1+2e><> X3 (z) 1+Ze.

Aez+1] © ATe?] N N e (e i
So that
J 1 1-2e* , 1+2eJ |dz| 2+4e
— edz| < - -
cn 2V ez +1 Al Izt A (2N +1+¢)m)

As the value of N — oo, the previous expression tends to 0. Therefore, when N — oo, n > 1, the integral
of the Lemma tends to 0, this completes the proof. O

Theorem 4.2. Let A € C\{0;1;,-2},n > 1,0 < x < 1, we have

1\ % A+2 e(2k—1)7‘tix
Foon —nf L) [A+2 , 41
(e, A) “(7\) [ A ]Z [(2k — 1)mi — log ()™ @l

kez

1 1-2e*

Proof. First we consider the function fn(z) = J7541

e** and the integral of Lemma 4.1:

JC fn(z)dz.

The poles of the function f;,(z) are given by
zy =21ki —mi—log(A), ke Z.

With z = 0 we have a pole of order n + 1. From the Cauchy Residue theorem we have (see, [7, p. 112,
Theorem 2.2]):

J fn(z)dz = 2mi {Res(f 0)+ ) Res(f k)} . 4.2)
Cn
We calculate Res(fn(z),z = 0) and Res(fn(z),z = zi) as follows (see, [7, p. 113, Proposition 2.4])

n

. 1.d +1 -
Res(fn(z),z:O):zlgan (z—0O)"™ z“+ Z

j—mn ~ Fa(x;A)
Iim — F; (
o Z n a7
and
. 1 2e*
Res(fn(z),z=2zx) = ZlLTPZk(Z— zi)(z)™ (n+1) m e*
- L [ By 2]
zy z—z AeF+1  z—z Ae?+1
1 1 2 eanxi—nxi—xlog(?\) 1 2
— XZx _ | = _
ZE+1 e |:}\€Zk }\:| [27Tk1—7t1—10g(7\)]n+1 |:A62’/Tk1'.—71—10g(7\) A
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So, in (4.2), we have

F . 2tk xi—mxi—xlog(A)
J fn(z)dz:zm{“(x')\)—i—z ¢ { 1 —2} .
CnN

n! keZ 27ki — 71 — log()\ﬂnJrl Ae2rki—mi—log(A) A

Taking N — oo in Lemma 4.1, it becomes ‘[CN fn(z)dz = 0. So we have

A+2] n! e(2k—1)mix
FTl ;7\ - x 7
N [ A ](7\) ,;Z[(zk—l)m—logm]““

this completes the proof.
Corollary 4.3. Letting A =1,n>1,0 < x < 1, we have
3 e (2k—1)7rix

= [(k— %)]TH—I '

Next, the integral representation of Apostol Fubini-Euler type polynomials and Fubini-Euler type
polynomials are presented.

Theorem 4.4. Forne Nand 0 <x < 1, |§| < %, & e R, we have

Fn(X; ezﬂia) _ O 2&mix Joo D(n; X,v)(eZW(vfix)eZ&W + efZEWV)vndv
2 0 cosh 27tv — cos 27x
©e—2&mix ® iB(n;x V)(eZW(v—ix)eZ&W _ 6—257“;)
. [ iBmix. .l
2 0 cosh 27tv — cos 27tx
where

1 1

D(n;x,v) = [e™ cos(mx — (n+2)7t) — e ™ cos(mx + (T“FZ)“)]I
1 1

B(n;x,v) = [ sin(7tx — (nz)”) — e ™ sin(mx + (THrz)Tt)].

Proof. As previously demonstrated, the Fourier series of the Apostol Fubini-Euler type polynomials is
given by:

1 (A+2 ek
) — !
Fu(xi2) n'(A)X( A >1§Z[(2k—1)ﬂi—1080‘)]n+1’

if A = 2% and k — —k, we have

e—Zﬂixae(—Zk—l)ﬂix

Fu(ce™®) =nl (27 +1) § [2k7ti — ti — 27rign+l

kezZ

e—27rix£e—(2k+1)7rix

=n!(2e 7 41
n! (2 * )é [—(2k + 1)7ti — 2mig 1

=nl(2e 4 1) 3 :

keZ

o~ (2&+2k+1)mix
—mi(2k + 1 4 28)]n 1

n! —(2E+2k+1)7Tix

- (e Eg) Y S .
e )gz[zwzamnﬂ
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Here © = (2¢7?™% 4 1), now applying the well-known formula (2.1) we have

) 1 le— (2E+2k+1)mix
Falge?™é) = — 0y °°
(=)t T = 2k 28 1]

—(2E+2k+1)mix k=0 nle— (2&+2k+1)mix }

B 1 o Zn'e 4
()T | = R+ 28 H 1T T A 2K 28 - 1

o O e~ (28+2k+1)mix O nle— (2E—2k+1)mix
(—miyn+1 ];] [2k + 28 + 1]n+1 +k7 [2k + 28 + 1n+1
I S i n!e—(2£+2k+l)7ﬁx n+1 Z nle(2k—2&—1)mix
—i)ntl = 2k+2€,+1]“+1 2k —2& — 1]n+1

o0
F(x; €2miE) — Z e(2£+2k+1)7ﬁxj (e (2281t gy
k=0 0
+ (1) Z o (226 1)mix Joo tne(2k2£1)tdt}
0

k=0

o~ (2k+2E+1)mix ,—(2k+26+1)tym g

3 1

1

k
P
k=0

—0

B 1
(i)
_ 1
(—mti)
1
(_T[i)n+l®{
( n-+ -
_ 1 { 5
(—i) —
n+ - Jooe(Zk—ZE—l)ﬁixe—(2k—2£—1)ttndt}
0
= n+l {Z

Jme (2E+1)Tix 7(2£+1)t 72(7nx+t ktndt
0

k=0

n+1 Z JOO e~ (2E+1)Tix (2£+1)t 2(7nx t) ktndt}
0
(—mi) =

(oe]
b (—1)H e RE+Dmix ro S2E+DEm Z Q2(mix—k gy
0 k=0

1 . o® o )
_ n+1@ e—(2£+1)7‘nxJ e—(ZE—l—l)ttn Z e—2(7‘nx+t)kdt
0

eZt

1 N
_ —(2&+1)mmix —(2&+1)tymn
- n+1 S {e JO ¢ t e2t _ p—2mix dt

(=i
4 (=1l e+ mix * e(2£+l]ttn872tdt
e2t _ p2mix

0
1 NS 67(2£+1)7ﬁx ot 00 67(2£+1)7rix
_ —(2E+1)tm _q1yn+1 2t (2E+1)ten
- (_m)n+1®{ 0 e2t _ p—2mix € t dt+( 1) Jo e2t _ p2mix ee thdt
oo e—(2£+1)7‘(ix 00 e—(2£,+1)7tix
(2t—2&t—t)n _qyn+1 (2t+2&t+t)n
i) n+l®{ o €2t —e2mix® thdt+ (1) Jo o2t _ g2mix © thdt
e'e) —2&7uxe—7rix 00 e—2£7rixe—ﬁix
(1—2&)tyn _1yn+1 (342&)tyn
—i)n+l {JO o2t _ g—2mix © thdt+(-1) Jo o2t _ g2mix © t dt}

—7Tix
e

e2t _ p2mix

—0
725,7nx oo 77rix 00
{ e (25—1)ttndt + (_1)n+1 J e(2£+3)ttndt} ,

eZt _ e—27ux 0

7-[1 TL+1
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on the other hand,

e—nix e—rtix o e—Zt eTtiX

e2t _e—2mix T o2t | p—2t _ o—27mix _ p2mix’
in effect, multiplying crosswise gives

7711xe2t_+_ef7nx —2t —3mix __ mix _ 77t1x62t_ TTix 737nx_l_

e “t—e e —e e™ _e 2t ix

e e

Analogously

e—ﬂix e—rtix o e—Zte—Snix

e2t _ p2mix - e2t | e—2t _ p2mix __ o—27rix ’

+1) i

. . . . . . (n
replacing in the last integral expression and taking into account that (—1)"*! =e~ 2 and (—1)™*! =
—(n+1)7mi
€ ’

—2&mix 0 —7ix _ ,—2t 7mix
F(x; €28 = L € e .e —2aT)tyn gy
’ (—7'[1',)“+1 0 e2t 4 e—2t _ g—2mix _ p2mix
00 —Trix —2t ,—3mix
—1)nH € —¢ € (2E+3)tym
+ (=1 Jo 2t 1 o 2t _ o Zmix _ g2mix © thdt

e (2&-Dtymgy

8672£ﬂix 00 (6727rix _ 672t)e7rix

- (—mi)n+l {L [2 cosh 2t — 2 cos 2]
N (_1)n+1 Joo (eZTtix _ e—Zt)e—Snix

o [2cosh2t—2cos27mx]

(n+1)mi

867257&7( {Joo e 1 (6727cix . 672t)eﬂix

e(2£+3)ttndt}

e~ (2E-1tgngy

2l 0 [cosh 2t — cos 27X]

. Joo e—(n+1)me(“+z”“" (e27Tix _ g—2t)p—dmix

(26+3)tyn
e t'hdt
0 [cosh 2t — cos 27tx] }

—2&mi oo U™ omix -2ty i
_ Oe Tix e 7 (e ix _ e )eTrix e*(Zifl)ttTldt
2mmn+1 0 [cosh 2t — cos 27X]

_ (m+)mi
2

0 o (eZTrix - e—2t)6—37rix
+
J 0 [cosh 2t — cos 27tx]

e(za”’)tt“dt} .

Now by making t = v,

. (n+1)7mi . .
. @efZE,nlx 00 P 6727nx _ 67271\; eTrix
Fr(x; 2™8) = - J ( ) e~ CEU () iy
2nn+t 0 [cosh 27tv — cos 27tx]
oo ,—FD7E - oin —27tv ) ,—37Tix
n J e 2 (e —e Je 2EABY (g,
0 [cosh 27tv — cos 27tx]
. (n+1)7i . .
@e—ZEm.x 00 e 7T e—27nx _ e—27‘tv eTrix
_ ( ) ef(zafl)ﬂvvndu
2 0 [cosh 27tv — cos 27tx]
_ (n+)mi ; _ A
N J»oo e 5 (eZﬁlX —e 27W)€ 3mix e(2£+3)7wvn &
0 [cosh 27tv — cos 271x]

W (e—2nix _ e—27t\))e7tix

©) e—2£7rix 0 o )
— —2&mv v, n d
2 {L [cosh 27tv — cos 27x] ¢ eV
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(n+1)7ri . .
00 L,— 5 ( ,27TiX —27v) ,—37ix
€ 2 (6 —€ )e 287y 3mtv,
+ e eyt dv
0 [cosh 27tv — cos 27tx]
. (n+1)mi : .
—2&7ix 00 L,—n— [ STV ,—27TiX — 7TV 571X
_ Oe ez (e™e —e e Cfmvem
= e vitdv
2 0 [cosh 27tv — cos 27tx]
(n+1)7mi . .
00 o— 7 — (e3ﬂv62n1x _ enu)e—STnx 2emv.n
+ e vitdv
0 [cosh 27tv — cos 27x]

. ()i i v i
B ©e2&mix X ez (e™e X —e Ve —2&Emv, n
e vidv

N 2 0 [cosh 27tv — cos 27x]

(n+1)7ti . .
0 ,— - ( ,3TTV o —TTiX v ,—37Tix
e 7 (e’™e —e™e ) 5 Ervon
+ e vitdv
0 [cosh 27tv — cos 27tx]
Qe 2&mix 00 672E,Trv(eﬂvefﬂixe[“'*'2])7ri o e*ﬂveﬂixem o
= vtdv
2 0 [cosh 27tv — cos 27x]
00 eZ&nv(e?mvefﬂixefw _ envef?mixef%) N
+ vtdv
0 [cosh 27tv — cos 27tx]
L+21)7T)i o efnve(chri[nél)ﬂ))i

vtdv

@e*ZENiX 00 efZETW(envef(nx—
- J 0 [cosh 27tv — cos 27tX]

(n+1)

W)i o eﬂve—2nixe—(ﬂx+%)i) N
vidv ».

N J»oo ezanv(e37we—27'tixe(71x—

0 [cosh 27tv — cos 27x]

Rearranging the integrals we have

. —2&mix % D(n: 27t(v—ix) ,2& 7TV —2&7v
Fo(x; €2TE) = Oe J (n;x,v)(e 25TV 4 o ) gy
2 0 cosh 27tv — cos 27tx
N @ef2£7ﬁx Joo iB(Tl; X’v)(e2ﬂ(vfix)62£mz o efzamz)vndv ,
2 0 cosh 27tv — cos 27tx
where
1 1
D(n;x,v) = [e™ cos(mx — w) — e ™ cos(mx + ( —; )71)]/
1 1
B(n;x,v) = [e™ sin(mx — @) — e ™ gin(mx + ( z )7’[)]
This completes the proof. -

Corollary 4.5. Forn € N and 0 < x < 1, we have

3 (® D(n; X,V)(ebr(v—ix) +1) +iB(n;X,V)(ezn(v_iX) ~1)
Fn(x) =3 vtav.
2 Jo cosh 27tv — cos 27tx
Proof. 1f in the Theorem 4.5 we let & = 0, the result is obtained. 0

In this part, we prove the explicit formulas for the Apostol Fubini-Euler type polynomials and Fubini-
Euler type polynomials at rational arguments.
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Theorem 4.6. Forn,q € N, p, & € Z, || < 1, the following expression of Apostol Fubini-Euler type polynomials
at rational arguments is obtained:

P 2nig n! 25 +286+1, (Lot _@isteip) g
Fo (5 _n 2 +26+1 :
<q e > (zqﬂ)n—kl {]Zlc +1 2q )

q e .
+ZC(n+122§ O 3’%}

2n! d 2i+28+1 (1) g (25+2641)p)
+(2qmn+1{ZC(n+1/]2q) ( q )m
j=1

q .
2j—2&—3 (n+l (2j— za 3)p
+ E C(n-i—l,)T) e! e )m}.
=1

(n+1)

intl—e 2, we get that

Proof. Making some modifications to the series obtained in (4.1) and knowing i

A2\ [inHl] [ & e(-(hmt(2k—1)mx)i
P boA) =ni{ 5 43
PN Tl< A ) [ Ax ] L_ [(2k1)7tilog()\)]n+1] (4.3)

0
A2 [t [ & el Zerax)i
TUTA ) | T > : — |-
[(2k + 1)7ti + log(A)]

k=1

The result shown below is equivalent to (4.3):

A+2 in+ 00 e(f(”T“)nJr(Zk—?))ﬂx)i
Fa(x;A) =n!
= (52) (5] [£ o

A42 in+1 o0 e((T)Tf*(Zkal)T[X)i
c(22) [ [5 el
A A& 12K+ D)7+ log(A)]
So that, in view of (2.4) and the elementary series identity (see, [15, p. 2202, eq 4.12])

00 1 o
D> f(k)=) > f(lk+j), leN,

k=1 j=1 k=0

we find the formula:

1 . .
A+2 n! . (2j — 3)mi —log(A) (n+1)m
o) = { \ ] 2T {Zq)(ezm“'“* LS el
j=1

: (4.4)

+ Z O(e 2™t n 41, (2 + 1)m.+ log(A) )e(w’m"zjm‘)i .
_ 2mil

Setting A = ety — E, Ll = q in (4.4), the result of Theorem 4.6 is obtainded and this completes the
proof. O
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5. Conclusion

This study unveils groundbreaking families of Fubini-Euler type polynomials and Apostol Fubini-
Euler type polynomials, elucidating explicit expressions, recurrence relations, and intricate identities.
The meticulously derived Fourier series and integral representations deepen the comprehension of these
polynomial families. The succinct rational argument representation contributes to a refined mathematical
framework.

For future exploration, potential research directions may delve into the diverse applications of these
polynomials across mathematical domains, amplifying their versatility and significance. The distinctive
advantage of this study lies in its substantial contribution to the evolving realm of special polynomials,
offering a valuable resource for mathematicians and researchers.

Summarily, the pivotal arguments and findings underscore the profound intricacies of these polyno-
mial families and their far-reaching implications. This research not only enriches our understanding but
also catalyzes advancing mathematical discourse, unveiling novel prospects for exploration and applica-
tion.
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